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Preface

Even if more than 60 years have passed since their first appearance in Feyn-
man’s PhD thesis, Feynman path integrals have not lost their fascination
yet.

They give a suggestive description of quantum evolution, reintroducing
in quantum mechanics the classical concept of trajectory, which had been
banned from the traditional formulation of the theory. In fact, they can
be recognized as a bridge between the classical description of the physical
world and the quantum one. Not only do they provide a quantization
method, allowing to associate, at least heuristically a quantum evolution
to any classical Lagrangian, but also they make very intuitive the study of
the semiclassical limit of quantum mechanics, i.e. the study of the detailed
behavior of the wave function when the Planck constant is regarded as a
small parameter converging to zero.

Nowadays, the physical applications of Feynman’s ideas go beyond non
relativistic quantum mechanics and include quantum fields, statistical me-
chanics, quantum gravity, polymer physics, geometry. Nevertheless, in most
cases, Feynman path integrals remain a mathematical challenge as they are
not well defined from a mathematical point of view.

Since 1960, a large amount of work has been devoted to the mathe-
matical realization of Feynman path integrals in terms of a well defined
functional integral. Despite the several interesting results that have been
obtained in the last decades, the feeling that Feynman integrals are only
an heuristic tool is still a widespread belief among mathematicians and
physicists.

The present book provides a detailed and self-contained description of
the rigorous mathematical realization of Feynman path integrals in terms
of infinite dimensional oscillatory integrals, a particular kind of functional
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integrals that can be recognized as the direct generalization of classical
oscillatory integrals to the case where the integration is performed on an
infinite dimensional space, in particular on a space of paths.

The book describes the mathematical difficulties, the first results
obtained in the 70’s and the 80’s, as well as the more recent develop-
ment and applications. Special attention has been paid to enlightening the
mathematical techniques, including infinite dimensional integration theory,
asymptotic expansions and resummation techniques, without losing the
connection with the physical interpretation of the theory.

A large amount of references allows the reader to get a deeper knowl-
edge of the most interesting mathematical results as well as of the modern
physical applications.

I am grateful to many coworkers, friends and colleagues for fruitful
discussions. Special thanks are due to S. Albeverio for his help and support,
as well as for reading the manuscript and making lots of useful comments. I
am also particularly grateful to G. Greco, V. Moretti, E. Pagani, M. Toller
and L. Tubaro.

S. Mazzucchi
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Chapter 1

Introduction

One of the most challenging problems of modern physics is the connection
between the macroscopic and the microscopic world, that is between clas-
sical and quantum mechanics. In principle a macroscopic system should be
described as a collection of microscopic ones, so that classical mechanics
should be deduced from quantum theory by means of suitable approxima-
tions. At a first glance the solution of the problem is not straightforward:
indeed there are deep differences between the classical and the quantum
description of the physical world.

In classical mechanics the state of an elementary physical system, for
instance, a point particle is given by specifying its position ¢ (a point in
its configuration space) and its velocity ¢. The time evolution in the time
interval [0,¢] is described by a path q(s)se[o,g in the configuration space.
The dynamics of the particle under the action of a force field described by
the real-valued potential V' is determined by the classical Lagrangian:

Lig(s),4(s)) == F* = V (@), (L.1)
where m is the mass of the particle. By the Hamilton’s least action princi-
ple, the Euler-Lagrange equation of motion

follow by a variational argument. The trajectory of the particle connecting
a point = at time o to a point y at time ¢ is the path making stationary
the action functional S:

5&@=QAM®=AEM$MW%- (12)

The quantum description of a point particle appears at a first glance
completely different. First of all the concept of trajectory is meaningless.
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Heisenberg’s uncertainty principle states the existence of “incompatible ob-
servables”: i.e. the measurement of one of them destroys the information
about the measurement of the other one. Position and velocity are typ-
ical examples: quantum mechanics forbids the knowledge of the couple
q(s), q(s) for a time interval [0,¢] with a given precision. In other words,
from a quantum mechanical point of view, the trajectory of a particle has
no physical meaning as there is no way to measure it.

Contrary to classical mechanics, the state of a quantum particle moving
in the d-dimensional Euclidean space is described by a unitary vector ¢ in
the complex separable Hilbert space L2?(R9), the so-called “wave function”.
The physical meaning of the vector v is probabilistic. For instance, the
probability that the result of the measurement of the position of the particle
is contained in a Borel set A C R?, is given by the integral [, [¢(z)|*dz.

The time evolution is determined by a one-parameter group of uni-
tary evolution operators U (t), whose infinitesimal generator is the quantum
Hamiltonian operator H, which is given on vectors 1/ belonging to C§°(R?)
by

h2
Hy(@) = —5=Adp(z) + V(o)p(z), € R, (1.3)

where £ is the reduced Planck constant, A the Laplacian. Under suitable
assumptions on the potential and on the domain of the operator (see for
instance [246]), H is (essentially) self-adjoint and the evolution operator
U(t) = e~ %8 is uniquely determined by Eq. (1.3). The evolution of the
state vector, i.e. the wave function at a given time ¢, can be described by
the Schrédinger equation:

m%ﬂt, r) = —%Aw(t, z) + V(2)p(t, z) (1.4)
¥(0,z) = Yo(x).

In 1948, following a suggestion by Dirac [106, 107], R. P. Feynman pro-
posed a new suggestive description of quantum evolution. Feynman’s aim
was a Lagrangian formulation of quantum mechanics and the introduc-
tion of the action functional and of variational arguments in the theory,
in analogy to classical mechanics. Feynman developed Dirac’s idea that
in quantum dynamics the imaginary exponential of the action functional
plays a fundamental role. According to Feynman’s interpretation, the total
transition amplitude G(0, z;¢,y) from the point z at time 0 to the point y
at time ¢, i.e. the kernel of the evolution operator U(t) evaluated at the
points z, y, should be given by a sum over the contributions of all possible
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paths 7 : [0,¢] — R< such that v(0) = x and y(t) = y:

G0, 23 t,y) = / ¢# S Dy, (15)

where D~ denotes a Lebesgue-type measure on the space of paths. Anal-
ogously, the solution of the Schrodinger equation, i.e. the wave function
Y(t, z) evaluated at the time ¢ in the point z € R¢, should be given by the
integral over the space of paths « : [0,¢] — R? such that v(0) = a:

blt,x) = / #5040, 7(0)) Dy . (L6)

In other words, according to Feynman’s formulation, the time evolution of
a quantum system should be given by a “sum over all possible histories”.

Even if more than half a century has passed since Feynman’s original
paper [122], formulae (1.5) and (1.6) are still astonishing and have not
lost their fascination yet. Feynman’s approach creates a bridge between
the classical Lagrangian description of the physical world and the quantum
one, reintroducing in quantum mechanics the classical concept of trajec-
tory, which had been banned by the traditional formulation of the theory.
It allows, at least heuristically, to associate a quantum evolution to each
classical Lagrangian. Moreover it makes very intuitive the study of the
semiclassical limit of quantum mechanics, i.e. the study of the behavior of
the wave function when the Planck constant # is regarded as a small param-
eter which is allowed to converge to 0. In fact, when i becomes small, the
integrand e#5:(" behaves as a strongly oscillatory function and, according
to an heuristic application of the stationary phase method (see chapter 4),
the main contribution to the integral should come from those paths which
make stationary the phase functional Sy. These, by Hamilton’s least action
principle, are exactly the classical orbits of the system.

An intuitive justification of, at this stage still mysterious, Feynman’s
formula can be given by means of Trotter product formula [279, 78, 79].
Under suitable assumption on the potential V' (see [78, 79, 279, 235] for

more details), for instance if V' is bounded, the evolution operator U(t) =
—LHt

e can be written in terms of a strong operator limit:
e wHt = 1im (e*%HDefﬁv)n, (1.7)
n—oo
where Hy = —%A. In particular, by taking an initial datum vy € S(R),

the solution of the Schrédinger equation (1.4) with V' = 0 can be written
as

_i 2mikit — % im =
e hHOtwO(x) — ( ) /Rd e 2ht wo(y)dy’ (]_8)

m
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and Eq. (1.7) gives
im 2mihty % ixr, (s vi)) s
e g (z) = lim ( ) eh ==tz @/n) B
Rnd

¢0($0)d$0 . .da:n_l. (19)

If we now divide the time interval [0, ¢] into n equal parts of amplitude t/n,

and if for any path 7 : [0,#] — R? we consider its approximation by means
of a broken line path ~,,:
Tn(8) = acj—i—W(s—jt/n), s € [jt/n, (j+1)t/n], j=0...n—1,
(1.10)
where x; := (jt/n), then the exponent in the integrand of Eq. (1.9) can
be regarded as the Riemann approximation of the action functional S
evaluated along the path ,. In other words, Eq. (1.6) can be regarded
as a intuitive way to write the limit (1.9).

However, as we have already discussed above, the intuitive power of
Feynman’s formula goes beyond a simple mnemonic tool to write a limit-
ing procedure. Indeed Feynman extended his approach to the description of
the dynamics of more general quantum systems, including the case of quan-
tum fields [124, 123, 125] and producing an heuristic calculus that, from a

physical point of view, works even in cases where rigorous arguments fail.

Despite the successfully predicting power of Feynman path integral,
it lacks of mathematical rigour. Feynman himself was conscious of this
problem:

[...] one feels like Cavalieri must have felt calculating the volume
of a pyramid before the invention of the calculus. [122]

The challenge to give meaning to Feynman’s heuristic calculus and to define
rigorously oscillatory integrals in infinite dimension, was left to mathemati-
cians.

1.1 Wiener’s and Feynman’s integration

When we try to interpret the heuristic integral (1.6) we have to face mainly
with two mathematical difficulties.

First of all one has to implement a non trivial integration theory on a
space of paths, that is on an infinite dimensional space. It is reasonable
to assume that the function space containing the “Feynman paths” has
a metric or at least a topological structure. A possible candidate is the
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space of paths with “finite kinetic energy”, that is the Hilbert space H;
of absolutely continuous paths v : [0,#] — R? such that ~(t) = 0 and
fot |7(s)|?ds < oo (4 denoting the distributional derivative of the path ~)
endowed with the inner product

<71,’72>=/0 F1(5)2(s)ds. (1.11)

H; will be called the Cameron-Martin space.

Another possible choice is the Banach space C([0,¢], R?) of continuous
paths w : [0,#] — R? such that w(0) = 0, endowed with the sup-norm
w|l = sup,epo,y lw(s)]. In the case where d = 1, this space will be denoted
by Ct.

In both cases the expression D+ in Eq. (1.6), denoting a Lebesgue “flat”
measure is meaningless. A rather simple argument shows that a Lebesgue-
type measure cannot be defined on infinite dimensional Hilbert spaces.
Indeed the assumption of the existence of a o-additive measure p which
is invariant under rotations and translations and assigns a positive finite
measure to all bounded open sets, leads to a contradiction. By taking an
orthonormal system {e; };en in an infinite dimensional Hilbert space H and
by considering the open balls B; = {z € H, ||z — ;|| < 1/2}, one has that
they are pairwise disjoint and their union is contained in the open ball
B(0,2) = {z € H,||z|| < 2}. By the Euclidean invariance of the Lebesgue-
type measure p one can deduce that u(B;) = a, 0 < a < oo, for all i € N.
By the o-additivity one has

u(B(0,2)) > u(U;iB;) = ZN(Bi) = 00,

but, on the other hand u(B(0,2)) should be finite as B(0,2) is bounded.
An analogous argument holds also for Banach spaces [140] and in particular
for the space C;. In other words, the expression D+ in formulae (1.5) and
(1.6) is not defined from a mathematical point of view and cannot be used
as “reference measure”,si.e. the measure with respect to which Feynman’s
measure has density e* 7 .

Integration theory on a space of continuous paths was already present
at Feynman’s time. In particular an example of a non trivial measure on
the space Cy had been already provided by N. Wiener [291] in his work
on Brownian motion, however there is no mention of Wiener integral in
Feynman’s paper.

The connection between Feynman’s idea and Brownian motion was
discovered for the first time by M. Kac [187, 188], who was inspired by
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Feynman’s lecture at Cornell University. Kac noted that by considering
the heat equation

%u(t, x) = %Au(t,ff) = Vu(t, z)
{5(0, z) = uo(z) -

instead of Eq. (1.4), and by replacing in Feynman’s formula (in the simple
case V =0 and i = m = 1) the oscillatory term et = ¢ifs 5= ds with

b a(e)2
the not oscillatory one e~ Jo H5ds.

eiSt(’Y)D»y e—St('v)DA/
_ —
f elst(V)DPy f e*St(’Y)D'y

it is possible to replace the heuristic expression (1.6) with a well defined in-
tegral on the space of continuous paths with respect to the Wiener measure
W

u(t,z) = / uo(w(t) + x)dW (w). (1.13)
Ct
In the case V # 0 Eq. (1.13) becomes:
u(t,z) = / wo(w(t) + w)e I V@B gy (1.14)
Cy

In other words the solution of the heat equation admits a mathematically
rigorous path integral representation which is now called Feynman-Kac
formula.

We give here a brief description’s of Wiener’s measure and of Kac’s
result, in order to explain the underlying ideas and show not only the
similarities, but also the differences with Feynman’s case.

Wiener measure is a o-additive, positive Gaussian probability measure
on the space C([0,t],R%). Tt can be constructed in several ways (see for
instance [195, 263, 235] and section A.2 in the appendix). We have chosen
an intuitive approach that shows the analogies between Feynman’s and
Wiener’s integration.

In the following, for notational simplicity, we shall assume that d = 1,
but the whole discussion can be simply generalized to arbitrary dimension
d. Let us consider the cylindrical sets, i.e. the subsets of C} of the form

A(tl, et I .Ik) = {’7 S C([O,t],R) : 7(151) el,... ,"/(tk) S Ik},
(1.15)
where 0 <t; <...tp <tand I,...,I; are intervals of R.
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The Wiener measure of these sets is given by the following formula:

1 1/2
((27T)kt1(t2 —tl) (tk —tkfl))

_Z (j—z;1)?
/ / G T *’51 Vdxy...drg, (1.16)
I I

where tg = 0 and g = 0. The collection Z of cylindrical sets is a semi-
algebra! and W is additive on it. By the Caratheodory extension theorem
[83], W can be extended to a o-additive measure on o(Z), the o-algebra
generated by the cylindrical sets, which is equal to B(C}), the Borel o-
algebra on Cj.

Let us introduce now a “polygonal path” ~ : [0,t] — R, such that
v(t;) = z; and ~(s) for s € [tj,t;41] coincides with the constant velocity
path connecting x; with ;44:

k—1
X
= Zx[tjrtj+1](8) (xj + L( — 1 )) s € [Ovt]v
7=0

tivr —t;

W(A(tl,...tk;fl...lk)) =

where X, ¢,,,] is the characteristic function of the interval [t;,¢;11] and

At; :=t;41 — t; is its amplitude. Let

)= = /|’y )|2ds (1.17)

be the free action, i.e. the time integral of the kinetic energy of the path,
that is

k—1
' _ 1 ij 2
;=52 ‘—Atj ‘ At;. (1.18)
7=0
Let us define
Dy=z"' ] v, (1.19)
te{ty,...,tx}
with
Z = ((27)" Atp_1 ... Atg)?, (1.20)

LA collection C of subsets of a set A is called a semi-algebra if
(1) PeCand A€C
(2) f B,C €Cthen BNC€eC
(3) if B €C, then A\ B is the finite disjoint union of subsets in C.
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and dy(t) = dz; per t = t;. With these notations, the Wiener measure of
cylindrical sets can be written in terms of the following formula:

Wy, €In,...,7, € Ix) = /e*SW)Dy. (1.21)

The right hand side has a meaning as soon as we restrict ourselves to cylin-
drical sets, as the infinite dimensional Wiener integration can be reduced
to a (finite dimensional) integration on R¥. In this case both the “normal-
ized Lebesgue measure” Dy and the factor e 5% (7) make sense. When the
measure is extended on the whole sigma algebra B(CY), formula (1.21) has
to been interpreted as a finite dimensional approximation: the key point is
that, even if the single terms D~ and e~5*(") lose a well defined meaning,
their combination is still meaningfull and it gives exactly Wiener Gaussian
measure.

If we now consider the heat equation (1.12) and, analogously to the
Schrodinger case, we write the corresponding heat semigroup in terms of
the Trotter product formula [279, 78, 79], we obtain:

— . _t _t n
e Mug(z) = lim (e-=Moe ")
n—oo
omtN=E [y (e )
= lim (—) e Jj=1 (t/n)2 (i) %
n—oo \Nnm Rnd

UO(xo)d(EO .. .dﬁnfl. (122)

Now the latter line can be recognized as the finite dimensional approxima-

tion of the Wiener integral (1.14).

The analogies between Feynman’s and Wiener’s integral end at this
stage because there is a deep difference between them: the presence of os-
cillations in the heuristic “Feynman measure” e%5t(?) D, as M. Kac himself
writes:

The occurrence of ¢ (which is essential for Quantum Mechanics) makes
manipulations with integrals like [formula (1.9)] extremely tricky.
[189]

The Wiener integration is a Lebesgue type integration, where the absolute
convergence is fundamental. On the other hand, physical intuition leads
us to stress the importance of the oscillatory behavior of the integrand in
Feynman’s formula, which describes the concept of coherent superposition
and of interference, which is typical of quantum phenomena. In principle
the convergence of the integral should be given by the cancellations due
to this oscillatory behavior and we should not expect to implement an
integration theory in the Lebesgue’s traditional way.
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This fact was clearly explained by Cameron in 1960 [64], who proved
that it is not possible to realize Feynman’s measure as a infinite dimensional
Gaussian measure with complex covariance (a complex version of Wiener
measure) as it would have infinite total variation. We give here a sketch of
Cameron’s argument as it helps us to understand the core of the problem:
the oscillations and the infinite dimensional setting. Cameron’s starting
point is Wiener measure on C([0,],RY) with a generic covariance o €
R*. As we have seen above, it is completely determined by its value on
cylindrical sets (1.15). In the general case o # 1 Eq. (1.16) becomes:

1 1/2
(27T)kt1(t2 — tl) ... (tk — tk_l)ak)

Wo(Altr,.. tis 1y .. 1)) = (

(zj—wj_ )2
72& \FjTEj L)
e I=1 320G 4D dyy .. dxy . (123)
Ii X x I

Let us now assume that o is a complex parameter and try to extend the
definition of W, to this case. If we try to compute the total variation?
|Wo.r| of the “complex measure” W,, when restricted to the cylindrical
sets A(t1,...tg; [1 ... Iy) with k fized, we find out that it depends on both
o and k in the following way:
[Woie| = (lo|Re(c™1))
By letting now £ — oo we can conclude that the total variation of the
measure W,,, with o € C\R™, would be infinite. Furthermore, it is possible
to see that the complex measure W, would have infinite total variation
even on bounded sets®. In other words there is no o-additive measure W,
with 0 € C\ R, on C; such that its value on cylindrical sets is given by
Eq. (1.23) and which allows the implementation of an integration theory in
the Lebesgue’s sense.
It is worthwhile to remark that, in the case o = i, the Gaussian measure
with covariance o cannot have finite total variation, even when it is defined

—k/2

on a finite dimensional space. As an example we can consider the Fresnel
integral

/ e da. (1.24)
R

2We recall that the total variation of a complex Borel measure u on a set A is given by

lul = sup Y (A,

where the supremum is taken over all sequences {A;} of pairwise disjoint Borel subsets
of A, such that U; A; = A.

3Even the Lebesgue measure on R™ has infinite total variation, but its total variation
on bounded pluri-intervals is finite.
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We cannot interpret Eq. (1.24) as an integral with respect to a complex
measure dj = e’ dzx, as its total variation would be infinite:

|u|=/|e%$2|daj:/daj=oo.

The integral (1.24) has to be defined in an alternative way, for instance
as an improper Riemann integral, and its convergence is given by the can-
cellations due to the oscillatory behavior of the integrand, is such a way

that:
/e%gCde: 273.
R

We shall keep in mind this example when in the following chapters we will
construct Feynman’s integration.

1.2 The Feynman functional

Cameron’s result shows that it is impossible to realize Feynman integral as
an absolutely convergent (Lebesgue) integral with respect to a “mysterious”
o-additive bounded variation Feynman complex measure pp, heuristically
given by:
enStdry

pr () Tty (1.25)
as the latter cannot exist. Feynman integration requires an alternative
approach.

Let us slightly change our point of view and recall that, by Riesz-Markov
theorem (see for instance [245], section IV.4), any complex finite regular
Borel measure p on a locally compact space X can be seen as an element
of the dual of C(X), the space of continuous complex valued functions
vanishing at oo, endowed with the sup-norm:

£l = sup [f(x)], [ € Cool(X).
reX

In this way, the integral of a function f € Cu(X) with respect to a finite
measure p can be represented as the action on f of the functional [, €
Coo(X)* associated to p:

[ #@)duta) = 1,(5) (1.26)
X

In Feynman'’s case, as we have seen so far, the left hand side of Eq. (1.26)
is not defined, as Feynman’s measure does not exists, but one could try to
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make sense to the right hand side of Eq. (1.26), by slightly changing the
functional setting. In other words, one could try to realize the Feynman
integral as linear continuous functional on a sufficiently rich Banach algebra
of functions, different from Coo(X). In order to mirror the features of the
heuristic Feynman measure, such a functional should have some properties:

(1) Tt should behave in a simple way under “translations and rotations in
path space”, reflecting the fact that D~ is a “flat” measure.

(2) It should satisfy a Fubini type theorem, concerning iterated integrations
in path space (allowing the construction, in physical applications, of a
one-parameter group of unitary operators).

(3) It should be approximated by finite dimensional oscillatory integrals,
allowing a sequential approach, close to Feynman’s original work.

(4) It should be related to probabilistic integrals with respect to the Wiener
measure, allowing an “analytic continuation approach to Feynman path
integrals from Wiener type integrals”.

(5) It should be sufficiently flexible to allow a rigorous mathematical im-
plementation of an infinite dimensional version of the stationary phase
method and the corresponding study of the semiclassical limit of quan-
tum mechanics.

Nowadays several implementations of this program can be found in the
physical and in the mathematical literature. One of the first techniques
which has been introduced and that was largely developed, also in con-
nection to quantum fields, is the analytic continuation of Wiener Gaus-
sian integrals [64, 235, 180, 282, 191, 108, 218, 230, 81, 277, 278]. The
starting point of this approach is the transformation of variable formula for
the Wiener integral with covariance o:

[ twawae) = [ rveaw ) (1.27)

As Cameron proved, the left hand side of Eq. (1.27) is not defined when o
is complex. The leading idea of analytic continuation approach is to give
meaning to the right hand side of Eq. (1.27) in the case where o =i for a
suitable class of functions f.

Another alternative approach is the realization of Feynman measure
as an infinite dimensional distribution. The idea was proposed by C. De
Witt-Morette [100]. Its rigorous mathematical realization has been more
recently undertaken in the framework of Hida calculus [163]. The latter
approach has given particularly interesting results in the applications to
Chern-Simons theory [15].
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Other possible approaches involve “complex Poisson measures”
[222, 60, 86, 207] and non standard analysis [12]. All these approaches
will be described in detail in chapter 6.

1.3 Infinite dimensional oscillatory integrals

In this book we shall describe the rigorous mathematical realization of
Feynman path integrals in terms of the infinite dimensional oscillatory
integrals.

The leading idea is the rigorous definition of an infinite dimensional
analogue of integral (1.24), in particular of expressions of this form:

/ flx)edr =l dz, (1.28)
H

where H is a real separable Hilbert space, i € RT a positive parameter,
f :H — Cis a suitable function and ezrllzl’ plays the role of the oscillatory
factor, the density of an heuristic complex Gaussian measure.

The roots of this approach can be found in two papers by Ito in the 60’s
[172, 173] (see also [32] for a discussion of Ito’s work), but it was systematic
developed by Albeverio and Hgegh-Krohn in the 70’s [16, 17] in terms of
infinite dimensional Fresnel integrals.

In Albeverio and Hgegh-Krohn’s work, the integral (1.28) is defined by
dualization. By taking a function f which is the Fourier transform of a
complex bounded-variation measure uy on H

fa) = | ), (1.29)
the infinite dimensional Fresnel integral of f is defined as:
[ et = [ ), (1.30)
H H

The integral on the right hand side of (1.30) is absolutely convergent and
well defined in Lebesgue’s sense. The class of functions f of the form (1.29),
endowed with a suitable norm, is a Banach algebra, the Fresnel algebra,
denoted with F(H). The application

Ir : F(H) — C, fn—>/ f(;y)ez%||$||2d$7
H

is a linear continuous functional.
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In the application of this formalism to the Feynman path integral rep-
resentation of the solution of the Schrédinger equation, by assuming that
the potential V is of the following form

V(r) = %x-ng—i—Vl(x) (1.31)
(where Q2 is a positive definite symmetric d x d matrix and V; is the Fourier
transform of a complex bounded variation measure on R?), Albeverio and
Hgegh-Krohn prove that the solution can be represented as an infinite di-
mensional Fresnel integral on the Cameron-Martin space (see Eq. (1.11)).

In [16] an infinite dimensional version of the stationary phase method
has been developed and applied to the semiclassical limit of quantum me-
chanics. Some of these results will be described in detail in the next chap-
ters.

The study of oscillatory integrals on infinite dimensional Hilbert spaces
was further implemented by D. Elworthy and A. Truman [114], S. Albeverio
and Z. Brzezniak [7, 9]. In [114] a slightly different definition was proposed.
The integral (1.28) is defined as the limit of a sequence of finite dimensional
approximations. Each term of the sequence is a classical oscillatory integral
on a finite dimensional space, which is defined as an improper Riemann in-
tegral, by modifying a definition proposed by Hérmander [164, 165]. This
new definition of integral (1.28) can be recognized as the infinite dimen-
sional generalization of oscillatory integrals of the type (1.24).

The class of “integrable function” f is in principle different from the
Fresnel class F(H) considered by Albeverio and Hgegh-Krohn, as the defi-
nition of the infinite dimensional Fresnel integrals and of the infinite dimen-
sional oscillatory integrals are different. However it is possible to prove that
any function f € F(H) is integrable and its infinite dimensional oscillatory
integral, i.e. the limit of a sequence of finite dimensional approximations,
exists and is given by Eq. (1.30), that in this new setting has to be inter-
preted as a theorem instead of a definition.

It is worthwhile to point out that the definition of infinite dimensional
oscillatory integrals is rather flexible and allows not only to enlarge the
class of integrable functions [27] to sets larger than F(H), but also to study
several applications to quantum mechanics [26].

In this book I shall extensively describe both the theory and the appli-
cations, including the most recent ones.

e Chapter 2 contains the theory of finite and infinite dimensional oscilla-
tory integrals.
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Chapter 3 describes the application of infinite dimensional oscillatory
integrals to the rigorous mathematical realization of the Feynman path
integral representation of the solution of the Schrodinger equation.
Chapter 4 is devoted to the stationary phase method and its application
to the semiclassical limit of quantum mechanics.

Chapter 5 shows that it is possible to generalize the definition of in-
finite dimensional oscillatory integrals in order to deal with complex-
valued phase functions. Such a functional is applied to the solution of a
stochastic Schrédinger equation appearing in the theory of continuous
quantum measurement: the Schrédinger-Belavkin equation. A math-
ematical definition and construction of the Feynman-Vernon influence
functional is also given.

The last chapter is devoted to a brief description of some alternative
approaches to the mathematical definition of Feynman path integrals
and to their applications.



Chapter 2

Infinite Dimensional Oscillatory
Integrals

2.1 Finite dimensional oscillatory integrals

The study of oscillatory integrals of the form
/ en®@) f(z)da, (2.1)

(where @ : R™ — R is a smooth phase function, f : R" — C is the function
which is integrated and k& € R \ {0}) is a classical topic of investigation,
largely developed in connection with several applications in mathematics,
such as the theory of Fourier integral operators [164, 165], and in physics
(such as in optics).

Well known examples of integrals of the above form are the Fresnel
integrals

/6”2 dx, (2.2)

applied in the theory of wave diffraction [268] and the Airy integrals

/6”3 dx, (2.3)

applied in the theory of rainbow.

In the mathematical literature, a particular interest has been devoted to
the study of the asymptotic behavior of integrals (2.1) when % is regarded
as a small parameter converging to 0. Originally introduced by Stokes and
Kelvin and successively developed by several mathematicians, in particular
van der Corput, the “stationary phase method” provides a powerful tool
to handle the asymptotics of (2.1) as A | 0. According to it, the main
contribution to the asymptotic behavior of the integral should come from
those points x. € R™ which belong to the critical manifold:

15
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C(®) :={z eR", | ®'(z) =0}, (2.4)

that is the points which make stationary the phase function ®.

Beautiful mathematical work on oscillatory integrals and the method of
stationary phase is connected with the mathematical classification of singu-
larities of algebraic and geometric structures (Coxeter indices, catastrophe
theory), see, e.g. [41, 44, 110]. We shall give more details on this topic in
chapter 4.

If the function f in Eq. (2.1) is summable, the integral (2.1) is well
defined as a convergent Lebesgue integral, but in several interesting cases,
as the examples (2.2) and (2.3) show, this condition is not satisfied. Indeed
for several applications it is convenient to introduce a definition of Eq. (2.1)
which allows to handle a general class of phases ® and functions f. Asin the
case of the convergence of some improper Riemann integrals, the sign of the
function which is integrated plays an important role. In particular, in the
convergence of oscillatory integrals, the cancellations due to the oscillatory
behavior of the integrand e#®@) are fundamental and have to be taken into
account in proposing a definition of Eq. (2.1) which allows to handle not
only integrals of the form (2.2) and (2.3), but also expression as

.2
/e“” x"dx, m € N.

It is worthwhile to recall that this particular feature makes oscillatory
integrals the suitable mathematical tool describing the physical concept of
coherent superposition, that is of interference.

We give here a definition which is a generalization of the one proposed
in [114], which is due to Hérmander [164, 165], and propose a related, more
general definition of oscillatory integral in the X -sense.

Definition 2.1. Let ® be a continuous real-valued function on R™. The
oscillatory integral on R™, with h € R\ {0},

/ F@) f(2)da,

is well defined if for each test function ¢ € S(R™), such that ¢(0) = 1, the
limit of the sequence of absolutely convergent integrals

lim e%‘b(ww(egc)f(ac)da:,
el0 R
exists and is independent of ¢. In this case the limit is denoted by

/0 e%(b(r)f(x)dx.

n
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If the same holds only for ¢ such that ¢(0) = 1 and ¢ € X, for some
subset ¥ of S(RY), we say that the oscillatory integral exists in the ¥-sense
and we shall denote it by the same symbol.

Hormander in his work on Fourier integral operators [164, 165] gives
a detailed treatment of oscillatory integrals and describes a large class of
integrable functions, called symbols.

Definition 2.2. A C'°° map f : R™ — C belongs to the space of symbols
SY(R™), where N, \ are two real numbers and 0 < A < 1, if for each

a=(ai1,...,a,) € NJ there exists a constant C, € R such that
" ae» N—-)\|«

where || = a1 +ag + - + ap.

One can prove that SY is a Fréchet space under the topology defined
by taking as seminorms | f|, the best constants C, in (2.5) (see [164]). The
space increases as N increases and A decreases. If f € S and g € SV
then fg € SiVJrM. We denote

sy =55
N

It is quite simple to verify that S¥, with A = 1, includes for instance the
homogeneous polynomials of degree N. The following theorem shows that,
under rather general assumptions on the phase functions @, if f belong
to S5° for some A € (0,1], the oscillatory integral [* en @) f(z)dx is well
defined.

Theorem 2.1. Let ® be a real-valued C? function on R™ with the critical
set C(®) (defined by (2.4)) being ﬁnite Let us assume that for each N € N

there exists a k € N such that |vq: e i bounded for |z| — co. Let f € S¥

with M, A € R, 0 < A < 1. Then the oscillatory integral f eﬁ(b(””)f( )
exists for each h € R\ {0}.

Proof. We follow the method of Hérmander [164], see also [114, 7].
Let us assume that the phase function ®(z) has [ stationary points
ci,...,c, that is:

Vd(c;)) =0, i=1,...,1L

Let us choose a suitable partition of unity 1 = Zli:o Xi, where x;, ¢ =
1,...,1, are C§°(R™) functions constant equal to 1 in an open ball centered
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in the stationary point ¢;, respectively, and xg =1 — 22:1 xi- Bach of the
integrals

Ii(f)E/n en®@y,(2) f(z)d, i=1,...,1,

is well defined in Lebesgue sense since fx; € Co(R™).
Let

Iy E/ e%‘b(w)xO(x)f(ac)dm.
To see that Iy is a well defined oscillatory integral, let us introduce the
operator L™ given by
LHg(a) = —in2X0®) g v
g(w) = —i Vo) (z)Vg(z),
while its adjoint in L?(R"™) is given by
o Xo() L Xo ()
L =ih-————=Vo(z)V hdiv | =%V .
(@) = i s VRV (@) + ik div ([ ZEles V() /@)
Let us choose ¢ € S(R™), such that ¢(0) = 1. It is easy to see that if
f € SM then f., defined as f.(z) := ¢(ex)f(x), belongs to S¥ T N S(R™),
for any € > 0. By iterated application of the Stokes formula, we have:

/ _en®@g(en) f(@)xo(a)dr = / L* (e ") (ex) f (x)da

n

:/ AP Lf (2)de.  (2.6)

By iterating the procedure k times, for k sufficiently large, one obtains an
absolutely convergent integral and it is possible to pass to the limit € — 0
by the Lebesgue dominated convergence theorem.

Considering Eé:o I;(f) we have, by the existence result proved for Iy
and the additivity property of oscillatory integrals, that fﬂgn e ®(@) f(x)dx
is well defined and equal to Zi:o L(f). O

Remark 2.1. If C(®) has countably many non accumulating points
{2 }ien, the same method yields [g, e#®(®) f(x)dx = 232, I;(f) provided
this sum converges.

There are partial extensions of the above construction in the case of
critical points which form a submanifold in R™ [110], or are degenerate
[41], see also [97].

In particular we have proved the existence for f € S5°, 0 < A < 1, of
the oscillatory integrals [ eiw f(x)dz, with M arbitrary. For M = 2 one
has the Fresnel integral of [16, 17], for M = 3 one has integrals called, for
n =1, Airy integrals [165].
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2.2 The Parseval type equality

This section is devoted to the study of the Fresnel integrals, a particular
class of oscillatory integrals with quadratic phase function:

/O enllel® £ (z)dz. (2.7)

n

We shall see that in this case it is possible to identify a subclass of integrable
functions f, such that the corresponding Fresnel integral can be explicitly
computed in terms of a Parseval type equality. This property is particular
important because, as we shall see below, it allows the generalization of the
definition to an infinite dimensional setting.

In the following we shall denote by H a (finite or infinite dimensional)
real separable Hilbert space. The norm will be denoted by || || and the
inner product with ( , ). If the dimension of H is finite, dim(H) = n, we
shall identify it with R™.

Let us consider the space M (H) of complex bounded variation measures
on H endowed with the total variation norm [254]:

el = sup > (A,

where the supremum is taken over all sequences {A;} of pairwise disjoint
Borel subsets B(H) of H, such that U;A; = H. M(H) is a Banach alge-
bra [254], where the product of two measures p * v is by definition their
convolution:

pxv(A) = /H w(A — z)dv(z), w,v € M(H), A e B(H)

and the unit element is the Dirac measure dg.
Let us denote with F(H) the space of functions f : H — C which are the
Fourier transforms of complex bounded variation measures puy € M(H):

f@) = iy@) = | SODdugty). g€ M) N

F(H) is a Banach algebra of functions, the Fresnel algebra, where the norm
is the total variation of the corresponding measure:

1= Mgl = Ry,

the multiplication is the pointwise one
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and the unity is the constant function
flx)y=1 Va € H.

A complete characterizations of the functions belonging to F(H) is not
easy. The elements in F(H) are bounded uniformly continuous functions
on H [254], and the following inequality holds:

[floo < IIFI, - feF(H),

where |f|o denotes the sup-norm. Moreover, since each u € M(H) is a
finite linear complex combination of positive measures, every f € F(H) is
a corresponding linear combination of functions of positives type! [211].
In the finite dimensional case H = R™, one has the inclusion S(R™) C
F(R™).

For the applications that will follow, it is convenient to introduce a
particular definition of finite dimensional Fresnel integrals, which differs
from the general definition 2.1 for the presence of a normalization constant.

Definition 2.3. A function f: R"™ — C is called Fresnel integrable if for
each ¢ € S(R™) such that ¢(0) =1 the limit

lim (2mih) "/ / e (80) f(2)p(ex)da (2.8)

exists and is independent of ¢. In this case the limit is called the Fresnel
integral of f and denoted by

/ e (07) f(3)d. (2.9)

The factor (2mik)~"/? in the definition of the Fresnel integral plays the role
of a normalization constant. Indeed if f =1, it is easy to verify that

/efifl(w@)f(x)dx = 1.

The description of the full class of Fresnel integrable functions is still
an open problem, but the following theorem shows that it includes F(R™).

LA function f : H — C is called positive definite if for any z1,...2, € H and for any
c1,...cn € C, the following inequality holds

n

Z C]'f((E]' - $k)5k 2 0.

Jrk=1
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Theorem 2.2. Let L : R™ — R” be a self-adjoint linear operator such that
I — L is invertible (I being the identity operator on R™) and let f € F(R™).
Then the Fresnel integral of the function

i

x— e L) f (g, xreR"

is well defined and is given by the following Parseval-type equality:

/e%@’a—“@f(x)dx

= e~ FIUI=D) | deg(1 — L)1/ / e” F@UD 0 dy (z), (2.10)

n

where Ind(I — L) is the index of the operator I — L, that is the number of
negative eigenvalues.

Proof. We present here the proof first presented in [114].
Let ¢ € S(R™) and € > 0 and let us consider the integral

(2mif) /2 / e (-1)2) £(2) b(ex)da (2.11)

We claim that for any f € F(R™) and g € S(R™), the following holds:

(Zﬂih)_”/Q/ e%@’(I_L)@f(x)g(x)dx
= e MU D det(I-L)| 1/ / e gy duy (y)da
’V'LX n

(2.12)

By Eq. (2.12) the integral (2.11) is equal to

(2ﬂih)_"J2L/n e§%<141_101>f(x)¢(ez)dx

n

— e—%ilnd(I—L)|det(I _ L)|—1/2/ e—%(z,([-L)*lz)e—nq;(I - y)d,uf(y)dl’
R xXR™ €

= = B0 det(1 — )7/ / e B e R0 G dpy (y)da
R™ xR™

By letting € | 0, taking into account that [ é(x)dx =1, we get Eq. (2.10).

Let us now prove Eq. (2.12). First of all, let us assume that f = 1.
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If I — L is positive definite, by a change of variable Eq. (2.12) is equiv-
alent to

(27Tih)*”/2/ e%@”’”g(x)dx:/ e*i;@@)g(x)dm.

n

Indeed, as (2mih)~"™/ 2¢2n (7:%) is a bounded continuous function, it has
a Fourier transform in the sense of tempered distributions

ih

(27ri71)_"/2/ e (22) Ho0) gy = =2 (W),

If T — L is negative definite, Ind(I — L) = n, the result follows by
replacing i with —h and from the fact that

mTin

(—27ih)~™/? = (2xih)T"/2e™

For general I — L, it is possible to decompose R™ as the product of the
positive and negative eigenspaces, i.e.
R" =Et x B,
and analogously I — L is the product of its positive and negative parts
I-L=(I-L)"x({I—-L)",

where (I — L)" : E* — Et and (I — L) : E* — E~, dim(E~) =
Ind(I — L). The result follows from the points (1) and (2) in the case
of a function g : ET x E~ — C of the form

glay,x) = g (x4)g-(2-), g4+:E* —C, g-:E” —C.
(2.13)
The same can be deduced for g that are finite linear combinations of
factorisable functions of the form (2.13). For general g it is sufficient
to note that S(ET) x S(E™) is dense in S(R™) and the result follows
by a continuity argument.

Let us now prove Eq. (2.12) for f € F(R") and g € S(R™). Let us denote

with I,s, with » + s = n, the linear operator on R™ having r eigenvalues
equal to —1 and s eigenvalues equal to +1. By substituting in the left hand
side of Eq. (2.12) f(x) = fe“””’wduf(y) and by applying Fubini theorem,
we get:

(2mih) "/ / 37 Irs?) £ (1) g () d

= (27m'h)*"/2/ duf(y)/ e%@’lrswei(%?’)g(w)dx.
n RTL
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By a change of variable the latter is equal to

2mit) 2 [ duglpeE e [ et dego - 1 hg)do
]Rn

n

imr

— ~ —ih(y T
= F [ sl [ eyt

By a change of scale the latter equality is equivalent to

(2mih) /2 / e (@ U=1)2) £ (1) g(z)da

= e MO det(1-L)| 1/ / e T U 50—y dpu g (y)dar
R™ xRn™ O

2.3 Generalized Fresnel integrals

In the present section, following [30], we shall generalize the result of the
previous section to more general phase functions ®, in particular those given
by an even polynomial P(x) in the variables x4, ..., z,:

P(x) = Aopr(y .. x) + Aopr—1(x, - yx) + ...+ A1 () + Ap,  (2.14)
where A, are k;j,-order covariant tensors on R":

A R"xR"x ... xR" =R

k—times

and the leading term, namely Aoy (z,...,x), is a 2Myp-order completely
symmetric positive covariant tensor on R”.
By theorem 2.1 the generalized Fresnel integral

/ en P f(z)da (2.15)
is well defined for P of the form (2.14) and f belonging to the class of
symbols (see definition 2.2).

In the case where i € C with Im(f) < 0 and if ® is of the form (2.14),
then the generalized Fresnel integral (2.15) also exists, even in Lebesgue
sense, as an analytic function in A, as easily seen by the fact that the
integrand is bounded by |f| exp(lrg‘(f) ).

The key tool for the generalization of Parseval-type equality (2.10) is
an estimate of the Fourier transform of the function z — en (@) 2 e R™.
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Lemma 2.1. Let P : R™ — R be given by (2.14) and let h € C, with

i

Im(h) <0. Then the Fourier transform of the distribution en?(®):
Fk) = / (hrekP@) gy ReR\ {0} (2.16)

is an entire bounded function and admits in the case where h € R the
following representation:

F(k) = einm/4M A eie”MMk'ze%P(em/Wr)da:, h>0, (2.17)

or
F(k) = e~inm/4M A ei‘i_MMM”””e%P(e_iﬂ/ALM””)cla:7 h<0. (2.18)
Remark 2.2. The integral on the right hand side of (2.17) is absolutely

convergent as

e%P(e”/‘LMz):e—%AgM(r VVVVV r)e%(AgM_1(ei"/4Mr vvvvv 81W/4M1)+...+A1(Ieiw/le)-‘rAg).

A similar calculation shows the absolute convergence of the integral on the
right hand side of (2.18).

Proof. [Proof of lemma 2.1] The proof is divided into three steps.

(1) Let us prove first of all formulas (2.17) and (2.18) by using the analyt-
icity of e?***t7F(2) » € C, and a change of integration contour.
Let us denote D the region of the complex plane:

DcC, D={zeC|Im(z) <0}

Let us assume 7 is a complex variable belonging to the region D \ {0}.
Let us introduce the polar coordinates in R™:

/ eik-ze%P(r)dm

(2.19)

where instead of n Cartesian coordinates we use n — 1 angular co-
ordinates (¢1,...,¢,—1) and the variable r = |z|. S,_1 denotes the
(n — 1)-dimensional spherical surface, dQ2,_; is the measure on it,
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Po1,....6n_1) (1) is @ 2Myy, order polynomial in the variable r with coeffi-

cients depending on the n— 1 angular variables (¢1,. .., ¢n—1), namely:
P(z) = QMAQM( )—i—rQM 1A2M1("”,...,£)+...
|| | || ||
+...+ ’I”Al (| | ) + A()
= asn (1, - -, o)™ + azn—1(o1, ..., 1)

+ ...+a1(¢1,---;¢n—1)r+a0
= P(¢1,~~~a¢n—1)(r)

where asp(¢1, ..., ¢n—1) > 0 for all (¢1,...,¢n-1) € Sp—1. The func-
tion fj : Sp,—1 — [—1,1] is defined by

k x
T fk((bla" '7¢n71) .
k| ||
Let us focus on the integral
+o0 )
/ eHHIT fi(@150s8n—1) g7 P61, ¢n71)(r)r"*1d7“7 (2.20)
0

which can be interpreted as the Fourier transform of the distribution
on the real line

F(r)= @(r)r"ile%P(‘bl """ “’n*l)(r),

with ©(r) = 1 forr > 0and O(r) = 0 for < 0. Let us introduce the no-
tation &' = |k| fi(d1,. .. dn-1), aj = aj(é1,...,¢n-1), j =0,...,2M,
P'(r) = E?MO ajr? and h € C, h = |hle!?, with —7 < ¢ < 0.

Let us consider the complex plane and set z = pe®®. If Im(h) < 0
the integral (2.20) is absolutely convergent, while if i € R\ {0} it needs
a regularization. If A € R, i > 0 we have

+o0 o, . ;
/ e ren (M pn=1gp = lim ¢k zen P’ (2) yn=1g,
0 el 2=peic
while if A < 0
+OO 3 ’ 21,7 7 ’
/ R rerP (=1 gr — lim R zer (@ n1gy . (2.21)
0 €l z=pe—ie
We deal first of all with the case i € R, i > 0 ( the case i < 0 can be
handled in a completely similar way). Let

(R ={z=pe? €C | 0<p<R, H=¢},
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Yo(R)={z=pe? €C | p=R, e<0<m/4M},
(R)={z=pe? €cC | 0<p<R, 6=mu/4AM}.
From the analyticity of the integrand and the Cauchy theorem we have

/ €ik/z€%Pl(z)2n71dZ =0.
71 (R)Uy2(R)Uv3(R)

In particular:

‘/ P(z) n— 1d2‘ R"
’Y2(R)

m/AM I 1 2M 3 win (4
< Rn/ e—k Rsm(@)e—g joiai R sm(g@)da
€

71'/4 ’ 10 i D/ 160
/ ik Re'® (L P'(Re') jind 4o
€

n/4AM
2M 1
<R / e~k RO mazn RO~ DI ARG g
€

where k", aj for k = 1,...,2M — 1 are suitable constants. We have
used the fact that if o € [0,7/2] then 2 < sin(a) < a. The latter
integral can be explicitly computed and gives:

R”(e

—e(azM‘lhl‘fRQM+k”R+E2M 1 aRY) o (g 4L R2M+kuR+EzM 1 o/ RY)

h7

—e 1

4]\4R2M+k,,R+ Z2M la R

which converges to 0 as R — oo. We get

a7 i p/ _ 1'% i p’/ —
/ ezk zeﬁP (z)zn 1d2’:/ e’Lk Z@hP (z)zn 1dZ.
2=peic 2= pei(n/4M)

By taking the limit as € | 0 of both sides one gets:
/+oo eik/re%P/(T)rnfldr — einﬂ/4M /+oo eikpeiﬂ'/4Me%Pl(rei"/élM)pnfldp )
0
By substituting into (2.19) we get the final result:

F(k) _ / eik-we%P(w)dx — einﬂ'/4M eiei"/4Mk-we%P(ei"/4Ma:)dx.
n RTL
(2.22)
In the case h < 0 an analogous reasoning gives:
F(k‘) — / ik- :Eeh (w)dit _ efinfr/élM eie_i"/4Mk-we%P(e_i"/‘le)dx.

Rn
) (2.23)
The analyticity of F'(k) is trivial in the case Im(h) < 0, and follows
from equations (2.22) and (2.23) when i € R\ {0}.
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(3) Let us now prove that F

I:"(k) :/ e e P(®) dy

is bounded as a function of k by studying its asymptotic behavior as
|k| — oo.

Let us focus on the case i € R\ {0} (in the case Im(h) < 0 |F| is
trivially bounded by

A Im(h) x
/ e P®)|dz 2/ ez @ gy < 4o

Let us assume for notational simplicity that # = 1, the general
case can be handled in a completely similar way. In order to study
fRN e eiP(@) dx one has to introduce a suitable regularization. Cho-
sen 1 € S(R™), such that ¢(0) = 1 we have

eip(z)¢(€x) — eip(x), in §'(R") as € — 0,

F(k)= lir% eikzeip(x)w(ea:)dx.

€— Rn
Let us consider first of all the case n = 1 and P(x) = 2?M /2M. The
unique real stationary point of the phase function ®(z) = kx+x2M /2M
iscp = (—k)z’Mlifl Let x1 be a positive C* function such that x;(x) =
lif |z —ck| <1/2, xa(z) =0if |z — ¢ > 1 and 0 < x1(x) < 1if
1/2 <|z—ci| < 1. Let xo = 1 — x1. Then F(k) = I, (k) + Io(k), where

Iy(k) = lim e“”eiIZM/ZMXO(x)¢(ex)dJU,

e—0

Ii(k) = /eikwe”2M/2MX1(x)dx.

For the study of the boundedness of |F(k)| as |k| — oo it is enough
to look at Iy, since one has, by the choice of 1, that |[I;| < 2. By
repeating the same reasoning used in the proof of theorem 2.1, Iy can
be computed by means of Stokes formula:

lim eikreizQM/QMXO(a:)w(ea:)dx =qlime

e—0 e—0

Py /
/eikzeiEQAAf Xo ()¢ (ex) di

k+ 22V

-1 ike ic®™ j2n G xo()
+Z££r(1) e e / ﬁ(m)d](éir)dl'
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Both integrals are absolutely convergent and, by dominated conver-
gence, we can take the limit e — 0, so that

Iy(k) = '/eikweiﬁM/gMi(iXO(x) )da:

dr \k + z2M-1
_ ik iz*M J2M Xo(z)
= /e e/ (7k+aj2M—1)dx

| ke ia? an ((2M — 1)xo ()22 d
e"e ot 220 1) x.

Thus:

cp+1

—  \|dx
cot1/2 k+x21\4—1

dz + sup | xo|

cp—1/2 1
’
[To(k)| < suplxol/qrl ’W

I2A4—2 +o0 I2A4—2

cp—1/2
2M -1 ‘7‘ 2M—1/ ‘7‘ .
+ )/_oo (k4 a2M=1)2 et ) cpr1/2l (k42212 &

By a change of variables it is possible to see that both integrals remain
bounded as |k| — oo (see [30] for more details) By such considerations
we can deduce that |F(k)| is bounded as |k| — co.

A similar reasoning holds also in the case n = 1 and P(z) =
2241 a;x" is a generic polynomial. Indeed for |k| sufficiently large the
derivative of the phase function ®'(z) = k + P’(x) has only one sim-
ple real root, denoted by ci. One can repeat the same reasoning valid
for the case P(x) = 22 /2M and prove that for |k| — oo one has
| [ eFeFiP@) dy| < C ( where C is a function of the coefficients a; of P
at most with polynomial growth).

The general case R™ can also be essentially reduced to the one-
dimensional case. Indeed let us consider a generic vector k € R”,
k = |k|uy, and study the behavior of F (k) as |k| — oo. By choosing as
orthonormal base w1, ..., u, of R™ where u; = k/|k|, we have

F(k) = lim ' Q@2 )i (exy) - ih(ey,)

e—0 Rn—1

where ¢ € S(R), ¥(0) = 1; x; = x - us, Py, 5, (x1) is the polynomial
in the variable x7 with coefficients depending on powers of the remain-
ing n — 1 variables xo,...,x,, obtained by considering in the initial
polynomial P(z1,z2,...,2,) all the terms containing some power of
x1. The polynomial @ in the n — 1 variables xs,...,x, is given by
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P(z1,29,...,%n) — Pay,.. .z, (x1).
Let us set

I(k,xo,...,2n) = / kT giPag, oy (z1)¢(€$1)d$1.
R

By the previous considerations we know that, for each ¢ > 0,
|[I¢(k,z2,...,xy,)| is bounded by a function of G(xg,...,z,) of poly-
nomial growth. By the same reasoning as in the proof of theorem
2.1 we can deduce that the oscillatory integral (2.24) is a well defined

bounded function of k. 0

Remark 2.3. A representation similar to (2.17) holds also in the more
general case h € C, Im(h) < 0, h # 0. By setting h = |hle*?, ¢ € [, 0]
one has:

F(k) :/ ek TenP) gy

. ioi(T/AM+¢/2M) 1, .. i i(m/AM~+¢/2M)
— ez1’L(7‘r/41M—"-¢7/2M) / ete k zeﬁP(e z)dx (225)

n

By mimicking the proof of equation (2.17), one can prove in the case
1 > 0 the following result (a similar one holds also in the case i < 0):
Theorem 2.3. Let us denote by Ay the subset of the complex plane
Ay ={z€eC|0<arg(z) <n/4M} C C, (2.26)

and let Ay; be its closure. Let f : R™ — C be a Borel function defined for
all y of the form y = Az, where X € Ay and x € R™, with the following
properties:

(1) the function \ — f(\x) is analytic in Apr and continuous in Ay for
each x € R", |z| =1,
(2) for all x € R™ and all 6 € (0,7/4M)

|f(e”2)] < AG(x),

where A € R and G : R™ — R is a positive function satisfying bound
(a) or (b) respectively:

(a) if P is as in the general case defined by (2.14)
G(zx) < eBMZMA, B>0,
(b) if P is homogeneous, i.e. P(x) = Aap(x,...,x),
Glr) < 7 A (eime)g o),

where g(t) = Ot~("+9)) § >0, as t — oo.
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Then the limit of reqularized integrals:
lifg e%P(weie)f(;veiE)dac7 O<e<n/4M, h>0

is given by:

einﬂ'/4M e%P(em/leI)f(eiﬂ'/‘le)dm . (227)
]RTL

The latter integral is absolutely convergent and it is understood in Lebesgue
sense.

The class of functions satisfying conditions (1) and (2) in theorem 2.3 in-
cludes for instance the polynomials of any degree and the exponentials.
In the case f € SY for some N, A, one is tempted to interpret expression
(2.27) as an explicit formula for the evaluation of the generalized Fresnel
integral [ e%P(””)f(;v)dac, h > 0, whose existence is assured by theorem 2.1.
This is, however, not necessarily true for all f € S satisfying (1) and
(2). Indeed the definition 2.1 of oscillatory integral requires that the limit
of the sequence of regularized integrals exists and is independent on the
regularization. The identity
lir% e%P(””)f(a:)i/)(ex)dm = ¢inm/4M e%P(€1”/4M$)f(e”/4Mm)da:,
=0 Jrn R

can be proved only by choosing regularizing functions ¢ € S(R"™) with
¥(0) = 1 and 9 in the class ¥ consisting of all ¢ € S(R™) which satisfy
assumption (1) of theorem 2.3 and are such that |¢(e?x)| is bounded as
|x| — oo for each § € (0,7/4M). In fact we will prove that expression (2.27)
coincides with the oscillatory integral (2.15), i.e. one can take ¥ = S(R™),
by imposing stronger assumptions on the function f. First of all we show
that the representation (2.17) (resp. (2.18)) for the Fourier transform of
e (@) allows a generalization of equation (2.10). Let us denote by D C C
the lower semiplane in the complex plane

D={zeC|Im(z) <0}. (2.28)

Theorem 2.4. Let f € F(R™), f = fiy. Then the generalized Fresnel
integral

1(f) = / eiP@ f()de,  he D\ {0}

is well defined and it is given by the formula of Parseval’s type:

/ ) e# P f(z)de = /R ) F(k)pp(dE), (2.29)
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where F(k) is given by (2.25) (see lemma 2.1 and remark 2.3)
F(k) :/ kT en P(@) gy,

The integral on the right hand side of (2.29) is absolutely convergent (hence
it can be understood in Lebesgue sense).

Proof. Let us choose a test function ¢ € S(R™), such that ¥(0) = 1 and
let us compute the limit
I(f) = lilrg e Py (ex) f () da.

By hypothesis f(z) = [g. €*ug(dk), + € RY, and substituting in the
previous expresblon we get:
I(f) = lifgl e%P(‘T)w(ex)(/ eikwuf(dk))dx.
€ R n

By Fubini theorem (which applies for any ¢ > 0 since the integrand is
bounded by |¢(ex)| which is da-integrable, and py is a bounded measure)
the right hand side is

=lim (/ e%P(IW(em)eikrdm)w(dk)
Rn n

el
I - _
= grylim [ Bk ooy () (230)

(here we have used the fact that the integral with respect to x is the Fourier
transform of eyw(eaj) and the inverse Fourier transform of a product is
a convolution). Now we can pass to the limit using the Lebesgue bounded
convergence theorem and get the desired result:

lim [ enP@y(ex) f(z)dr = / F(k) g (dk),
-

€l n

where we have used that [(a)da = (27)"(0) and lemma 2.1, which
assures the boundedness of F(k). O

Corollary 2.1. Let h = |h|e'?, ¢ € [-m,0], h # 0, f € F(R™), f = fiy be
such that Vo € R™
[ e ) < AG(a), (2.31)

where A € R and G : R™ — R is a positive function satisfying bound (1) or
(2) respectively:
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(1) if P is defined by (2.14),
G(z) < Bl B,
(2) if P is homogeneous, i.e. P(z) = Ao (z, ..., 2):
G(x) < chAaorg (o]
where g(t) = Ot~ (%)), § >0, as t — oo.

Then f extends to an analytic function on C™ and its generalized Fresnel
integral (2.15) is well defined and it is given by

/ eiﬁp(m)f(gc)dx

_ 61'77,(71'/4M+¢/2Z\/I)/ e%P(e'i(w/4M+¢/2M)z)f(ei(ﬂ/4M+¢/2M)x)d$.

n

Proof By bound (2 31) it follows that the Laplace transform f¥ : C" —
C, & fRn e us(dk), of uy is a well defined entire function such that,
for x € R” friiz) = f ( ) By theorem 2.4 the generalized Fresnel integral
can be computed by means of the Parseval type equality

[ i@ e = [ Fkns(ar)
_ ein(w/4M+¢/2M)/ (/ eikmei(ﬂ/4M+¢/2M)e%P(ei("/4M+¢/2M)$)dx)Mf(dk)

By Fubini theorem, which applies given the assumptions on the measure
fif, this is equal to
ez'?’L(7'r/41M—"-¢7/2M) / e%P(ei(“MMJr‘b/QM)z) / eikzei(“MMJr‘b/QM) [hf (dk)dl‘

n

_ ein(ﬂ/4M+¢/2M)/ e%P(e'i(w/4M+¢/2M)z)fL(Z.ei(ﬂ/4M+¢/2M)x)dx

_ ein(ﬂ/4M+¢/2M)/ e%P(e'i("/4M+¢/2M)1)f( Hm/AMEG/2M) )d

and the conclusion follows. O

2.4 Infinite dimensional oscillatory integrals

The definition 2.3 of the (finite dimensional) Fresnel integral can be gen-
eralized to the case the integration is performed on an infinite dimensional
real separable Hilbert space (H,(, )). An infinite dimensional oscillatory
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integral is defined as the limit of a sequence of finite dimensional approx-
imations. This approach was proposed in [114] and further developed in
[7] in connection with the study of an infinite dimensional version of the
stationary phase method. It is also related to previous work by K. Ito
[172, 173] and S. Albeverio and R. Hgegh-Krohn [16, 17].

Definition 2.4. A Borel measurable function f : H — C is called Fresnel
integrable if for each sequence {P, }nen of projectors onto n-dimensional
subspaces of H, such that

e P, <P, (ie. P,(H) C Por1(H)),
e P, — I strongly as n — oo (I being the identity operator in H),

the finite dimensional approximations of the oscillatory integral of f, suit-
ably normalized

/ e%HPnz”Qf(an)d(an)( / e%”Pnf”Zd(an))_
P,H P,H

are well defined (in the sense of definition 2.1) and the limit

lim e%”P"””lFf(an)d(an) (/ e%”P"””le(an))

o JPH nH

exists and is independent on the sequence {P,}.

In this case the limit is called the infinite dimensional oscillatory integral
of f and is denoted by

/ ez l7® £ (2)da.
H

Analogously to definition 2.3, also in the definition 2.4 of the infinite di-
mensional oscillatory integral a normalization constant

°© i 2 -1
( / et (P, 2)) T = (2mih) /2
n H

is present. Indeed if f : H — C is the identity function, i.e. f(z) =1
Vx € ‘H, it is simple to verify that

/ e%”wlﬁf(x)dx =1
H

Moreover the presence of the normalization constant makes definition
2.4 the direct generalization of definition 2.3. Indeed if f : H — C is a
finite based function depending on a finite number of variables, i.e. if f(z) =
f(Pyx) for a finite dimensional projection operator P, in H, it is possible to
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see that the infinite dimensional oscillatory integral of f on H coincides with
the finite dimensional Fresnel integral on the finite dimensional subspace
P, (H) of the restriction f,, of the function f on P, (H):

fn: PyH — C, fn(x) := f(Pra), x € P,(H),

— —~—

/ e%ﬁ”wlﬁf(x)dx = / e%”gE”an(x)dx.
H n (M)

The “concrete” description of the class of all Fresnel integrable functions
is still an open problem of harmonic analysis, even when dim(H) < oo (as
already discussed in sections 2.1, 2.2 and 2.3). However, analogously to the
finite dimensional case, it is possible to prove that this class includes F(H),
the Banach algebra of functions that are Fourier transform of bounded vari-
ation measures on H, and a Parseval-type formula analogous to Eq. (2.10)
holds. In order that all the terms on the right hand side of Eq. (2.10)
make sense even in an infinite dimensional setting, we have to impose some
conditions to the operator L.

In the following we shall consider a self-adjoint trace class operator
L :'H — 'H, such that I — L is invertible. As L is compact, it has a complete
set of eigenvectors, with eigenvalues of finite multiplicity and with 0 as their
only possible limit point. As I — L is invertible by assumption, the index
of (I — L), i.e. the number of negatives eigenvalues, counted with their
multiplicity, is finite. The following lemma is taken from [114].

Lemma 2.2. Let {P,}nen be a sequence of of projectors onto n-
dimensional subspaces of H, convergent strongly to the identity when n —
o00. For any compact self-adjoint operator L the following holds:

lim Ind( — P,LP,) =Ind(I — L). (2.32)
Proof. LetInd(I—L)=pandlet A1,..., A, be the eigenvalues of L that
are greater than 1, with corresponding orthonormal vectors ey, ..., e,. We
have

(e;; (I —L)e;) =1—X; <0,
and by the strong convergence of the sequence {P,}nen to the identity,
li£n<Pnei, (I —L)Pue;) =1—M\,.
In particular for sufficiently large n we have

<Pnei7 (I — L)Pn6l> < 0.
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As (Pe;, (I, — P, LP,)P,e;) = (Py,e;, (I — L)P,e;) (I, being the identity

operator on P,,H), it is possible to conclude that the vectors Ppe1, ..., Pyep
lie in a subspace of P,H in which (I,, — P, LP,) is negative definite. Since
Phei, ..., Pyep, are linearly independent for sufficiently large n, as

li£n<Pnei, Ppej;) = 05,
we can conclude that
lim, Ind(l, — P,LP,) > Ind({ — L).
In order to prove the converse inequality, it is sufficient to note that, if V,, is

the subspace of P,’H spanned by the negative eigenvectors of I,, — P, LP,,
then for v € V,, we have

(v,(I = L)v) = (Pyv,(I — L)P,v) = (v, (I, — P,LP,)v) <O0.
This gives, for sufficiently large n,
Ind(I — L) > Ind(I,, — P,LP,). 0
For a self-adjoint trace class operator L : H — H, it is possible to define

the Fredholm determinant of the operator I — L [262], given by the infinite
product of its eigenvalues

IL, (1 — Ap).
It is denoted with det(I — L) and given by
det(I — L) = |det( — L)|e~ ™ nd U=L)
where |det(I — L)]| is its absolute value and Ind((I — L)) is the number of

negative eigenvalues of the operator (I — L), counted with their multiplicity.
We can now state the fundamental theorem.

Theorem 2.5. Let L : H — H be a self-adjoint trace class operator such
that (I —L) is invertible (I being the identity operator in H). Let us assume
that f € F(H). Then the function g : H — C given by

gx)=e m@L i) reH
is Fresnel integrable and the corresponding infinite dimensional oscillatory
integral is given by the following Parseval-type formula:

/ ¢35 @ I=00%) ()4 — (det(T — L))~ /2 / e~ F -1 gy ()
H

H
(2.33)
where

det(I — L) = |det(I — L)|e~ ™ nd U=1)
is the Fredholm determinant of the operator (I — L).
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Proof. Given a sequence {P, }nen of projectors onto n-dimensional sub-
spaces of H, such that P, < P41 and P,, — I strongly as n — oo (I being
the identity operator in H), the finite c}ivmensional approximations of the
infinite dimensional oscillatory integral fHe%@’(I ~L)2) f(x)dx are equal to

[ esinel e b (p e, ([
n H

) -1
i 2

ezn”PTJH d(an)) ,

P,H

(2.34)
where f, : P, H — C is given by
fo(z) = f(Pnx), z € PH.
The function f,, belongs to F(P,H), indeed for z € P,’H we have:

fn(ar):/ e“y’”duf(y):/ e“P"y’P"I)duf(y):/ T g (y)
H H H
where p¢,, given by

/ () dpgnly) = / 9(Pay)dpis (y)
H H

is the restriction of the measure y1y on P,H. It can be expressed in terms
of a bounded variation measure fif, given by

/ () dfign(y) = / o(Pag)dus(y), g PyH —C.
n H H

Let L, : P,H — P,’H be the operator on P,’H given by L, := P,LP,. As
(I—L) is invertible, it is easy to see that for n sufficiently large the operator
(I, — Ly,) on P,’H (I,, being the identity operator in P, H) is invertible. By
Parseval’s formula (2.10) the expression (2.34) is equal to

(det (I, _Ln))71/2/ H67%<Pn337(1n*Ln)_1Pn$>dﬁf)n(an)

= (det(I, — L))" /2 / e 2 (P (I=La) " Pu) gy () (2.35)
H

By letting n — oo, L, — L in trace norm and expression (2.35) converges

to the right hand side of (2.33). d

A fundamental property of infinite dimensional oscillatory integrals is
the covariance under translations of vectors belonging to H, more precisely
the following holds [114]:

Theorem 2.6. Let a € H and f € F(H). Let us define fo, : H — C by
fa(z) := f(x + a). Then the function g : H — C, given by

g(x) == e%<“7w>fa(x), reH (2.36)
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is Fresnel integrable and the corresponding infinite dimensional oscillatory
integral is given by

/eﬁ@” o ) fo(2)da :e‘ﬁ”aﬂz/e#@’”f(x)dac. (2.37)
H H

Proof. 1t is easy to verify that the function g belongs to F(H), indeed
it is the Fourier transform of the measure p4, whose action on a Borel
bounded function h : H — C is given by:

/ () dpg () = / Bz + 9)ban(@)e 0D dpig (y).
H HXH

By theorem 2.5, we have'

i

ﬁ et >fa (z)dx

\\

7—5 (z T i(y,a
G, (@)’ dug (y)

_ o illal? /6—7<y7y>dﬂf(y)
H

_ f%naw/ @) £ () d
e 2 He2 f(x)dx O

The Parseval type equality (2.33) allows also the proof of the following
Fubini theorem [7]:

Theorem 2.7. LetT :H — H, T :=1— L with L self-adjoint trace class,
a linear invertible operator. Let H =Y + Z be the direct sum of two closed
subspaces, with Z being finite dimensional. Assume that

(Ty,z) =0 YyeY,ze Z.
Let
Tw=PyoT)(y), yev,

Tyz=(PzoT)(z), z€Z,

where Py and Py are respectively orthogonal projections onto Y and Z.
Assume that both Ty and Ty are isomorphisms of Y and Z, respectively.
Then, if f € F(H):

/ e%ﬁ@jw)f(x)dx = CT/ 62%<Z’T22>/ e%@ley)f(y + 2)dydz, (2.38)
H z Y
with

Cr = (det T)~'/2(det T1) /% (det T) /2 .
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Proof. For the proof of Eq. (2.38) it is convenient to introduce a different
notation. Let us define the bilinear form ((, )) on H x H:

((x1,22)) = (21, T22).

Since f € F(H), there exists a bounded variation measure y € M(H) such
that

fa) = [ T aue) = [ D)

The measure p is given by:

AMMM@=/MT%MW@, ﬂ@=Aﬂ“Wm&

H
By Parseval type equality (2.33), we have

/e%@vﬂ“)f(x)dx: (detT)_l/Q/ e F(@ gy (z).
H H

By considering y + z,n+ & € Y @ Z, we have that the function f, : Y — C,
given by

f-(y) = fly+2)
is of the form
A _ i((ym) g (1),
£-(w) Ae 11201

indeed

fly+2)= / T D dp(n + Q)
H
_ / ¢HTvn) gi{T0) gy 4 )
H

:/ ei(Ty;md’uZ(n):/ WM dn, (n).
Y

Y
The measure pu, is defined by

/ﬁmmum=/hww“@wm+q
Y H

for any Borel bounded function i : Y — C.
Since

() = (v, Tiy), ((2,2)) = (2, Tez), yeY,zeZ

and

/e#@’le)f(y—&—z)dy: (detTl)_l/Q/ e_%((y’y))duz(yL (2.39)
Y Y
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we have that the function I : Z — C given by

I(z) = ezn (%le)f(y + z)dy

<\e

is of the form I(z) = [, /(=D d(¢), with fi € M(Z). Indeed
(det Ty)~Y2 [ e 2 (@¥) gy, (y)

= (detTy)" Y2 [ e~ 2 ()il gy + ¢)

_ / (=D gii(c)
A

with fi defined by

i\*<\

/h = (det Ty) 1/2/ h(z)e= 2 (M) dp(n 4 ¢),

for any Borel bounded function h : Z — C.
Analogously to Eq. (2.39) we have

/e#<zaT2z>I(z)dZ = (detTg)_l/Q/ 6_%((Z7Z))dﬂ(z)u
7z zZ

and by a sequence of calculations we have

/egﬁ(z T22>/ e 0T £y 4 2)dydz
z Y

— (deth)_l/Q(detTl)_l/Q/ =) e~ nn))d#(n+0

H

= (deth)_l/Q(detTl)_l/Q/ =5 (¢+n, SEMD dp(n + ¢)
H

= (det T»)~Y/2(det Ty) ~Y/2(det T)l/Q/ e (=T £(3)d.
H

39

O

As we have already remarked above, the normalization constant in the
definition 2.4 plays a crucial role. Other alternative definitions of infinite
dimensional oscillatory integrals can be considered. They can be obtained
by introducing in the finite dimensional approximations different normal-

ization constants.

Given a a self-adjoint invertible operator B on H (we do not impose any
assumption on its trace), we can consider the definition of the normalized

infinite dimensional oscillatory integral with respect to B.
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Definition 2.5. A Borel function f : H — C is called F% integrable if for
each sequence {P,}nen of projectors onto n-dimensional subspaces of H,
such that P, < P,4+1 and P, — I strongly as n — oo (I being the identity
operator in H) the finite dimensional approximations

—

[ st e i pa),
n H

are well defined (in the sense of definition 2.3) and the limit

—

lim (det P,BP,)? / e2i (Prt:BPnz) £(P ) d(P, ) (2.40)
n H

n—oo

exists and is independent on the sequence {P,}.
In this case the limit is called the normalized oscillatory integral of f with
respect to B and is denoted by

B
/ ez (@ B2) £ (1) d,
H

Again, given a function f € F(H), it is possible to prove that f is Fp
integrable and the corresponding normalized infinite dimensional oscillatory
integral can be computed by means of a formula similar to (2.33):

Theorem 2.8. Let us assume that f € F(H). Then f is F& integrable and
the corresponding normalized oscillatory integral is given by the following
Parseval-type formula:

iy -
/ e;—ﬁ<rsz>f(m)dx:/ e B @B 4 (). (2.41)
H H

Proof. The proof is completely similar to the proof of theorem 2.5 and
we left the details to the reader. O

Remark 2.4. Formula (2.41) has already been discussed in the first part
of [17].

The difference between definitions 2.4 and 2.5 is the normalization con-
stant. In fact definition 2.5 can be seen as a generalization of definition 2.4,
which can be obtained by setting B = I, the identity operator.

The integral ffe%@’B@f(x)dx is called “normalized” because if we
substitute into Eq. (2.41) the function f = 1, we have

B i
/ ezr @B f(1)de = 1.

H
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The importance of the normalization constant in the finite dimensional
approximations is highlighted by theorems 2.5 and 2.8. Indeed theorem 2.8
makes sense even if the operator L := I — B is not trace class (in that case
the Fredholm determinant det(I — B) cannot be defined).

In fact it is possible to introduce different normalization constants in the
finite dimensional approximations and the properties of the corresponding
infinite dimensional oscillatory integrals are related to the trace properties
of the operator associated to the quadratic part of the phase function [9].
More precisely, for any p € N, let us consider the Schatten class 7,(H) of
bounded linear operators L in H such that

1Ll = (Te(LFL)P/2)HP
is finite. (7,(H),| - |lp) is a Banach space (see [262]). For any p € N,

p > 2 and L € T,(H) one defines the regularized Fredholm determinant
det(,) : I +7T,(H) — R:

c(is)t(1+ L) = det ((I + L) expz ) LJ) L eT,(H),

where det denotes the usual Fredholm determinant Which is Well defined

as it is possible to prove that the operator (I + L)exp Z 1) L' —Tis
trace class [262]. In particular dety) is called Carleman determlnant

For p e N, p > 2, L € T;(H), let us define the normalized quadratic
form on H :

N,(L)(z) = (=, Lz) —thrZ— €M, (2.42)
j=1
Again, for p € N, p > 2, let us define the class p normalized oscillatory
integral:

Definition 2.6. Let p € N, p > 2, L a bounded linear operator in H,
f+H — C a Borel measurable function. The class p normalized oscillatory
integral of the function f with respect to the operator L is well defined if
for each sequence {P,}nen of projectors onto n-dimensional subspaces of
H, such that P, < P,41 and P, — I strongly as n — oo (I being the

identity operator in H) the finite dimensional approximations

—_

/ e#rlall o= 3 No(PaLPw)(Pa) £( P ) (P, ), (2.43)
P, H

are well defined and the limit

—

lim e 717 o= ar Np(PaLP2)(Pr) (P 2Yd( Py ) (2.44)
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exists and is independent on the sequence {P,}.
In this case the limit is denoted by

i

P i 2
Lu(f) = [ edlelednetn flayds
H

If L is not a trace class operator, then the quadratic form (2.42) is
not well defined. Nevertheless expression (2.43) still makes sense thanks
to the fact that all the functions under the integral are restricted to finite
dimensional subspaces. Moreover the limit (2.44) can make sense, as the
following result shows [9].

Theorem 2.9. Let us assume that f € F(H) and let L be a self-adjoint
operator such that L € T,(H) and det,(I — L) # 0 . Then the class-p
normalized oscillatory integral of the function f with respect to the operator
L exists and is given by the following Parseval-type formula:

b » ) _
/Heﬁ”zllze_#(riwf(m)dﬂf _ [((15)1:(]_ L)]—l/QAe—%(Iy(I—L) 195>d,uf(33)-
(2.45)

Proof. See [9]. O

2.5 Polynomial phase functions

As we have seen in the previous section, the possible generalizations of the
definition of finite dimensional oscillatory integrals to an infinite dimen-
sional Hilbert space H

/ en @) g
H

concerns only quadratic phase functions ® : H — C of the form ®(z) =
(x,x)/2 or, more generally ®(z) = (z, Bx)/2, with B : H — H a linear
operator satisfying suitable assumptions.

As one can understand by a careful reading of theorem 2.5 and anal-
ogously theorems 2.8 and 2.9), the key tool allowing the extension of the
results of section 2.2 is the Parseval type equality (2.10). Indeed given a
function f € F(R™), its Fresnel integral is given by:

/62%("E7(1*L)"’”>f(x)dx = (det(I — L))*l/z/ e @ U=DTI0 gy (),

(2.46)
with L : R™ — R"™ self-adjoint and I — L invertible.
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Equation (2.46) admits a generalization on an infinite dimensional
Hilbert space H because, even if the left hand side loses any meaning when
n — 00, the right hand side can have a well defined meaning also when R"
is replaced with H, provided the operator L satisfies suitable assumptions
(as the existence of the inverse and of the Fredholm determinant of the
operator I — L).

In the case where the quadratic phase function is replaced with an higher
degree polynomial function, as in section 2.3, the situation becomes more
involved. Theorem 2.4 generalizes a Parseval type equality to the case of
oscillatory integrals of the form:

/O AP f)de,  f e F(RY),

n

where P : R™ — R is a 2M degree polynomial with positive leading coeffi-
cient?. More precisely the following formula holds:

/n eh P f(2)da = / F(k) s (dk), (2.47)

with the function F : R® — C is a smooth function, represented by an
absolutely convergent integral

F(k) = einm/AM [ giel ke P gy, (2.48)
R
The generalization of formulae (2.47) and (2.48) to the infinite dimensional
case is not straitforward, since neither of them makes sense in the limit
n — oo.
The quadratic phase functions are much simpler to deal with, because
when the polynomial P is of the form

1
P(x) = —<:E,:E>,
2
the function F, i.e. the Fourier transform of the imaginary exponential of

the phase function, can be explicitly computed:

F(k) = (2min)~"/? / e e3mT0) g = ¢~ 3 ) (2.49)
If the left hand side of Eq. (2.49) loses any meaning in the limit n — oo
because of the non convergence of the constant (27ih)~"/2
existence of the Lebesgue measure dz, the right hand side is still meaningful,
even when x belongs to an infinite dimensional Hilbert space.

and the non

2An analogous result is obtained in the case where the leading coefficient is negative.
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In the following we shall present the case of a polynomial phase func-
tion with quartic growth, where an infinite dimensional generalization of
Parseval type equality (2.47) is allowed.

Let us deal first of all with the finite dimensional case, i.e. dim(H) = n.
Let A: HxHxHxH — R be a completely symmetric and positive fourth
order covariant tensor on H. After the introduction of an orthonormal basis
in H, the elements x € H can be identified with n—ple of real numbers,

ie. ¢ = (x1,...,2,), and the action of the tensor A on the 4-ple (z,z, z, x)
is represented by an homogeneous fourth order polynomial in the variables
T1y...,Tn:
P(z) = A(z,z,x, x) Z @5 kel mT TR T T, (2.50)
7.k, lLm

with Qjk,lm € R.
We are going to define the following generalized Fresnel integral:

/ezhw (I—- B)

where I, B are n x n matrices, I being the identity, A € R, f € F(R") and
h>0.

= P(@) £ (2)dx (2.51)

Lemma 2.3. [27] Let P : R" — R be given by (2.50). Then the Fourier

transform of the distribution %efffp (@)
z-(I-B)x )
~ _ ik-x 6271 71>\P z

is a bounded complez-valued entire function on R™ admitting, if A is strictly
positive, the following representations

. im/4
ielm/ z-(I—B)x Ap

inm/8 e’/ Pk e #P(=
T e het
e~inm/8 Jan gl Phae gmhz):j;mm e nP@) dy A>0.
(2.53)

Moreover, for general A > 0, if X < 0 and (I — B) is symmetric strictly
positive then F(k) can also be represented by

) (1= B)e i
F(k):/ e (Z et e = BleeT R P i B
n mh)™
(2.54)

where E denotes the expectation value with respect to the centered Gaussian
measure on R™ with covariance operator hl.
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Proof. Representation (2.53) and the boundedness of F follow from

lemma 2.1, where a more general case is handled. From the representa-

tions (2.53) and (2.54) the analyticity of F(k), k € C follows immediately.
Let us now prove representation (2.54) for the Fourier transform

n ik-x eﬁm([—B)x —iA p(y
F(k):/ne Weﬁ @) d,
by mimicking the same procedure used in the proof of lemma 2.1. Without
loss of generality we can assume that the quadratic form x- (I — B)x is equal
to x-x, as it can always be reduced to this form by a change of coordinates.
Let us compute the n—dimensional integral defining F(k) by introducing
the polar coordinates in R™:

ik-x e%z-z _MP(I)
/ne Gmmzt @

e ik esrr” —iAp 1
= /S (A €Z| |Tf(¢1,~~~,¢n—1) (27mh—)n/2 e n (T),rm— dT‘) danl (255)
n—1

where instead of n Cartesian coordinates we use n — 1 angular coor-
dinates (¢1,...,¢n—1) and the variable r = |z|. S,—1 denotes the
(n — 1)-dimensional spherical surface, d),—; is the Haar measure on it,
f(@1,...,n—1) = (k- x)/|k|r, P(r) is a fourth order polynomial in the
variable r with coefficients depending on the n — 1 angular variables
(f1,- -+ Gn—1), namely:

P(r) = A ) = a6, o), (2.56)

where a(¢1,...,¢n—1) > 0 for all (¢1,...,¢n—1) € Sn—1. Let us focus on
the integral

x| x| [ []

“+o0 i .2 )
/ ikl (61, 1) _EP" SR, 1 g
0 (2mih)n/?
This can be interpreted as the Fourier transform of the distribution on the

real line

i .2
55T .
e SAP()

- h
(2min)n/2® ’
with 0(r) = 1if » > 0 and 6(r) = 0 otherwise, A < 0 and P(r) = ar?,
a>0:

F(r)=0(r)r"!

+oo L2 )
etkr _em %h eif’iA P(r)pn=1 gy 2.57
0 (27T’Lh)n/2
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Let us consider the complex plane and set z = re’®. We have
2

+o00 e
. € 2h —i\ _
ezkr : Ze—h P(r),,,n 1d’l"
0 (2mih)n/

7 2
: i e~ =iA _
= lim em'zﬁe i P(2) =1y,
€10 ) —peic (2mih)n/
i 2 2ie
: ic €2RP € i ie )
=lim lim ethpe 676 #2 P(pe )pnflemedp,
€10 R—4o0 /, (2mih)n/2

Given:
MmR)={z€C | 0<p<R, O=¢}
72(R)={2€C | p=R, e<O<7m/d—¢}
v3(R)={2€C | 0<p<R, O=n/4—¢€}
with € > 0 small, from the analyticity of the integrand and the Cauchy
theorem we have

7 2
er~” _i’\P(z) n—1
i Z2""tdz = 0.

/ e
71 (R)Uy2(R)Uvs (R) (2mih)
In particular:

i 2
ikz e2r® A Pp(z) n—1
€ ——5€ " z dz
"/:YQ(R) (27TZh)n/2

m/4—€ ) 20 p2 ) )
_ pn ikRe'® € 2h ZA P(Re'?) ind
=R /; e W@ 2 € df
71_/4_5 — sin(26) R?
< Rn/ e—kRsin(G) 6(2 2;) o3 e%(GR4 Sin(40))d9
€ mh)"
W/S ’ 62_2591{2 A 48
< R" —k'RO 4 (aR ;)Gdo
- /e € (27Th)77’/2 €
m/4—€ —26 p2
N 4 ’ e mh A 48
R" #2aR / k' RO #(—aR ;)Hde
+ e s e (27rh)”/26
R" c(BRR'—ZR?*—k'R)n/8 _ (32 R'- 2 R*—K'R)e
B (27Th)"/2{( (B3Rt 2 R2 _/R) )
8cad pd (_ 2 R2_L'R)(n/4—e) _ %2R (—2)R?2—k'R)n/8
e wh e\ wh er e\~ =R
n ( e )} (2.58)
(=~ R* — = R?+ —K'R)

where k' € R is a suitable constant. We have used the fact that if a €
[0,7/2] then 2av < sin() < «, while if o € [7/2, 7] then sin(a) > 2 — 2a.
From the last line one can deduce that

e )
’/ eikz%e%kp(z)z"_ldz — 0, R — oo,
,),2(R) (27T2h)
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so that

2

[PV )
eikz e2n e _g’\ P(z) zn—ldz
; 2

2= peic (2mik)n/

P2
. ezr”? —ix _
_ e’LkZ : Se = P(z)zn 1dZ.
2=pei(r/4—e) (27”?1)"/

By taking the limit as € | 0 of both sides one gets:

+o00 2

. €2h —i\ _

eikr : 26_ﬁ P(r),rn 1d7"
0 (27Tlh)n/

+o00 ) = ) )
- / e““”ewélﬁe?”“”“)pmdﬁ (2.59)
0 wh)"

By substituting into (2.55) we get the final result:

ik-x ez 2 P(x)
/ L mimer A

_ eie“'“km e 2R e_i’i/\P(zemM)dm
. (2rh)n/2

,rri)\P(ze'iw/4)] .

. im/4q..
E[eze kze
]

Remark 2.5. A careful reading of this proof shows that the second part
of the statement, that is representation (2.54), is valid if and only if the
degree of P is 4, but cannot be generalized to polynomial functions of higher
(even) degree. In fact the proof is based on the analyticity of the integrand
and on a deformation of the contour of integration into a region of the
complex plane in which the real part of the leading term of the polynomial,
that is Re(—ilaz?), is negative, where A < 0, a > 0. By setting z = pe®
one can immediately verify that this condition is satisfied if and only if
0 < 0 < w/4. By considering a polynomial of higher even degree 2M this
condition becomes 0 < 6 < 7/2M and if M > 2 the angle § = 7/4 is

no longer included. This angle is fundamental as the oscillatory function
. 2

o 22 . . =
(;;Z.EW evaluated in z = pe'™/* gives e’”/‘l%, that is the density of
the normal distribution with mean zero and variance 72, multiplied by the
factor e=*"/%. These considerations also show the necessity of considering

A <0.
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Remark 2.6. We note that to have A = 0 is equivalent to take P = 0. In
this case one has immediately:

ik-x e%z-z
SN
/ 2 C Crinn iz

= / ehae™! —(;;T;L;n/zdx =Bl | = e F k. (2.60)

These results can now be applied to the definition of a generalized Fresnel
integral of the following form

I(f) = /ez%w'(I*B)we%?P(w)f(x)dx. (2.61)

Theorem 2.10. (“Parseval equality”) Let f € F(R™), f = fiy. Then the
generalized Fresnel integral (2.61) is well defined and it is given by:

/ e I=B)2 P )y = / F (kg (dk), (2.62)

where I:"(k) is given by Eq. (2.53) if A in (2.50) is strictly positive, or by
Eq. (2.54) if A>0, A <0 and (I — B) is symmetric strictly positive. The
integral on the right hand side of (2.62) is absolutely convergent (hence it
can be understood in Lebesque sense).

Proof. The proof is completely analogous to the proof of theorem 2.4.0

Corollary 2.2. Let (I — B) be symmetric and strictly positive, A < 0 and
fe FR"Y), f = py, such that Yz € R" the integral fe‘gkrmﬂ(dk) is
convergent and the positive function g : R™ — R, defined by

glx) = e%””'B‘T/e*§’”|/¢f|(alk)7 zeR"

is summable with respect to the centered Gaussian measure on R™ with
covariance hl.

Then f extends to an analytic function on C™ and the corresponding
generalized Fresnel integral is well defined and it is given by

ez (I-B)z =i p(g) Ap(z) Lo Be g in/d
"We 2 f(z)dx =E[en e3n f(e™ ). (2.63)

Proof. By the assumption on the measure ji, it follows that its Laplace
transform f*:C" — C,

£he) = [ M glan),
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is a well defined entire function such that f(iz) = f(z), z € R". By
theorem 2.10 the generalized Fresnel integral can be computed by means of
Parseval equality

ez (Bl =X p(z) 7
/R We g f(x)dx:/ F(k)pys(dk)

By Fubini theorem, which applies given the assumptions on the measure
ff, this is equal to

E[ean B7e s Pe) / et ™ 1 (dR)) = Elean® Bre s P fL (16t 4a)]

= E[e%z'Bxe%P(r)f(e”/‘lx)] (2.64)
and the conclusion follows. O

Remark 2.7. The latter theorem shows that, under suitable assumptions
on the function f, the generalized Fresnel integral (2.61) can be explicitly
computed by means of a Gaussian integral. By mimicking the proof of
lemma 2.3 one can be tempted to generalize Eq. (2.63) to a larger class of
functions, that are analytic in a suitable region of C”, but do not belong
to F(R™). In fact this is not possible, as the definition 2.1 of oscillatory
integral requires that the limit of the sequence of regularized integrals exists
and is independent of the regularization. Let us consider the subset of the
complex plane

A={zeC|0<arg(z) <n/4} CC, (2.65)
and let A be its closure. The identity
. ezh (I-B)z 7’>‘P T L z.Bx Pz im/4
tin [ [ e O as(eade = Bl PR ) (e )

(with (I — B) symmetric strictly positive and A < 0) can only be proved by
choosing a regularizing function 1 € S, ¥(0) = 1, such that the function
2+ 1)(zx) is analytic for z € A and continuous for z € A for each z € R™,
Moreover one has to assume that |)(e?’z)| is bounded as |z| — oo for each
0 € (0,7/4).

We can now generalize these results to the case the generalized Fresnel
integral is defined on a real separable infinite dimensional Hilbert space

(H, G EID-
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Let us consider the abstract Wiener space built on H (see [149, 211]
and appendix). Indeed, let v be the finitely additive cylinder measure on
H, defined by its characteristic functional 2(z) = e~ 22I*. Let | | be a
“measurable” norm on H, that is | | is such that for every e > 0 there exist
a finite-dimensional projection P. : H — H, such that for all P L P, one
has

v({z € H| [P(z)| > €}) <,

where P and P, are called orthogonal (P L P.) if their ranges are orthogonal
in (H,(,)). One can easily verify that | | is weaker than || ||. Denoted by
B the completion of H in the | |-norm and by 4 the continuous inclusion of
H in B, one can prove that u = v oi~! is a countably additive Gaussian
measure on the Borel subsets of B (see theorems A.2 and A.3). The triple
(1,H, B) is called abstract Wiener space.

Given y € B* one can easily verify that the restriction of y to H is
continuous on H, so that one can identify B* as a subset of H. Moreover
B* is dense in ‘H and we have the dense continuous inclusions B* C ‘H C B.
Each element y € B* can be regarded as a random variable n(y) on (B, u). A
direct computation shows that n(y) is normally distributed, with covariance
ly|? (see theorem A.2 and Eq. (A.4)). The density of B* in H and Eq. (A.4)
allow the extension of the map n : B* — L2(B,u) to the whole space H
(the extended map will be denoted with the same symbol with an abuse of
notation).

Given an orthogonal projection P in ‘H, with

n
P(z) = Z(ei, x)e;
i=1
for some orthonormal e, . .., e, € H, the stochastic extension P of P on B
is defined by
_ n
Py =3 (e e
i=1
Analogously, given a function f : H — By, where (B1,| |s,) is another real
separable Banach space, the stochastic extension f of f to B exists if the
functions f o P : B — By converges to f in probability with respect to u as
P converges strongly to the identity in H.

Let A : HXxHXxHxH — R be a completely symmetric positive covariant

tensor operator on H such that the map V : H — RT,

x—V(z) = Az, z,z, ), xeH,
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is continuous in the measurable norm | |. As a consequence V' is continuous
in the Hilbert norm || ||, moreover it can be extended by continuity to a
random variable V on B, with V| = V. By theorem A.4, the stochastic
extension V of V exists and coincides with V : B — R u—a.e. Moreover for
any increasing sequence of n—dimensional projectors P, in H, the family
of bounded random variables on (B, u)

einVoPu() = ginV"(+)

converges p—a.e. to

>

el \7(-).

Furthermore for any h € H the sequence of random variables
Z hm(ei), hi = <€i, h>
i=1

converges in L?(B, 1), and by subsequences almost everywhere, to the ran-
dom variable n(h). Analogously, given a self-adjoint trace class operator
B :'H — H, the quadratic form on ‘H x H:

x € H+— (z, Bx)

can be extended to a random variable on B, denoted again by (-, B - ) (see
appendix).

Let us assume that the largest eigenvalue of B is strictly less than 1
(or, in other words, that the operator (I — B) is strictly positive) and let
y € H. Then one can prove (see theorem A.5) that the sequence of random
variables f, : B — R

fu( ) = eXizmvin(ed( )z Ly bi([n(ed) (- )]27
where y; = (y, e;), converges pi—a.e. as n goes to co to the random variable
F(-)=er(emr- B
and that
/fndu — /fdu = (det(I — B))"/2e3w(I=B)""y), (2.66)
In this setting it is possible to prove the following result:

Lemma 2.4. Let B : H — H be a self adjoint and trace class operator such
that I — B is strictly positive, let k € H and A < 0. Then for any increasing



52 Mathematical Feynman Path Integrals and Applications

sequence P, of projectors onto n-dimensional subspaces of H such that P,, |
I strongly as n — oo, the following sequence of finite dimensional integrals:

F, (k)= (2m-h)fn/2/ ei(Pnk,an)eQ%(Pngm(IfB)in)efi%V(in)d(an)

W H
converges, as n — 00, to the Gaussian integral on B:
F(k) = E[em®) ()™  gar (B )iz V()] (2.67)

(E being the expectation with respect to p on B).
Proof. By lemma 2.3 and Eq. (2.54) one has

(27_‘_Z<h)7n/2/ ei(Pnk,Pnz)ezih(PnL(IfB)Pngc)efi%V(in)d(an) _
M
(%h)wm/ ei<Pnk7in>em/4e,%(Pngc7Pngc)eﬁ(in,BPngc)ei%V(Pnac)d(an) .
W H

Let us introduce an orthonormal base {e;} of H such that P, is the projector
onto the span of the first n vectors. Each element P,x € P,H can be
represented as an n—ple of real numbers (z1,...,z,), where z; = (z,¢e;).
The latter integral can be written in the following form:

(27Th)_n/2 / e/LZ?=1 kimiehr/zle_% ?:1 x?e% Ezj=1 Bijzix;
et Xk AijknTi®TRTN o
where B;; = (e;, Be;) and Ajjpn = Ales, e, ek, en).
On the other hand, this coincides with the Gaussian integral on (B, p):
E[eizy:l kin(ei)(-)e' ™ Loz 37 (e Beg)n(e) (- In(e;)() g3 VoPu( - )].
By Lebesgue’s dominated convergence theorem (which holds because of the
assumption on the strict positivity of the operator I — B) this converges as

n — oo to
E[em(®)()e ™ ez (-.B )it V()]

and the conclusion follows. O

The above result allows the following generalization of theorem 2.10 to
the infinite dimensional case.

Theorem 2.11. [27, 25] Let B : H — H be self-adjoint trace class, (I —B)
strictly positive, A <0 and f € F(H), f = fif, and let us assume that the
bounded variation measure piy satisfies the following condition:

/H HIT=B) R |y |(dk) < oo, (2.68)
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Then the infinite dimensional oscillatory integral

/ e%(r,([—B)z)e—i%A(r,x,x,x)f(m)dx (269)
H
exists and is given by:

/H E[ein ()™ ol B ) iRV (dh).

Proof. By definition, choosing an increasing sequence of finite dimen-

sional projectors P, on H, with P, T I strongly as n — oo, the oscillatory

integral (2.69) is given by:

lim (27_‘_Z<h)7n/2/ ezih(in,(IfB)Pnac)efi%A(PnLin,in,in)f(an)dan'
2 H

(2.70)
Let f™: P,H — C be the function defined by

") =fl), yePH

One can easily verify that f* € F(P,’H), f" = i, where '} is the bounded
variation measure on P,,’H defined by

P = py (P ),

I being a Borel subset of P,H, indeed:
P = 1) = [ )
= / Py Puk) (k) = / ei<y’P"k>u?(dPnk) (2.71)
H W H
where y = P,y. By theorem 2.10 the limit (2.70) is equal to

lim Gn(Pnk)u’}(dPnk), (2.72)
n=oe Jp,H
where G,, : P, H — C is given by:
G (Pok) = (27Th)7n/2/ ot (Puk,Pa)e’™* — g5 (Poa,(I-B)Poa)

P, H
S A
elﬁA(Pn$7Pn337in;in)dan.

This, on the other hand (see the proof of lemma 2.4) is equal to

[ (Puk)( )™ o dn X Bign(en)( (e () gid V()]

)
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where V" = V o P,. By substituting the latter expression into (2.72) we
have
lim E[ein(PaR) (e ™/ s STy Bin(e)(On(e) () ik VCO)m (g, k)
n—oo PpH

= lim [ E[emPrRC)e g T ms Buyn(e (ne) () gin V" (), (dk)
n—oo H

n—oo

= lim Fr(k)py(dk) .
H

By lemma 2.4 and the dominated convergence theorem, applicable to the
integral with respect to uf, due to assumption (2.68), we then get

/ Fk)ps(dk) = / E[e W)™ edn B iRV (dk),
H H
and the conclusion follows. O

Also corollary 2.2 can be generalized to the infinite dimensional case.
Indeed due to the assumption (2.68) the function f on the real Hilbert
space H can be extended to those vectors y € HC in the complex Hilbert
space HC of the form y = zx, x € H, z € C, as the integral

/ eiz(:mk)uf (dk)
H

is absolutely convergent. Moreover the latter can be uniquely extended to
a random variable on B, denoted again by f, by

P =) = /H = (). (2.73)
Moreover the random variable

e%()B>fZ()
belongs to L'(B, p) if Im(2)? < 1/2.

Theorem 2.12. [27] Let B : H — H be self-adjoint trace class, I — B
strictly positive, A\ < 0 and f € F(H) be the Fourier transform of a bounded
variation measure piy satisfying assumption (2.68).

Then the infinite dimensional oscillatory integral (2.69) is well defined
and it is given by:

/ 2 (0. (1=B)x) =i Alww.2.9) () iy — itV (Dean (B ) f(eim/4 )]
H
(2.74)
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Proof. By theorem 2.11 the infinite dimensional oscillatory integral
(2.69) can be computed by means of the Parseval-type formula:

/ eth(:E7(IfB)z>efi%A(w,z,z,z)f(x)dx
H
:/ E[em(k)(')em/zle%(”B Jein V(- Npp(dk)  (2.75)
H

By Fubini theorem, which can be applied under the assumption (2.68), the
integral on the right hand side of (2.75) is equal to

E[eiAV(Des(- B ) /H eIy (dk))

in/4

:E[ei%v(')e% fe ( )]:E[e i2V(- )e%<"B'>f(e”/4-)].

The integral on the right hand side is absolutely convergent as |ei%‘7| =
1 and ezr(B-) ™" ¢ LY(B, i) as Im(e™/*) = 1/4/2 (see Fernique’s
theorem in [211]). O

Remark 2.8. In the simpler case A = 0, under the above assumptions
on the function f and the operator B, the infinite dimensional oscillatory
integral (given by (2.74) with V' = 0) can also be explicitly computed by
means of the absolutely convergent integrals:

25 (z,(I-B)z)
eznr x)dr = /
/H J(@) \/det I-B)

In fact, by means of different methods (see section 2.4), Eq. (2.76) can
be proved even without the assumption on the positivity of the operator
(I — B) (it is sufficient that (I — B) is invertible).

T U=B)R) ) (k). (2.76)

Remark 2.9. So far we have proved, under suitable assumptions on the
function f :H — C and the operator B, that if A < 0 the infinite dimen-
sional generalized Fresnel integral (2.69)

IF()\) = / e%(ac,(IfB):wefi%A(w,z,z,z)f(ﬁ)dx
H
on the Hilbert space H is exactly equal to a Gaussian integral on B:
1900 = [ B W A B YOl (k)
H

(theorem 2.11), and to
IA()\) = ]E[el%v( . )€%< -,B - >f(ei7'r/4 . )]
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(theorem 2.12). One can easily verify that I and I are analytic functions
of the complex variable A in the region of the complex A plane {Im()\) >
0}, while they are continuous in {Im()\) = 0} and coincide with I*" in
{Im(\) =0, Re(\) < 0}.

The generalization of these techniques to infinite dimensional oscillatory
integrals with polynomial phase function of higher degree is not straight-
forward. Some partial result concerning particular complex phase function
of higher arbitrary degree has been obtained in [34].



Chapter 3

Feynman Path Integrals and the
Schrodinger Equation

3.1 The anharmonic oscillator with a bounded anharmonic
potential

Let us consider the Schrodinger equation in L2?(R%)

0

with initial datum g = 1o € L? (R%) and quantum mechanical Hamil-
tonian, given on the smooth vectors ¢ € S(R?) by
h2

Hy(z) = —%Aw(m) + %xszw(x) + V(x)y(x), z € RY,

where m > 0 is the mass, Q% > 0 is a positive d x d matrix, and V is a
bounded continuous real function on R%. In the following we shall put for
notational simplicity m = 1, but the whole discussion can be repeated for
arbitrary values of the mass parameter.
Let us denote by Hp the harmonic oscillator Hamiltonian, given on
b € S(R) by
h? 1 4
Hoy(x) = —7A¢(x) + 53;(2 xp(z), x € R
Both Hy and H are self-adjoint operators on L?(R4), on the natural domain
of definition of Hy, which can be easily described by writing the vectors
¥ € L*(R?) as linear combination of Hermite functions (see [245, 246]).
H and Hj generate unitary groups in L?(R?), denoted by U (t) = e wHt
and Up(t) = e~ #Hot, The solution of the Schrédinger equation (3.1) with
initial datum g = o € L?(R9), is given by

Y(t,x) = (e~ Fltyg)(x). (3.2)

57
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In the following we shall show how the Feynman path integral represen-
tation for the solution (3.2)

blt,x) = / 0, (3.3)

can be mathematically realized in terms of a well defined infinite dimen-
sional oscillatory integral on a suitable Hilbert space of paths:

P(t,x) = /( ) Oe% lo (7(3)2/2*%8)927(8)/2*V(V(S)ﬂv))dsdjo(,y(o) +2)dy,
y(@#)=

(3.4)
where we performed the formal change of variable v — v + x in order to
deal with the homogeneous condition «(¢) = 0, which is preserved by linear
combinations.

For notational simplicity, in the following we shall put m = 1, but the
whole discussion can be easily generalized to the case of arbitrary values of
the mass parameter.

Let us consider the Cameron-Martin space H¢, that is the Sobolev space
of absolutely continuous functions v : [0,#] — R, such that y(t) = 0, and
with square integrable weak derivative ~:

t
[ s < o,
0
endowed with the inner product
t
(1.9) = [ 50(9) - (o).

(This space was already introduced in (1.11) in the introduction). From a
physical point of view, H; represents a space of Feynman paths with finite
kinetic energy.

Let us consider the linear operator L : H; — H; given by

(Lv)(s) ::/ als'/oS (Q2)(s")ds". (3.5)

One can easily verify that

(ms Lyz) = / 1 (5)2a(s)ds,

and conclude that L is self-adjoint on H; and positive:

t
(nL) = [ A (s)ds 20, ¥y e He
0
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Let us now investigate the conditions for the existence of the inverse of
the operator I — L.

Lemma 3.1. Let Q;, with j = 1,...,d, be the eigenvalues of the matriz Q.
If
I\ 7 .
t;é(n+§)9—j, neN, j=1,...,d,
then the operator I — L is invertible and its inverse is given by:

(= 1)7(s) =2(9) = @ [ sinlf2(s = ) (s
+ sin[Q(t — )] /0 (cos Q)1 cos(2s')y(s")ds".  (3.6)

Proof. By equation (3.5), given a vector n € H;, the vector v € H; is of
the form

n=I-L)yy << ~y=(I-L)""y

if it satisfies the integral equation:

ne) =)~ [ as [ " (©29)(s")ds". (3.7)

If 7 is sufficiently smooth, by differentiating twice, (3.7) is equivalent to the
differential equation:

F(s) + Q*y(s) = ii(s)
with conditions (¢f) = 0 and 4(0) = 7(0). By standard technique the
solution is given by

(I - L) n(s) = ns) - € / sinQ(s — )} (s')ds’

t
+sin[Q(t — 8)] / (cos )10 cos(2 )y (s')ds'.  (3.8)

0
It is easy to verify that the latter formula is valid for general n € H;, and

the conclusion follows. O

The following lemma gives a characterization of the spectrum of L [114].

Lemma 3.2. Under the assumptions of lemma 3.1, the self-adjoint opera-
tor L : Hy — Hy given by Eq. (3.5) is trace class and

Ind(I—L):Z[%—F%},

j=1
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where [ -] denotes the integer part and Q1,...,Qq are the eigenvalues of the
matriz €1, counted with their multiplicity.
Moreover the Fredholm determinant of I — L is given by:

det(I — L) = det(cos(2t)).
Proof. We follow here the method by Elworthy and Truman [114]. Let
us assume, without loss of generality, that the matrix 2 is diagonal.
Because of the self-adjointness and the positivity of L, we look for eigen-

values of the form p?, with p € R. The real positive number p? is an
eigenvalue of L, if there exists a v € H; such that

Ly = p*y,

t s’
[as [ @nnast = ).
s 0
By differentiating twice, we obtain the differential equation
p*i(s) + Q*4(s) =0,

with the conditions y(t) = 0 and 4(0) = 0. The solutions are given by the
vectors

1(s) = (41(5),- - 7)),

where 77 (s) = A; sin[Q; (s — ¢;)/p], for constant A;, ¢;, j =1,...,d, satis-
fying the conditions:

1
Qoi/p= (mj+§)ﬂ', m; € Z,

1
Qt/p = (nj—|——)7r, n; € Z.

2
The only possible values for p are of the form
Q;t
p= S A 5 nJ S Z.
(nj + %)7‘(

Since Y7 ((n+1)72 < 0o, one can conclude that the operator L : H; — Hy
is trace class.

For the calculation of the index of the operator I — L, we have to take
into account the eigenvalues of the operator L of the form

L L
(le + %)ﬂ'
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with p > 1, that is
Qt 1
=0,1,..., {—J——],

" T 2

[] denoting the integer part. They correspond to the following eigenvectors
1
Yn, (8) = (0,07...70,(:05 [(nj + 5)8%},0,...,0),

where the j** entry being non-zero.

The proof of the second part of the lemma follows from the equality:

o0 2
cos(z) :7};[0 [1— 7(n+%)2772] .

The next lemma gives sufficient conditions for the definition of the in-
finite dimensional oscillatory integral (3.4) and the application of theorem
2.5.

Lemma 3.3. Let 1,V € F(RY). Then the function f : H; — C, given by
() = e Rl VOt (y(0) £ 2), v eH,

belongs to F(Hy).

Proof. We give here the proof in the case where d = 1 in order to simplify

the notation, but the whole reasoning can be easily extended to the case of

general dimension d.
Let us denote by v,, 7 € [0, ], the vector in H defined by:

Y(s) =t —TVs, s €[0,¢].
One can easily verify that for an v € H;

() = (7).
If 49 = fig, with pg € M(R), we have:

d(2(0) +2) = [ IO g
R
_/ #1990 K g0 (k) (3.9)

= [ ] e e ). 310
Analogously, if V € F(R), V = jiy, with u, € M(R), we have

/V( ds—// FOG+2) 4y, (k) ds
_ /0 /R /H M S (A dpuy (R)ds.  (3.11)
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It follows that both functions on Hy, i.e. v — o(y(0) + z) and v —
fot V(v(s) + x)ds, belong to F(H:). As F(H:) is a Banach algebra by
pointwise multiplications (see section 2.2), it is possible to conclude that
also the function

v e il VORI (y(0) £ 2), v e,
is an element of F(H). O
The Parseval type equality for infinite dimensional oscillatory integrals (the-
orem 2.5) and the previous lemmas allow us to define and compute the

Feynman path integral representation for the solution of the Schrodinger
equation with the harmonic oscillator Hamiltonian:

ihgY(t, ) = A¢(t z) + 1xQ%xyY(t, x)
{w(a ) = ola) (312
that is:

i

Y(t,z) = / .\ e 5 (1P~ Q)0 )dsy 0 (0) + 2)dy, (3.13)
t)=0

Theorem 3.1. Let g € S(RY) and t # (n—|— 2) ,n € N. Then the solu-

tion of the Schrodinger equation (3.12) is given by the infinite dimensional
oscillatory integral on the Cameron-Martin space

W(t, z) = / 7 13 39 s = [+ 001+ 0)dsyy (0) 4 1)y
He

= / e (V=DM o= graato—5 [ ”(S)Q%dswo('y(O) +xz)dy. (3.14)
He

Proof. We give here the proof in the case where d = 1 in order to simplify
the notation, but the whole reasoning can be easily extended to the case of
general dimension d.

First of all we can see that the function on f : H; — C given by

() = B [ OORIRCEI Dby (30) 4 o), v ey
is Fresnel integrable. Indeed it is of the form

f) =em0Ng(), v eH,

with L : Hy — H; is the self-adjoint operator (3.5), that by lemmas 3.1 and
3.2 is trace class with I — L being invertible, and g : H; — C, given by

g(’Y) —e 2hwﬂ wte*ﬁ fo ’Y(S)Q2wds¢0(7(0) + 1‘)7 = H,
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belongs to F(H;). Indeed, as S(R?) ¢ F(R%), by lemma 3.3 the func-
tion v + 1o(7(0) + x) belongs to F(H;). Moreover the function vy
e~ Jo 1(£)9%ds 5 of the form

e~ 7 Jo ¥()Q%wds _ /H e, (dn), N € H,,

where 7, is the vector of H; given by

N:(s) = Q; (; - g) s €0,1].

By theorem 2.5 the infinite dimensional oscillatory integral

/ e#h(v (I— L)’y}e e Q? wtefﬁ I 'y(s)Q%cds,wo(,y(O) + m)d7
He
is well defined and is given by

det(I—L)_l/Q/ e—%(%(I—L)*lwdug(v),
He

with g = jig. By lemmas 3.1 and 3.2, and some calculations we have that
the latter expressing is equal to:

% Q2 cot(Qt)z+yQ cot () y—2xQ sin(Qt) ~1 ) d 1
m L voy)dy. (3.15)

that is the solution of the Schrédinger equation (3.12) with initial datum
Py € S(R) O

Remark 3.1. By diagonalizing the symmetric matrix 2, Eq. (3.15) can be
generalized to arbitrary dimension d and becomes

0 - (202 cot () x-+y cot (2)y—22Q sin(2t) ~'y)
det | ——M8M8M8 — 35 (282 co x4y co y—2z sin du.
\/ ¢ (27m' sin(Qt))/ € Yo(y)dy

We can now state the main result of the present section. The proof is taken
by [114] and is based on a technique present in [263].

Theorem 3.2. Let ¢,V € F(R?) and t # (n—i— 1)L, n € N. Then the
solution of the Schrédinger equation

zhat¢( ,T) = ——Aw(t z) + $2Pay(t, x) + V(2)(t, z)
¥(0,2) = o(z)
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is given by the infinite dimensional oscillatory integral on the Cameron-
Martin space

/ ez Jo 1(9)?ds =g [o (Vo) +0)Q* (V) Fw)ds = [ V(v()+@)dsy (0) 4 2) dy
He

:/ ez’—%(’y,(lfL) e~ eaQlat 7ﬁf0t 7(8)92$d56*%f0t V(’Y(S)+w)dswo(’}/(0)+1‘)d’y.
He
(3.16)

Proof. By lemma 3.3 and by repeating the reasoning in the proofs of
theorem 3.1, the function on H;

e IO IR sk (VO (4(0) +0), 7€ Hy

is Fresnel integrable.
For u € [0,t] let p,(V, ), Vi (V,z), A, (z) be the measures on H;, whose
Fourier transforms when evaluated at v € H; are respectively V (x +(u)),
—% Lo V@tr(s)ds and e=# Ju @?*7(9)ds | We shall use the following notation

pu = pu(V, ),
v, = v, (V,x), (3.17)
A= )E(2). (3.18)

Moreover, for 1o € F(RY), we shall denote with i, the measure on H;
whose Fourier transform is the function 7 +— o (v(0) + z).

If {py 2 a < u<b}is a family in M(H;), we shall let f: Ly du denote
the measure on H; defined by:

b
f e / Fma(d)du, € Co(Hy)
a Ht

whenever it exists. Since for any continuous path v we have

exp / Viy(s) + =z ds)
—1——/ exp(—%/utV(w(s)—&-m)ds)du,

we get

—
vh =00 — %/0 (o * V) du, (3.19)

where &g is the Dirac measure at 0 € H;.
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We set for ¢t > 0 and z € R?

Ut o (x) = / o3 S 1) 2ds— g [¢ (v(s) +2)92 (y(s) +a)ds
He
e i Jo VO T sy (4(0) + 2)dy,  (3.20)

and

Us (E)0o () = / e L) Pds— g [¢ (v(s)+2)92 ((s) +)ds
Ht

Po(v(0) +z)dy.  (3.21)

By Parseval-type equality (theorem 2.5), we have

U(t)to(x) = e 322 (det(1- L)) /2 /H e B IR NN iy, (d).

By applying Eq. (3.19) we obtain:

Uty (x) = O(t) / e FOUDTIN ()

He
. + _ -

where C(t) = e‘iﬁzﬂzr(det(l — L))~'/2. By applying the Parseval-type
equality (2.33) in the other direction we get

t

U(to(x) = Uo(t)go(z) — et
/ / o S 1) Pds— g [4 1()9%(8)ds ,— [ 2% (s)ds
He
(Y(w) + z)e 7 Ju VOOTD sy (4(0) + 2)dydu.  (3.22)

Denoting by H,.s the Cameron-Martin space of paths v : [r,s] — R?,
we have Hy = Hot = Ho,u © Huy, indeed each v € H; can uniquely be
associated to a couple (v1,72), with 71 € Ho,, and v2 € Hyy, ¥(s) =
v2(s) for s € [u,t] and y(s) = 71(s) + Y2(u) for s € [0,u). By means
of these notations and by Fubini’s theorem for oscillatory integrals (see
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theorem 2.7), Eq. (3.22) can be written in the following form:

U(t)o(z) = Up(t)vo(x ——//H on [ 12 (s)[2ds

e~ 3 Ju(v2(5)+2)2% (2 (s)+2)ds —gf Vo) +2)dsy (v (4) + )

( / oz [ 1A () ds— gy [ (31 (8)Fv2 () +2) Q2 (31 ()42 (w)+2)ds
Ho,u

Y0(71(0) +2(w) + 2)dy ) dradu,
and by Egs. (3.20) and (3.21) the latter is equal to

U(t)o(x) = Up(t)tho(z) — % /O Ut —w)VUy (w)o(2)du.  (3.23)

For ¢ € S(R), by theorem 3.1, the function Up(t)¢o(z) is the vector
e~ wHotyy € L2(R) evaluated at the point z. By Eq. (3.23), the opera-
tor U(t) on L?(R) is obtained as the solution of an integral equation, whose

iterative solution is the convergent Dyson series [246] for e~ nH (see also
[114, 17]). O

It is interesting to remark that, by choosing in the sequential definition
of the infinite dimensional oscillatory integral

/ e Jo IR Jo V@ tn sy ((0) + 2)dy
He

i Jran, ezr Jo 1¥n()Pds =5 Jo V(o) +@)dsyy (4 (0) + 2)dyy,
= 11m

o [tg 2
- T e, e TPy,

. (3.24)

(with ~,, := P,~) a suitable sequence of finite dimensional projection oper-
ators { P, }nen, it is possible to recover in the right hand side of Eq. (3.24),
an analogous of the Feynman formula (1.9) derived by the Trotter product
formula, i.e.

Yo(xo)dxg ... dep—1. (3.25)

Let us consider indeed the polygonal path approzimation [283]. For any

n € Nand v € Hy, let P,y be the piecewise linear polygonal approximation
of v, that is:

n

jt
Poy(s) =5 + (5 - 5)(%‘“ — %‘)?

G+

)

]—t<s<
n - n
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where j =0,...,n — 1, v; :== 7(jt/n). Clearly P? = P,, moreover for any
7,1 € Hy

n—1
n
(n, Puy) = Z(%‘H = 1) (Vj+1 —%')? = (Pan, ),
j=0
and we can conclude that the operators P, are orthogonal projections.
Moreover the following holds:

Lemma 3.4. The sequence of operators { P, }nen converges to the identity
I :"H; — Hy in the strong operator topology.

Proof. [283] Let us denote with U C H; the set

U:={y €Hy, | lim |[Ppy -7l =0},
and let us prove that U = H; by showing that it is a closed subspace of H;
containing its basis functions.

U is a subspace of H; because P, is linear, indeed given n,v € U,
a,BER

1P(an + B7) = (an + BY)I| = la(Pan — 1) + B(Puy =)l
< lall[Ban = nll + B[Py =7l = 0,  n—o0.
U is closed, indeed given a sequence {v,} C U, with ||y, — || — 0, the
limit vector v belongs to U. Indeed
1By =Y < I1Pa(y = o)l + 1y = vl + 1 Prym — vl (326)
< 2l = ymll + [1Paym = Yl - (3.27)
Given € > 0, 3N, > 0 such that ||y — vl < €/4 for m = N.. There
exists also N(m,e¢), such that ||Ppym — Yml < €¢/2 for n > N(m,e¢), and
consequently || P,y — 7| < e.
The inclusion of a basis of H; in U can be proved in the following way
[280].
Given v € Hy, let ag, ay, By, with 00, a? + %2 < oo, be the Fourier
coefficients of 4 € L?([0,t]) and let 4y, vn be the corresponding partial
sums, i.e.:

N N
2Tns 2wns
YN (S) = ag + Qu COS + 1, Sin , s€|0,t,
() =00+ > fsin T o

t

Nt 2ns o Ont 2mns
N (8) = ao(s )+nz::1 5, S —|—nZ::1 Sy cos — s €10,
One has

7w =yl = 198 = Fllz2qo,6) — 0, as N — oo,
and it is quite simple to see that vy € U for each N. g
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3.2 Time dependent potentials

The results of the previous section can be generalized to the case the po-
tential in the Schrodinger equation depends explicitly on the time variable
t [29].

Let us consider first of all a linearly forced harmonic oscillator. Let us

assume that the quantum mechanical Hamiltonian is given on the smooth
vectors ¢ € Co(R?) by

2
Hy(x) = —%A¢($)+V(t,x)¢(m), Vit,z) = %xfﬂx—l—f(t)-x, z e RY,
(3.28)
where € is a positive symmetric constant d x d matrix with eigenvalues €2,
j=1...d,and f: I C R — R?is a continuous function (I being a closed
interval).

This potential is particularly interesting from a physical point of view
as it is used in simple models for a large class of processes, as the vibration-
relaxation of a diatomic molecule in gas kinetics and the interaction of a
particle with the field oscillators in quantum electrodynamics. Feynman
calculated heuristically the Green function for the Schrodinger equation
associated to (3.28) in his famous paper on the path integral formulation
of quantum mechanics [122]. Our aim is to give meaning to the Feynman
path integral representation of the solution of Schrédinger equation

d
h— = H
ih=t = H,

with H given by Eq. (3.28):

V(t,z) = / ezr o 17(8)2ds— 55 [§ 1()2v(s)ds— [§ Py a()ds 0 (4(0))dy
t)=x
" (3.20)
in terms of a well defined infinite dimensional oscillatory integral on the
Cameron-Martin space H;. We recall that a similar result has been obtained
in the case d = 1 by means of the white-noise approach [118].
Let L : H; — H: be the symmetric operator on H; given by Eq. (3.5).
By lemmas 3.1 and 3.2, if

1\
— )= ) =1,...
t#(n+2)Qj’ mER Il d

then L is trace class and (I — L) is invertible and its inverse is given by
Eq. (3.6).



Feynman Path Integrals and the Schrédinger Equation 69

Let w, v be the vectors in H; defined by:

w(s) = M( 2 1), (3.30)

__// f(s")ds"ds' s €0,]. (3.31)

With these notations heuristic expression (3.29) can be written in terms
of a well defined infinite dimensional oscillatory integrals, i.e.

Wit z) = / o [ F(8)Pds— g [ (v(8)+0) 02 ((s)+a)ds
(t)=0

e—%fgt f(s)'(’Y(S)‘Hﬁ)dSwO(,Y( )—|—1‘)d’}/— e —itrQz —z— [ f(s)ds

/ 35 0 U=DD) 07 0 g (1(0) + )y, (3.32)
He

Under the assumption that vy € F(R?), by lemma 3.3 the functional
on H; given by

7= %o(v(0 )+fﬂ)7 v € Hy

belongs to F(Hy). Indeed if tho(x) = [pa €™ dpo(k), then
Yo(3(0) + ) = /H 00 1, ),
where t
[ 1)) = [ e pr0)doth) (33

and, for any k € R? k~ is the element in H; such that (kvo,v) = k- v(0),
that is
kvo(s) = k(t—s), s€][0,t].
In this case the functional on H; defined by
= UM WA (v (0) + ), v € Hy,

belongs to F(H;) and the infinite dimensional oscillatory integral on the
right hand side of Eq. (3.32) on H; can be explicitly computed by means
of the Parseval-type equality (theorem 2.5):

/ ez (U=L)M) givm) gilw My (7/(0) + z)dry
He

= (7 1) 72 [ HOUD T b ()
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and we have

—itaQr —iZ [ f(s)ds
pltoa) = T BN TON
det(cos(2t)) Rd

e—% ((v+w+k70)1(1_l‘)71(U+w+k70)>duo (k).

If 19 € S(R?), we can proceed further and compute explicitly the Green
function G(0, ¢, z,y) for the Schrédinger equation:

vita) = [ GOt 9ol

where

G(0,t,2,y) = (2mih)~/? det( )euu cos(Q2t)a-+y cos(Q)y—2ay)

Q
sin(t)

e~ %z sin(Qt)71 jot sin(Qs) f(s)ds— %y(jgt cos(2s) f(s)ds—cos(02t) sin(Qt)71 jOt sin(Qs) f(s)ds)

e%Q_l( cos(Qt) sin(Qt) ™ l(fo sin(Qs) f(s [0 sin(Qs) f(s)ds fo cos(Qs) f(s)ds)

e%ﬂ—lfgcos(ﬂs)f(sm‘sin(ﬂs/>f<s’>d8’d8. (3.34)

One can easily verify by a direct computation that (3.34) is the Green’s
function for the Schrodinger equation with the time dependent Hamiltonian
(3.28).

Remark 3.2. Our result can be obtained even if the initial assumption
on the continuity of the function f : [0,#] — RY is weakened, in fact it
is sufficient to assume that the function v in (3.30) belongs to H;, that is
fo |5 f(s")ds'|*ds < oc.

Let us consider now the Schrodinger equation with an harmonic-
oscillator Hamiltonian with a time-dependent frequency:

Hy(z) = —h;mp(x) + %xQQ txy(z), xRy e C3(RY), (3.35)

where Q : [0,#] — L(R% R?) is a continuous map from the time interval
[0,¢] to the space of symmetric positive d x d matrices.

This problem has been analyzed by several authors (see for instance
[239, 202] and references therein) as an approximated description for the
vibration of complex physical systems, as well as an exact model for some
physical phenomena, as the motion of an ion in a Paul trap, quantum
mechanical description of highly cooled ions, the emergence of non classical
optical states of light owing to a time-dependent dielectric constant, or
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even in cosmology for the study of a three-dimensional isotropic harmonic
oscillator in a spatially flat universe such that g;; = R(t)d;;, with R(t)
being the scale factor at time ¢ and ¢, 57 = 1,2, 3 the indexes relative to the
spatial coordinates.

If d = 1 it is possible to solve the Schrodinger equation with Hamil-
tonian (3.35) (and also the corresponding classical equation of motion) by
adopting a suitable transformation of the time and space variables which
allows to map the solution of the time-independent harmonic oscillator to
the solution of the time-dependent one (see [247, 251, 250] and references
therein). Let us consider the classical equation of motion for the time-
dependent harmonic oscillator (3.35)

ii(s) + Q% (s)u(s) = 0. (3.36)
Let u; and ug be two independent solutions of (3.36) such that uq(0) =
12(0) = 0 and u2(0) = %1(0) = 1. Then it easy to prove that the Wronskian
w(uq, u2) = Uity — Uyuse is the constant function w = 1. Let us define the

function € := u? +u3. It is possible to prove that £(s) > 0 Vs and it satisfies
the following differential equation:

266 — 24482 —4=0.

Moreover the function 7 : [0,00] — R, given by

we) = [ e tar
0
is well defined and strictly increasing. It is possible to verify that
u(s) = &(s)"/*(Acos(n(s)) + Bsin(n(s))) (3.37)

is the general solution of the classical equation of motion (3.36). In other
words by rescaling the time variable s — 7(s) and the space variable z +—
€12z it is possible to map the solution of the equation of motion for the
time-independent harmonic oscillator i(s) + u(s) = 0 into the solution of
(3.36). By another point of view, it is possible to find (see, for instance, [194]
for more details) a general canonical transformation (z,p,t) — (X, P,7),
given by

X =&)YV

it — ¢(t) , (3.38)

P =G = (% - 367 %¢).

The Hamiltonian in the new variables is time independent

H(X,P,T)= %(P2 + X?).
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The generating function of the transformation (z,p,t) — (X, P,7) is given

by F(z, P,t) = £(t) /22 P+ %xQ and the transformation is given more

explicitly as
p= 8%F(x, Pt)
X =& F(x,Pt) (3.39)
H(X,P;7)i = H(z,p;t) + & F(x, P,t).

A similar result holds also in the quantum case. In fact by considering
the Schrodinger equations for the time-independent and time-dependent
harmonic oscillator respectively,

o h? 1

(mg + 7A - 5gc2)<;5(t,gc) =0, (3.40)
(ih% + h;A - %(22(25)3:2)1/)(2?,35) =0, (3.41)

where ¢(t,z) and (¢, z) are continuously differentiable with respect to ¢
and twice continuously differentiable with respect to z, it is possible to
prove the following [247]:

Theorem 3.3. Let ¢(t,z) be a solution of (3.40). Then

(t, @) = E(t) " explié(t)a® /4RE(D)](n(t), £(1) " 2a)
is a solution of (3.41).

In an analogous way, by denoting with Kr;(t,0;z,y) and Krp(¢,0;z,y) the
Green functions for the Schrédinger equations (3.40) and (3.41) respectively,
it is possible to prove that the following holds:

Krp(t,0;2,y) = £(t) /" expli€ (t)a [ARE ()] Kr1(n(1), 0;£(8) "z, y).
(3.42)
It is interesting to note that the “correction term”

E(t) " expli€ (t)a® /4nE(1)]

in theorem 3.3 can be interpreted in terms of the classical canonical trans-
formation (3.39) (see [194] for more details).

We can give a rigorous mathematical meaning to the Feynman path
integral representation of the solution of equation (3.41) by means of an
well defined infinite dimensional oscillatory integral on the Cameron-Martin
space H; and prove formula (3.42). A similar result has been obtained in
the framework of the white-noise approach [150].
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Let us consider the following linear operator L : H; — H;:

(L) (s / / 02 (u)y(u)dudr, v € Hs.

One can easily verify that L is self-adjoint and positive, as for any 1,2 €
‘H; one has:

<’71,L72>=/0 71(8)Q2%(5)72(s)ds.

By using formula (3.37), it is possible to prove that, if t # n~*(7/2+nn),
n € N, the operator I — L is invertible and its inverse is given by:

sm

(I 1) () = [ - / £(s') /2 cos((s"))(s')ds’

COS

/ (s 1/%m (n(s") V("' €(5)"? cos(r(s))
[ €2 costats (s +500
+ [ oostnls (s )as 600 sintuo), s € 0.8 (343

The Fredholm determinant of the operator I — L can be computed by
exploiting the general relation between infinite dimensional determinants
of the form

det(I + ¢eL), e € C, L is of trace class,

and finite dimensional determinants associated with the solution of a certain
Sturm-Liouville problem [5, 250]. According to [5], by using the fact that
v(s) = Lv(s) is the unique solution of the problem:

{U(S) = _02(5)7(8)’ s € (Ovt)’ (344)
0(0) =0, o({)=0

and by using the ellipticity of the problem (3.44), it is possible to prove that
the range of L is contained in H3((0,t);R), the Sobolev space of functions
belonging to L2((0,t);R), whose derivatives up to order 3 belong also to
L2((0,t);R), hence L is a trace class operator. Moreover by considering the
solution K. of the initial value problem

{f'qs) +€Q2(s)K.(s)

K(0)=0, K(0) 249

1
one has

K.(t) = det(I — eL).
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By substituting € = 1 in (3.45) and by using formula (3.37) for the general
solution of the differential equation (3.36) one has:

det(I — L) = £(t)/? cos(n(t)). (3.46)
Let us consider now the vectors vo,w € H; given by

Yo(s) =t —s,

- % /t ) /O usz?(r)drdu, s € [0,1]. (3.47)

With the notations introduced so far and by assuming that the initial vector
1o belongs to F(R), so that 1y = fig, the heuristic Feynman path integral
representation for the solution of the Schréodinger equation with the time-
dependent Hamiltonian (3.35)

i

vl = /{ () o}eﬁj s Jo PG+ sy (4(0) + 7) Dy 7
Yy

can be rigorously realized as the infinite dimensional oscillatory integral on
the Cameron-Martin space H:

1/)(2573;) — e 2r Jo ta? (S)dSI I, = / e%(fy,([—L)y) i(w, ,Y ( )d’}/,
He

where fiy, is given by formula (3.33). By Parseval-type equality I; can be
explicitly computed and one has:

I, = det(I — L)*l/z/ e P U=D)N S sy (dy). (3.48)
He

By assuming ¥y € S(R), we can proceed further and compute explicitly
the Green function of the problem, that is

(t,z) = /R Kro(t, 02,y (y)dy

By substituting in (3.48) formulae (3.43) and (3.46), and performing a
simple calculation we obtain:

i [ cos(n(t) Z1.2, 2y 26(t) "1/ 24,
27 ity ) (€O 2™ +v") = =Gy

o () )

Krp(t,0;2,y) = (1)

(2mikisin(n(t)))/2 ’
and by recalling the well known formula for the Green function
Krr(t,0;x,y) of the Schrodinger equation with a time-independent har-
monic oscillator Hamiltonian (see, e.g., [263]):

i cos(t)
eﬁ( sin(t) (w +y ) s)n(t))

Kri(t,0;2,y) = (2mihsin(t))t/2 7




Feynman Path Integrals and the Schrédinger Equation 75

one can verify directly formula (3.42).

Remark 3.3. The case where d > 1 is more complicated. In fact neither a
transformation formula analogous to (3.38) exists in general, nor a formula
analogous to (3.42) relating the Green function of the Schrédinger equa-
tion with a time-dependent harmonic oscillator potential with the Green
function of the Schrédinger equation with a time-independent harmonic os-
cillator potential (see for instance [251, 250] for some partial results in this
direction).

Let us finally consider a quantum mechanical Hamiltonian of the fol-
lowing form:

Hy(z) = Hyp(z) + V(t,2)d(x), ¢ € CHRY), (3.49)

where Hy is of the type (3.28) or (3.35) and V : [0,t] x RY — R satisfies
the following assumptions:

(1) for each s € [0,], the application V (s, -) : R? — R belongs to F(R9),
Le. V(s,x) = [pu €™ ps(dk), ps € M(R);

(2) the application s € [0,t] — us € M(R?) is continuous in the norm | - ||
of the Banach space M(R?).

We remark that condition (1) implies that for each s € [0,¢], the function
V (s, -) : R? — R is bounded. Moreover by condition (2) one can easily ver-
ify that the application s € [0,¢] — V(s,-) € C(R?)NL>(R?) in continuous
in the sup-norm.

Under these assumptions it is possible to prove that the application on
H:, given by

t
v [ Vst +ods. yeny
0

belongs to F(H;). More precisely it is the Fourier transform of the complex
bounded variation measure p,, on the Cameron-Martin space H; defined by:

/MUZAAfMM@MMWM& IeBH,).

where 7 is the characteristic function of the Borel set I C H; and, for any
k € R?, kv, is the element in H; given by

kys(s') = k(t—s), s <s

kys(s') = k(t — s'), s’ > s. (3.50)
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As a consequence also the application
. e_% jot V(sgy(s)—&-:v)dS’ = Ht;

belongs to F(H:) (let us denote by v, the bounded variation measure on
H; associated to it) and the infinite dimensional oscillatory integral associ-
ated with the Cameron-Martin space H; giving the rigorous mathematical
realization of the Feynman path integral representation of the solution of
the Schrédinger equation with time dependent Hamiltonian (3.49) is well
defined. In the following we give some details of the case where the “free
Hamiltonian” Hy is given by (3.28), but the same reasoning can be repeated
in the case where Hy is given by (3.35). One has:

Y(t,x) = / ezn Jo 1V(9)Pds— g5 [o (v(5)+2)Q2 (v(s)+a)ds ,— [q f(s)-(v(s)+a)ds
()=

6_% fot V(s,'y(s)+m)ds¢0(,y(0) + m)d7 _ e—i%gpg?xe—i%.fgt f(s)dsIt’ (351)

where

I = / 30 CI=L)) gi0) w1 [ V(s @+)ds g (4(0) 4 )y
Ht

(3.52)
is well defined and can be explicitly computed using the Parseval type
equality (theorem 2.5):

I, = (det(I — L))~1/2 / SEOIDTS 60k i (7). (353)
He

The detailed proof that the right hand side of (3.51) is the solution of the
Schrodinger equation with Hamiltonian (3.49) is completely similar to the
proof of theorem 3.2 and we refer to [29] for more details.

3.3 Phase space Feynman path integrals

Let us recall that Feynman’s original aim was to give a Lagrangian formula-
tion of quantum mechanics. On the other hand an Hamiltonian formulation
could be preferable from many points of view. For instance the discussion of
the approach from quantum mechanics to classical mechanics, i.e the study
of the behavior of physical quantities taking into account that £ is small, is
more natural in an Hamiltonian setting (see for instance [7, 221, 220, 223]
and section 4.4 for a discussion of this behavior). In other words the “phase
space” rather then the “configuration space” is the natural framework of
classical mechanics.
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As a consequence one is tempted to propose a “phase space Feynman
path integral” representation for the solution of the Schrodinger equation,
that is an heuristic formula of the following form:

“h(t, ) = const / e25@) o (9(0))dqdp” (3.54)
q(t)==
Here the integral is meant on the space of paths q(s), p(s), s € [0,t], in
the phase space of the system, where q(s),¢[o,4 is the path in configuration
space and p(s)seqo,s is the path in momentum space, and S is the action
functional in the Hamiltonian formulation:

S(a.p) = / (d(s)p(s) — Hg(s),p(s)))ds.

(H being the classical Hamiltonian of the system).

An approach of phase space Feynman path integrals via analytic con-
tinuation of “phase space Wiener integrals” has been presented by I.
Daubechies and J. Klauder [90, 91, 88, 89]. Analytic continuation was
also used in other “path space” approaches, see [235, 180, 74] and refer-
ences therein.

Analogously to Feynman Lagrangian formula (1.6), a formal derivation
of its Hamiltonian version (3.54) can be given by means of Lie-Trotter
product formula [279, 78, 79]. Let us first recall here an abstract version
of it, which will be also used in the definition of the quantum dynamics.

Lemma 3.5. Let A and B be self-adjoint operators in a Hilbert space H
and let A+ B be essentially self-adjoint on D(A) N D(B). Then
s — lim (e“A/"e“B/”)" = (A+B)t teR. (3.55)

Here s — lim is the strong operator limit!. For a proof and a discussion of
this lemma see e.g. [79, 245].

Let us now define the quantum Hamiltonian operator H on L?(R%)
associated to a classical potential V' depending both on position and on
momentum in the following way

h2

H=——
2m

Ay + Vi(z) + Va(p).

LA sequence (An)nen of linear operators A, : D C 'H — H with a common domain D
in a Hilbert space (H, || - ||) converges strongly to an operator A is for each ¥ € D, one
has limy oo [[Any — AY|| = 0.
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The operator V; is defined as a self-adjoint operator on L?(R?), with its
natural domain as a multiplication operator. V5 is the operator in L2(R?)
with domain
D(Va(p)) = {v € L*(R") | @ — Va(a)ib(a) € LA(R)},

where ) is the Fourier transform of ¢. It coincides with the operator defined
by functional calculus as Va(p), with p denoting the self-adjoint operator in
‘H given by p := —ihV,, with its natural definition domain. The operator
V is then the sum, as a self-adjoint operator in L?(R?), of the self-adjoint
operators V7 and V5. We assume that the functions V7 and V5, are such that
the corresponding operators have a common dense domain of essentially
self-adjointness D. This is the case, e.g., when V; € L?(R?) + L>(R?), V4
is bounded measurable, and D = C5°(R?) or D = S(R?).

In order to define the quantum dynamics by applying lemma 3.5, let us
assume that V; and V5 are such that the operators — %A-’-‘/g and —%A—i—
Vi + Vo are essentially self-adjoint on D. We denote by H the closure of
the latter operator. H (which we also write simply as — %A +Vi+ V), is
then the quantum Hamiltonian.

Let U(t)ter be the one-parameter group of unitary operators on L?(R%)
generated by the self-adjoint operator H/h:

U(t) = e~ #H = ="
Given an initial vector 1y € L2(R%), the solution of the Cauchy problem
{%‘b:_%fw (3.56)
¥(0,2) = to(x) '

it(p2 /2m+V)
D

is given by ¥(t) = e~ Yp.
By lemma 3.5 we have
_it(p?/2m4V) . _de(p?/2m4Vy)  ie(V) \ T t
e D =s— lim (e D e R , €= —
n—oo n

_it(p2/2m4v) . _ie(p?/2m4Va) iV \ M
it = e IR gy = tim (em TR T )

n—oo

(see e.g. [78, 79, 246] for related uses of the Lie-Trotter formula).

Let us consider a smooth vector ¥y € C§°(R?). By shifting from the
position representation to the momentum representation and vice versa
and by assuming that V7 and V5 are continuous, we can write in the strong
L?(R%)-sense, for all ¢ > 0:

ie(p2 1 /2m+Va(py_1))

P(t,z) = lim e g

LTPp—1

ieVy [ ie(@2/2m4Vy)  _ie(vi) \ L i
(6 h (6 h € h ) ¢0)(pn—1)(2,,h)d/zdpn—1
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. _ie(pp 1 /2mAVa (1)) ieVi(zp_1)
= lim e 2 e 2 .

_ie@2/2m4Vvy) ie(v) \ 1 R e
((6 h € h ) 1/)0)(33n—1)(2ﬂh)d/2 (2nh)dr? dpn—1dzy,—1

=t ()"

2
X% (p—:;+v (3)+Va(pi) =P M) n—
I3 j=0 2 1 2 wo(ﬁo) szol dpjdxj7
(3.57)

fR2nd €

where? z,, = x.
Now the latter expression suggests the following heuristic formula for
the limit

Y(t, ) = const /( ) ot (S5 p(£)i(s) = H(a()p(5))ds) ¥o(q(0))dgdp,  (3.58)
q(t)=z

which can be seen phase space-Hamiltonian version of Feynman’s path in-
tegral (1.6). The aim of the present section is the rigorous mathematical
realization of the heuristic formula (3.58) in terms of a well defined infinite
dimensional oscillatory integral and to prove that, under suitable assump-
tions on the initial datum 1o and on the classical potential V', it gives a
representation of the solution of the Schrédinger equation.

Let us consider first of all Eq. (3.58) in the particular case of the free
particle, namely when the Hamiltonian is just the kinetic energy: H =
p?/2m. In this case we have heuristically

Pt x) = const/ eh Jo () =p()/2m)ds sy (g(0))dgdp  (3.59)
q(t)=x

From now on we will assume for notational simplicity that m = 1, but
the whole discussion can be generalized to arbitrary m.

Following [284, 285], let us introduce the Hilbert space H; x L, namely
the space of paths in the d—dimensional phase space (q(s), p())seo0,, Such
that the path (q(s))se[o,q belongs to the Cameron Martin space H, while

2The integrals in Eq. (8.57) are to be understood as limits as A T R% n — oo in the
L?(R?"9) sense of the corresponding integrals over A2?? with A bounded (see [235]).
Formula (3.57) holds first as a strong L2-limit, but then (possibly by subsequences) also
for Lebesgue almost everywhere in R%. It also follows from this that Eq. (3.57) gives the
solution to the Cauchy problem (3.56).
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the path in the momentum space (p(s))sefo, belongs to £ = L([0, ], RY).
‘H; x L; is an Hilbert space with the natural inner product

:Q, P) = 1(s)Q(s)d t P(s)ds.
(@.0:Q. P) / i(5)Q(s)ds + / p(s)P(s)ds
Let us introduce the following bilinear form:
l4,p;Q, P]
t t . t
— [P+ [ po)@)ds — [ ps)P(s)ds = 0. AQ. P
0 0 0

where A is the following operator in H; X L;,:
AQ.P)s) = (| Plu)du,Qs) - P(s). (3.60)
t

A is densely defined, e.g. on C*([0,t]; R?) x C1([0,¢]; RY).
Moreover A is invertible with inverse given by

Qe = ([ " Plu)du + Q(s), 0(s) (3.61)

(on the range of A).
Let vg € F(R?), it is easy to see that the functional on H; x £; given

by

(¢:p) = o(q(0) +z),  (a,p) € He X Ly,
belongs to F(H: x L¢):

dnla(0) +2) = [ PPy (@.P)

HeX Lyt

Now expression (3.58) can be realized rigorously as the normalized oscilla-

tory integral with respect to the operator A (in the sense of definition 2.5)
on the Hilbert space H; x L;:

A .
[ e gy q(0) + )dad. (3.62)
Hex Ly

and by theorem 2.8 the normalized oscillatory integral is well defined and
can be computed by means of Parseval type equality (2.41):

A v
/ eﬁ<q7p?A(q’p)>1/)0(q(())—|—x)dqdp _ / e*%(qm;A_l(qm))duO(q’p)_
Hy XLy Hex Ly

By choosing a suitable sequence of finite dimensional projection oper-
ators {P,} on H; x L, it is possible to recover in the definition of the
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normalized oscillatory integral the expression (3.57), obtained by means of
the Lie-Trotter product formula.

Let us consider a sequence of partitions 7, of the interval [0,¢] into n
subintervals of amplitude € = t/n:

tozo,tl:6,...7751‘:i€7...,tn:n€:t.

To each m,, we associate a projector P, : H; X L — H; X L; onto a finite
dimensional subspace of H; x L;, namely the subspace of polygonal paths.
In other words each projector P, acts on a phase space path (g,p) € Hyx L,
in the following way:

Po(q,p)(s) =

(Z?:l X(ti—1.t:1(8) (Q(ti—l) + Lalbaltoy) ti—l)) s i1 X[t ti] (S)Zh') ,

where

Ji plo)ds q pn
pi= L = —/ p(s)ds.
ti—1

ti — t¢_1 €

Analogously to lemma 3.4, it is possible to prove the following

Lemma 3.6. For each n € N, P, is a projector in H; x Ly. Moreover for
n — 0o, P, — I as a strong operator limit.

Proof.
e P, is symmetric, indeed for all (Q, P) € H; x L; and all (q,p) € Hy x Ly

QPP = [ QY a0 M=

+/0 P(s) Zx[ti—l,ti] (s)pids — Z (q(t:) — q(ti—1)(Q(:) — Q(ti—1)

i=1 i=1 Z‘:'L - t’i—l

n [P op(s)ds [ P(s)ds
+Zﬁi_1p(t)i—{?—11 = = (Pn(Q. P);q.p) (3.63)

=1
e P2 =P, indeed
P(q,p)(s)
= (S M () (altion) + L) (s b)) S e ()
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i v(qap) € Ht X Lta ||P"(Q7p) - (Q7p)” - O as n — oo:
Let us consider the subset K C H; x Ly,

K ={(q;p) € Hi x Lt : || Pu(q,p) — (¢,p)]| = 0, n — oo}

It is enough to prove that the closure of I is H; x £;. To prove this, it is
sufficient to show that K is a closed subspace of H; x L; and contains a
dense subset of H; x L;. This follows from the density of the piecewise
linear paths in H; (see lemma 3.4 and [283]) and the density of the
piecewise constant paths in L;. 0

By means of these results and under the assumption that 1y € F(R?), it
is possible to prove that the infinite dimensional oscillatory integral (3.62)
coincides with the limit (3.57), which can be taken for Lebesgue almost
every z € R%.

Theorem 3.4. Let the function (q,p) — wo(x + q(0)), Yo € L?(R?), be
Fresnel integrable® with respect to A (with A defined by (5.60)). Then the
phase space Feynman path integral, namely the limit

det(P, AP, i
lim Y (~ d )/ e Frl@p) AP (@P)) o (1 4 ¢(0))dPa (g, p)
n—oco  (2mih)" P (Hix L)
(3.64)
coincides with the limit (3.57), namely with the solution of the Schridinger

equation with a free Hamiltonian.

Proof. The result follows by direct computation, by showing that the
two limits (3.57) and (3.64) coincide. Indeed (3.64) is a pointwise limit by
hypothesis. On the other hand (3.57) is a limit in the Lo sense, hence,
passing if necessary to a subsequence, it is also a pointwise limit. g

Remark 3.4. The latter result is equivalent to the “traditional” formula-
tion of the Feynman path integral in the configuration space. Indeed it can
be obtained by means of Fubini theorem and an integration with respect
to the momentum variables:

2
L \2nd 3y (ﬁ— Jw) n—1
”h"néo ( h) / e’ o ‘ 1pO(xO) H dpjd;vj
21 R2nd e
1 nd ie n— (z —:c,v)2 n—1
- nhllgo ( - ) / e n j=01mj+21fj’l/)0($0) H dﬂj‘j . (365)
2mih Rnd it

3This condition is satisfied if for instance 1o € F(R?).
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The latter expression yields the Feynman functional on the configuration
space, i.e. heuristically

const/efot L(a(#):4())ds go
(£ being the classical Lagrangian density).

Even if the integration with respect to the momentum variables might
seem to be superfluous, it is very useful when we introduce a potential
depending explicitly on the momentum variables, as the following theorem
shows.

Theorem 3.5. Let us consider a semibounded potential V' depending explic-
itly on the momentum: V = V(p) and the corresponding quantum mechan-
ical Hamiltonian H = —%QA + V(p). Let us assume H is an essentially
self-adjoint operator on Lo(R?). Let the functional on the Hilbert space
He X Ly, given by

(q,p) — e~ # S V@O sy g(0)),  (g,p) € Hy x Ly

be Fresnel integrable with respect to the operator A, with A defined by (3.60).
Then the solution to the Schrodinger equation

i = —iHY
{;r/l)(ovx) Zhd)o(a:), o € S(RY) (3.66)

is given by the phase space path integral

n—oo

lim (2mih)~"4(det(P, AP, ))"? / o35 (Pa(a), AP (0.0)
P, (H¢xLy)

e~ % Jg V(Pa PN ds o (2 + q(0))dPy(q, p) -

Proof. We can proceed in a completely analogous way as in the proof of
theorem 3.4, therefore we shall omit the details. O

We can now handle the case of a classical potential V' depending both on
position @ and on momentum P of the form V = V(Q, P) = V1(Q)+ Va(P)
(the general case presents problems due to the non commutativity of the
quantized expression of @ and P). For a different approach with more
general Hamiltonians see [265]).

Let us consider an initial wave function ¢y € F(R?) and let us assume
that V3 € F(RY) and the function on £; given by

P($)scfog — e FJa Vaw(ods
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belongs to F(L;). Then it is easy to see that the functional f : Hy; x L; — C
F(g:p) = wo(z +q(0))e  Jo ViaCdeplonds,

belongs to F(H: x L¢), ie. f = jif, py € M(He x L¢). Indeed f(q,p) is the

product of two functions: the first, say f;, depends only on the first variable

¢, while the second f; depends only on the variable p, more precisely

fi(q) = wo(x + q(0))eF I3 V@R gy (p) = e Jy Valr()d,

Under the given hypothesis on V7 and g, f1 belongs to F(H;) (see lemma
3.3). For fy one must pay more attention: indeed the same proof given
for f; does not work, as fs is defined on a different Hilbert space and
we have to require explicitly that e~ # Jo V2(£)ds ¢ F(£,). This holds
for instance if V5 is linear, i.e. Va(p) = a-p, a € R?, or if the function
Pls)acion — Ji Valpl(s))ds € F(Ly).

Now if f1 = fiy, € F(Hi), f1 can be extended to a function, denoted
again by fi, in F(H; x L4): it is the Fourier transform of the product
measure on H; X Ly of uy (dg) and éo(dp). The same holds for fo = fiy,:

f2 = (do(dq)puy, (dp)).

Finally, as F(H; x L;) is a Banach algebra, the product of two ele-
ments fyfo is again an element of F(H; x L;): more precisely it is the
Fourier transform of the convolution of the two measures in M(H; x L;)
corresponding to f1 and fs respectively.

By applying theorem 2.8, the phase space Feynman path integral of the
function f is well defined and can be computed in terms of a Parseval type
equality:

A ) B
/ eﬁ((q,p),A(q,p»Jc(q,p)dqdp:/ e~ H@n AT @M gy (g, ).
He X Ly He XLy

The next theorem shows that the above oscillatory integral

/ 2 (@) A@D) = [§ Vilats)t2)ds o= 3 Vao®)ds g (1 4+ (0))dgdp
Hex Ly

(3.67)
gives the solution to the Schrodinger equation (3.56).

Theorem 3.6. Let us consider the following Hamiltonian

P2
H(QP) = - +Vi(@) + Va(P)
in L2(R?) and the corresponding Schrédinger equation
F=—1Hy
¥(0,z) = Yo(z), x€RY.



Feynman Path Integrals and the Schrédinger Equation 85

Let us suppose that Vi, € F(RY) and fot Va(p(s))ds € F(Lt). Then the
solution to the Cauchy problem (3.56) is given by the phase space Feynman
path integral (3.67).

Proof. As in the proof of theorem 3.2, we follow the technique proposed
by Elworthy and Truman in [114].

For 0 < w < tlet u,(Vi,2) = pu, vi(Vi,z) = v, nt(Va) = nl, and
1o(¢)) be the measures on H; x L;, whose Fourier transforms when eval-
uated at (q,p) € He x Ly are Vi(x + q(u)), exp ( - %fi Vi(z + q(s))ds),

exp (= & [ Valp(s))ds) and Yo (q(0) + ).
We set

A -
U(t)ol(x) = / e SR IO Oy (o(0)-+2)dadp
He XLy

and

A . o,
Uo(t)tho(z) = / er{@6PiA@DP) o= [o Vz(p(S)))ds%(q(O) + 2)dqdp.

Hi XLy

By theorem 2.8 we have:

U)o (x) = /H e

Now, if {uy, : a < u <t} is a family in M(H; x L¢), we shall let f; tydu
denote the measure on H; x L; given by :

(P AT @R (nf s 1l s o (1)) (dgdp).  (3.68)

b
f —7/ /Htxﬁt f(Cva)d,Uu(Qap)du, f c CO(Ht « »Ct),

whenever it exists.
Since for any continuous path ¢ we have

exp ——/ Vi(g(s) +z ds)—l——/V1 —|—a:)exp ——/V1 —|—I)ds)du

the following relation holds

-
vh =60 — %/0 (o * VL) du (3.69)

where &g is the Dirac measure at 0 € H; x L.
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Applying this relation to (3.68) we obtain:

Ult)dolz) :/H | AT ) )

_E/t/
h 0 Htxﬂt

— U / / o 3r (@D A@D) o= 4 [1 Vila(s)+a)ds
Hex Ly

~H S0 VD, (g (u) + 2)1p0(q(0) + x)dgdpdu.
The conclusion follows by repeating the same procedure, as in the proof
of theorem 3.2. O

e HePAT @) (e 1 (Vi ) 5 0 pio (1)) (dgdp)du

3.4 Magnetic field

Let us consider a charged quantum particle (with unitary charge and mass)
moving in the plane and submitted to the influence of a constant magnetic
field orthogonal to it. By choosing a system of Cartesian coordinates in
R3 such that the magnetic field B is directed along the xs—axis, i.e. B =
(0,0, a), the Schrodinger equation describing the time evolution of the wave
function ¢ € L?(R?) is

{zhat¢(t ) =3 ((zh + a,xg)2 + (ihaim — ax1)2)¢(t, x) + Vo(z)(t, )
¥(0,2) = ¢o(z), = (21,22) € R%, t >0,

(3.70)
where a € R and V} is a scalar potential. Let us assume that the scalar
potential Vj is an element of F(R?). In this case it is possible to prove
(see for instance [263]) that the Cauchy problem (3.70) is well posed in the
sense that for any ¥ € L?(R?) there exists a unique continuous function
Y : R — L?(R?), such that ¢(0) = 1y and the Schrodinger equation (3.70)
is satisfied in a mild form.

In [7] a Feynman path integral representation for the fundamental so-
lution G(t,z,y) of Eq. (3.70) is rigorously defined in terms of infinite di-
mensional oscillatory integrals on a suitable Hilbert space. Indeed let us
consider the space

Y, = {v e H'([0,1],R?) : (0) = y(t) = 0},
endowed with the norm

1711 = /0 (91() = a72()[* + [A2(s) + amn(s)]*) ds.
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It is not difficult to show that (Y%, ||) is an Hilbert space.
The action functional S : Y; — R is given by

1

S(y) = 5H7II2 - %W%Lw +V(v), (3.71)

where L : Y; — Y; is the linear self-adjoint operator defined by

t
(v, L) = / Iy ()| ds,
and V :Y; — R is given by

Viy) = / Vo(n(5))ds.

By reasoning as in the proof of lemma 3.2, it is possible to prove that L is
a trace class operator, its spectrum has the form

2
G(L):{O,)\j:(ﬂij) J=12..}
where each )\; is of multiplicity 2, and consequently
sin(at)\2
at ) '
Let B¢,y be a solution of the following boundary value problem:

det(I — a’L) = (

—B(s) +2aCH(s) =0, 0<s<t

3.72

Loy st =z 372)

01

-10

heuristic Feynman path integral representation (1.5) for the fundamental
solution of the Schrédinger equation (3.70)

G(t,x,y) = / e27 ) Dy
7(0)=y,y(t)=2

can be rigorously mathematically realized as an infinite dimensional oscil-
latory integral on the Hilbert space (Y%, || ||). More precisely the following
holds:

where C = ( > With these notations it is possible to prove that the

Theorem 3.7. [7] If Vo € F(R?) and if sin(at) # 0, the fundamental solu-
tion of the Schrodinger equation (3.70) is given by the infinite dimensional
oscillatory integral

Glt.000) = it K50 [ (102009 V030,
Y

Analogous results have been obtained in [9] in terms of class-2 normalized
integrals (see definition 2.6).
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3.5 Quartic potential

The examples we have seen so far have shown that infinite dimensional
oscillatory integrals are a flexible tool and provide a rigorous mathemati-
cal realization for a large class of Feynman path integrals representations.
However all the examples have a common problem, that is the restriction
on the class of classical potentials V' which can be handled. Indeed, in order
to apply theorem 2.5 (or theorems 2.8 and 2.9), we have to assume that
the potential V' describing the dynamics of the quantum particle is of the
type “harmonic oscillator plus a bounded perturbation which is the Fourier
transform of a measure”. This situation is rather unsatisfactory from a
physical point of view, as this class of potentials does not include several
interesting unbounded ones. There are some extensions of the theory to
unbounded potentials which are Laplace transforms of measures, such as
those with exponential growth at infinity [10, 210, 19], but even this class
does not include the functions with a generic polynomial growth at infinity.
In fact the problem for such polynomial potentials is not simple, as it has
been proved [293] that in one dimension, if the potential is time independent
and super-quadratic in the sense that

V(z) > CQ+z))**, = — oo,
where C > 0 and € > 0, then, as a function of (¢,z,y), the fundamental
solution G(t,0, z,y) of the time dependent Schrédinger equation is nowhere

C'. In other words, we do not have even the hope to define in terms of a
functional integral an expression of the form

G(0,z;t,y) :/e%St(v)D%,

depending from the variables (¢, x, y), that can be differentiated in order to
prove that it is a fundamental solution for the Schrodinger equation.

Even if the problem is not only technical, but rather fundamental, some
interesting results can be obtained in the case where the potential V' has
a quartic polynomial growth at infinity, by means of the results of section
2.5.

Let us consider the Schrodinger equation in L2?(R?)

ihZu(t,z) = B Ap(t,x) + V(2)o(t, z)
{@b(?m = () (373

where the potential V is of the following form:

1
V(z) = 59692;16 + Az, r € RY, (3.74)
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where Q2 is a positive symmetric d x d matrix, and A € R is a real constant.
More generally, we can also consider a polynomial potential of the following
form

1
V(z) = 52Q% + XC(z, 0, 2,2), @ €RY, (3.75)

where C' is a completely symmetric positive fourth order covariant tensor
on R?. In the following we shall focus on expression (3.74) because of
notational simplicity, but all the reasoning can be repeated in the general
case of Eq. (3.75).

In the case where A is positive, the quantum mechanical Hamiltonian
H:D(H) C L*(R?) — L?*(R?) given on vector ¢ € C§°(R%) by

H() = - 50() + V() (3.76)

is essentially self-adjoint [246] and determines uniquely the quantum dy-
namics. In the case where A is strictly negative, i.e. when the potential V'
represents a quartic (double well) polynomial potentials unbounded from
below, the quantum Hamiltonian is not essentially self-adjoint as one can
deduce by a limit point argument (see [246], theorem X.9) and the quantum
evolution is not uniquely determined.

In the following we shall present the results of [27, 25, 224] and show
that the infinite dimensional oscillatory integrals with polynomial phase
function studied in section 2.5 can provide a mathematical realization for
the Feynman path integral representation for the weak solution of the
Schrodinger equation (3.73) with potential V' given by Eq. (3.74), i.e. the
matrix elements (¢, e~ % 7lpy), ¢, € L2(RY):

/ () / e Ji @ ds— [ A0 (s [ (5 Dy ((0Y) dyda.
R4 y(t)==z

(3.77)

Let us consider the Cameron-Martin space® H,, that is the Hilbert space

of absolutely continuous paths 7 : [0,#] — R9, with v(0) = 0 and inner
product

<71772>=/0 A1(8)y2(s)ds.

The cylindrical Gaussian measure on H; with covariance operator the iden-
tity extends to a o-additive measure on the Wiener space C; = {w €

4With an abuse of notation we call here Cameron-Martin space the space of paths

belonging to the Sobolev space H(lt’)Q([O, t], R%) such that v(0) = 0, while in the previous

sections with the same name we denoted the space of paths v € H(lt)Q([O7 t],R%) such that
v(t) = 0.
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C([0,t];R%) | v(0) = 0}: the Wiener measure W. (i, Hy,C;) is an abstract
Wiener space (see the appendix for the definition and the main properties
of abstract Wiener spaces).

Let us consider moreover the Hilbert space H = R? x H, and the Banach
space B = R? x C; endowed with the product measure N(dx) x W (dw),
N being the Gaussian measure on R? with covariance equal to the d x d
identity matrix. (i,’H,B) is an abstract Wiener space.

Let us consider the operator B : H — H given by:

(2,9) = (y,n) = B(z,7),  (z,7) eR'x H, (3.78)

t
y = tQQx—FQQ/ ~v(s)ds
0

n(s) = QQx(ts - %) - /OS ;LQQ'*/(r)drdu7 se€0,t. (3.79)

It is easy to verify that B : H — H is positive and symmetric, indeed

((ysm), B(x,7)) = /0 (n(s) + v)(v(s) 4 x)ds, (y,m), (z,7) € H.

Let us introduce the fourth order tensor operator A: H x Hx HxH — R
given by:

A((mlvvl)v (332,’}/2), (x3773)a (334,’}/4))

= /0 (71.(8) + 21)(v2(s) +22)(v3(s) + 23)(7a(s) + 2a)ds,  (3.80)

and the homogeneous fourth order polynomial function Vy : H — R given
by

Vi, 7) = M((@,7), (7). (@.7), (2.7)) = A / Iy (s) + af*ds.

Given two vectors ¢, € L2(R%) N F(R?), let us consider the function
f:+H — C given by

fz,v) = 2mik) ¥ 2w = G(2)po (v(t) + 2),  (2,7) € RY x H,. (3.81)

By means of these notations, and by imposing suitable conditions on
the vectors ¢, 1 as well as to the time variable ¢, expression (3.77) can be
realized as the following infinite dimensional oscillatory integral on H:

i

/ e (#*H11%) o= 2 (@), B o =5 Vale ) £ (3 y)dzdry . (3.82)
H
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In the following we will denote by €;, ¢ = 1,...,d, the eigenvalues of
the matrix .

Lemma 3.7. The operator B : Hy — H; given by Eq. (3.78) is trace class.
Moreover, if for eachi=1,...,d the following inequalities are satisfied

Ot < % 1 - Q, tan(Qt) > 0. (3.83)
then the operator (I — B) is strictly positive.

Proof. Let us study the spectrum of the self-adjoint operator B on ‘H
given by (3.78). In order to avoid the use of too many indexes we will
assume d = 1, but our reasoning remains valid also in the case d > 1.
A positive real number ¢; and a vector (x;,7;) € H are respectively an
eigenvalue and an eigenvector of B if and only if:

0%z + 02 fg Yi(s)ds = ¢z
02 (ts — %) — Jo [ @2 (r)drdu = ciy(s) .
By differentiating twice, the vector (z;,;) € H is a solution of the following
system:
0%z + Q2 fot vi(s)ds = ¢y
ai(s) + 92"/1(8) = -2
7(0) =0
Y (t) =0.
By a direct calculation one can verify that the latter system indeed admits
a (unique) solution if and only if ¢; satisfies the following equation

Q ; Qt 1
— tan — =1.

va Ve
A graphical representation of the position of the solutions shows that the
operator B is trace class. Moreover if the conditions (3.83) are fulfilled the
maximum eigenvalue of B is strictly less than 1, so that (I — B) is positive

definite. O

Lemma 3.8. Let ¢,109 € L?(R?) N F(R?). Let po be the complex bounded
variation measure on R? such that fig = 1. Let j1 be the complex bounded
variation measure on R such that fiy(z) = (2771'71)‘1/26*2%‘””‘2(;3(95),

Let us assume that t satisfies inequalities (3.83) and that the measures
1o, lbe satisfy the following assumption:

/ / e%(y—cos(ﬂt)flr)(l—ﬂ tan(Q2t)) " (y—cos(Qt) "1x)
Rd JRd

LaQ~1 tan x
e #0001y (dy) < oo, (3.84)
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Then the function f : H — C, given by (3.81) is the Fourier transform of
a bounded variation measure py on H satisfying

/Heg«y,n),(I—B)*l(y,n»|#f|(dydn) < 00, (3.85)

(B being given by (3.78)).

Proof. By the assumptions on ¢, one can easily verify that the function
(2wih)d/2e’ﬁ‘w‘2é(x) is the Fourier transform of the bounded variation
measure on R? x H;, which is the product measure 4 (dx) x do(d7y), where
90 (dry) is the measure on H; concentrated on the vector 0 € H,. Analogously
the function (x,v) — ¥o(v(t) + ) is the Fourier transform of the bounded
variation measure (i, on R? x H; given by:

/ £,y (dardy) = / £, 2985, (dy) o),
R xHy

RIXH:
where ~; is the vector in ‘H; given by

Y (s) = s, s € [0,1t].
As F(RY x H,) is a Banach algebra, the product
fa.) = @min) e T g(2)p ((1) + )

still belongs to F(RY x H;), in fact it is the Fourier transform of the con-
volution py = (e X 8o) * fhey-

Let us now prove that the measure uy satisfies assumptions (2.68) of
theorem 2.11, that is (3.85), if uo and ug satisfy (3.84).

By theorem A.5 in appendix, we have

W =B ) —  /det(T = BYF(y/V2,n/v2),

where the function F': H — C is given by the Gaussian integral
F(y,n) = / eYhavtVRn(n) (@) 3 (@w) B@w) N (da) W (dw).
RdxCy
By a direct computation and by Fubini theorem, F' is equal to

Flyon) = (2n) # [ eVionee e ([ oo ge f§ ot
Rd ct

6% jot u.)(s)QQu.)(s)dsV[/(dw))dir

_ (27_‘_)—% / e\/ﬁzye—z (1’592)1 ( e\/ﬁn(n)(u)en(vm)(w)e%(w,Lw)W(dw)) dz,
(3.86)
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where L : H; — H; is the operator given by

L'y(s):—/o / Q2y(s")ds" ds’'
¢

and v, € H; is the vector given by
2
s
v (s) = ng(ts - 7)
One can easily verify that L is symmetric and trace class. Indeed by de-
noting by a?,7, respectively the eigenvalues and the eigenvectors of the
operator L, we have

a?54(8) + %v4(s) = 0, s €10,¢],
with the conditions

7&(0) =0, ;Yoz(t) =0.

Without loss of generality we can assume Q2 is diagonal with eigenvalues
Q?, i =1,...d. The components v, , i = 1,...d, of the eigenvector v,
corresponding to the eigenvalue o are equal to

Va,i(8) = Aisin Qis, s € [0,1].
«

By imposing the condition #(t) = 0, we have
Qit/OéZ’IT/Q-i-’ni’lT, n; € 7.
The possible a? are of the form

02¢2
042217, n; € 2.

2
(ni + %) 2

It follows that the operator I — L is positive definite if and only if Q,;t < 7/2

for all i = 1,...d. Moreover the Fredholm determinant of L can easily be

computed by means of the equality cosz = [] (1 — #21/2)2) and it is

equal to det cos Q2.

By theorem A.5 in appendix, it possible to verify that the function
G :R? — R given by
G(z) = [ eV tn(v)(w) 3@ Loy (dy)
Cy

is equal to

! e%(\/En+vz7(17L)—1(\/ﬁn+%)>’

vdet cos Qt
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where (I — L)™', for v € H; sufficiently regular, is given by

(1=1) () =07 [ sinlfs = 5+ g ST

t
—/ cos[Q(t — s’)]ﬁ(s’)ds’]
0
Moreover by direct computation we see that

]. 1 —1 1 2 —1
G(z) = o3 VI, (I=L) ™" Vin) ,52(—tQ*+Q tan Qt)a o (ve,(1- L)~ Vi)
(@) vdet cos it

By inserting this into (3.86), we have

—d
F(y,n) = M L (Vhn,(I-L)"'Vhn)
vdet cos Qt

/ e\/ﬁwyeféw(lfﬂtanQt):ve(vm(IfL)_l\/ﬁn)dx. (387)
Rd

By imposing Eq. (3.85), that is the condition

/H Fly/V3 0/ VDl (y,m) < oo

we get

/H Gy Y)/V2, (v +1)/V2)d| (g x 80)|(y, n)d] | (z,7)
- /Rded F((@ +y)/V2, (27:) /V2)d|ps|(y)d|pol(x) < o0, (3.88)

By substituting into Eq. (3.87) we have

2 7d/2 h ) lg
F((z +y) /v, (27:)/V3) = meumu L) tam)

\/—z (z+y) ——z([ Qtan Qt)z \/_(vz (I-L)~ r'yt)dz

R4
—d/2 Y
_ (27T) / 62$% \/—2y cos(Qt) " 1x) 7%z(17Qtath)de
Vv det cos Qt Rd
_ (27‘r)_d/2
\/det(cos Qt — Qsin Q)
h sin(Qt

o h Ty T o b (y—cos(Qt) "La)(I-Qtan 08) 7 (y—cos(t) "'z)

By substituting in Eq. (3.88), we obtain condition (3.84). O
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Theorem 3.8. Let us assume that A < 0 and that the time variable t
satisfies conditions (3.83). Let ¢,v9 € L*(R%) N F(RY), with fig = 1o
and fig(x) = (2Wih)d/26_ﬁ|r|2¢§(a:). Assume in addition that the measures
tos g € M(RY) satisfy the assumption (3.84).

Then the function f: H — C, given by (3.81) is the Fourier transform
of a bounded variation measure py on H satisfying (3.85) and the infinite
dimensional oscillatory integral (3.82) is well defined and is given by:

/ (/ eie’iw/4(x~y+\/ﬁn('y)(o.)))e% .[Ot(\/ﬁw(s)+z)g2(\/ﬁw(s)+1)ds
R x H; RdxCy

=2

e~ 2R
e dx) pup(dydy).  (3.89)

_i%ft|\/ﬁw(s)+z\4dsW d )
© (4w) oy

This is also equal to
(i)d/Q/ e%_[Ot(\/ﬁw(s)+x)92(\/ﬁw(s)+z)ds
]Rdth

efi% fot \\/ﬁw(s)+w|4dsq§(eiﬂ'/4x)¢o(eiTr/4\/_hw(t) + e”/4x)W(dw)dx. (390)

Proof. By lemma 3.7, the operator B : H — H given by (3.78) is
bounded symmetric and trace class. Moreover if assumptions (3.83) are
satisfied, I — B is positive definite.

By lemma 3.8 the function f : H — C, given by (3.81) is the Fourier
transform of a bounded variation measure p1y on H satisfying assumptions
(2.68) of theorem 2.11, that is Eq. (3.85).

A direct computation shows that the function Vy : H — R,

t
Vi(e,) = / (s) + alds,  (x,7) € H,
0

is continuous in the norm of the Banach space B and extends to a function
V4 on it.
By applying theorems 2.11 and 2.12, the conclusion follows. U

Remark 3.5. The class of states ¢,v9 € L?(R%) N F(R?) satisfying as-
sumption (3.84) is sufficiently rich. Indeed both ¢ and 1 can be chosen in
two dense subsets of the Hilbert space L2(R?).

More precisely one can take for instance 1, ¢ € S(R?) of the form

[o(@)| = P(z)e™F%°,  |§(2)] = Qx)e 7%,  zeRY,
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and with a, 8 € R* and with P, Q) arbitrary polynomials. Moreover o and
[ have to satisfy the following conditions, for all : =1,...,d:
08— (]. —Q; tanQit)*l >0

(-9 tan Q;¢) 1 sin Q;t
o cos? Q;t + Qcos Q;t >0

(8- (1 - QutanQut) ) (o — U=ttt — o gy (391)

cos? Q;t QcosQ;t

2

_ (1791 tanQit)_l
( cos? Q;t >0.

By the density of the finite linear combinations of Hermite functions in
L?(R?) (see for instance [245, 246]), it is easy to see that the vectors of the
above form are dense in L?(R?).

Remark 3.6. In [28, 31] the above result has been generalized to the case
the quartic potential is explicitly time-dependent.

Let us consider the (Wiener Gaussian) integrals (3.89) and (3.90). Accord-
ing to theorem 3.8, for A < 0 they are equal to the infinite dimensional
oscillatory integral (3.82).

By the considerations in remark 2.9 the absolutely convergent integrals
(3.89) and (3.90) are analytic functions of the complex variable A if Im(\) >
0, continuous in Im(A) = 0. The following theorem shows that they solve
the Schrodinger equation (3.73) with potential given by Eq. (3.74) in a weak
sense (see also [36] for further comments).

Theorem 3.9. Let A € R. Let t € RT satisfying conditions (3.83). Let
é,0 € L?(RY) N F(RY) satisfying the assumption (3.84).
Then the Gaussian integral I (¢, o), given by

It(¢;¢0) = (Z)d/2/ eﬁ_fot(\/ﬁw(s)+w)ﬂ2(\/ﬁw(s)+z)ds
R xCy

e~inlo ‘\/ﬁw(s)+w|4d8$(ei”/4x)¢o(e”/4\/_hw(t) + ™AW (dw)de,

is a quadratic form in the variables (¢,10) and it satisfies the Schrédinger
equation (3.73) in the following weak sense, namely:

ih%It(% Yo) = It(¢, Hipo) = It (H,vo), (3.93)
(H being given on the smooth vector ¢ € C2(RY) by (3.76)).

Remark 3.7. The result of theorem 3.9 does not depend on the sign of the
coupling constant A.
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Proof. Equation (3.93) follows by an application of Ito’s formula (see for
instance [195]). Equation (3.92), that is

QY [ e (el )W ()

— ()42 / (e 2o (¢ a)da (3.94)
Rd
— [ d@pvo(oyiz (395)
R
follows by the analyticity of the functions ¢, and by a rotation of the
integration contour in the complex plane. U

The particular case where the coupling constant A is negative is rather
interesting. Indeed in this case the potential (3.74) is unbounded from
below, and the quantum Hamiltonian
He-2 v
2m

is not essentially self-adjoint as one can deduce by a limit point argument
(see [246], theorem X.9). In this case the quantum evolution is not uniquely
determined. Nelson [235] was the first mathematician proposing Feynman
path integrals as a tool defining the quantum dynamics in the case of not
essentially self-adjoint Hamiltonians. In [235], by means of a generalized
Trotter product formula and an analytic continuation technique, a strongly
continuous contraction semigroup

U(t) : L*(R?) — L*(R%), t>0

is constructed and, given a 1 € L2(R?), the vector ¥(t) = U(t)1 satisfies
the Schrodinger equation in a distributional way, i.e. for any ¢ € L?(R%)
sufficiently regular, one has

. d
ih— (0, 0(t)) = (Hop, (t)).

Even if the starting point of Nelson’s derivation is a Wiener integral rep-
resentation of the solution of an heat equation with imaginary potential,
the evolution operators U(t) are defined in an abstract way by means of
a limiting procedure and, in general, a path integral representation for its
matrix elements (¢, U(t)1)) cannot be defined (even for very regular vectors
#, € L*(R?)). A technical problem of Nelson’s result, directly connected
with the method of the proof (i.e. the application of the Fatou-Privaloff
theorem) is a restriction to the allowed values of the mass parameter m,
which cannot belong to a certain set N of Lebesgue measure 0.
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In the particular case of quartic potential however, following [224], we
can show that both problems of Nelson’s paper can be overcome. Indeed we
can prove that the infinite dimensional oscillatory integral with polynomial
phase function (3.82) studied in theorem 3.8 provides a Feynman path
integral representation for the matrix elements (¢, e~ # 1)) of the evolution
operator defined by means of Nelson’s method.

This result provides a link between two different approaches to the math-
ematical definition of Feynman path integral (the analytic continuation ap-
proach and the infinite dimensional oscillatory integral approach).

Theorem 3.10. Let A € R, A < 0. Lett € RY satisfying conditions (3.83).
Let ¢, € L2(R?) N F(R?) satisfying the assumption (3.84).

Then the infinite dimensional oscillatory integral (3.82) is equal to the
Gaussian integral I;(¢,0), given by FEq. (3.90), and the latter is equal
to the inner product (¢, U(t)wo), with U(t), t > 0, strongly continuous con-
traction semigroup and

d
ih— (¢, U(t)o) = (Hop,U(t)vo),
(H being given on the smooth vector ¢ € C2(RY) by (3.76)).

Proof. Let us consider the heat equation with complex potential

—hgrp(t @) = — 4= AG(tx) + iV (@) (1, 2) (3.96)
¥(0,2) = o(x)
with V given by (3.74). For any 1)y € Lo(R?), the integral
Un(tio(e) = [ ot} VAT wtorseta

Cy
e Jo (Wh/m @) +0)Q* (VR w(s)@)dsy, B Tm w(t) + 2)W (dw)  (3.97)
is convergent and defines a contraction operator U,,(t), as
U@ < | n(y/Bmalt) + )V ()
< (2mth/m) =2 / e~ # Py (y)dy = Ko ()]0l (2),  (3.98)

Rd

where K,,(t) is the heat semigroup K, (t) = ezn®. By writing the cylin-
drical approximations of the Wiener integral (3.97) one has

Un(t)o(e) = T (on(t/n) My (t/m)"bo(e),  (3.99)
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where My (t) is the group given by the multiplication operator My (t) =
e~V By mimicking Nelson’s argument [235] one can see that the limit
(3.99) can be taken in L?-sense, it defines a strongly continuous contraction
semigroup U,,(t) and for any 1y € C2(R?) the generator A,, is given by

Amtho = lim %(Um(t)@/]o — o) = (%A —~ %V)wo. (3.100)

As A is a negative operator, for any ¢ > 0 K, (¢) is an holomorphic operator-
valued function of m in the half plane Re(m) > 0. It follows that for any
1o € L? and for any n € N, the expression

Fo(m) := (Km(t/n) My (t/n)) "o

defines an L2-valued function holomorphic in the half plane Re(m) > 0
and continuous on Re(m) > 0. Since the sequence of functions {F), }nen
is uniformly bounded on Re(m) > 0 by ||| and converges for m > 0, by
Vitali’s theorem it converges on the whole domain Re(m) > 0 and the limit

i (K (t/m) My (t/n))" 0 = Un(£)2bo

defines an holomorphic L?-valued function U,,(t)o on Re(m) > 0. By
analytic continuation, one can prove that Up,(f) is a strongly continuous
contraction semigroup whose generator is given on vectors 1y € C2 (RY) by
Eq. (3.100).

The purely quantum mechanical - Schrédinger case is obtained for m in
(3.96) purely imaginary, i.e. m = —i. Let us consider ¢, satisfying the
assumptions of the theorem. For m > 0, the inner product (¢, Uy, (¢t)v) is
given by

/ 6_# fOt(\/h/m w(s)+x)Q2(\/h/m w(s)+x)ds
R xCy

el Jo Whim w)taldsy, o /pTm w(t) + 2)d(a)W (dw)dz . (3.101)
By a change of variable z — xz/\/m the latter becomes
8. U0} =m2 [ =i R e
R x C
etmin Jo Whelrtal'ds o (o fhim w(t) + z/vm)d(z/v/m)W (dw)dz .
(3.102)

By assumptions (3.83) and (3.84), the right hand side of (3.102) is an
holomorphic function of m in the domain {Re(m) > 0} N{Im(m) < 0} and
continuous on the boundary. On the other hand, by previous considerations,
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the matrix element (¢, U,,(t)1o) is an holomorphic function of m in the
domain {Re(m) > 0} and coincides with the functional integral (3.102)
on the half line m > 0. By the uniqueness of analytic continuation, both
sides of (3.102) coincide on the domain {Re(m) > 0} N {Im(m) < 0}. In
particular there exists the limit

im (6, Un(t)4o)

and, by bounded convergence theorem, it is equal to (3.90). ]

Remark 3.8. The results of theorems 3.8, 3.9 and 3.10 hold also in the
case where the potential V is of the form:

1
V(z) = Maz|* - gmﬁzm, reR?

with A € R and Q2 a positive symmetric d x d matrix. In this case conditions
(3.83) can be dropped and condition (3.84) has to be replaced by:

/ / e%(yfcosh(ﬂt)_lw)(leQtanh(Qt))_1(yfcosh(ﬂt)_lw)
R4 JR4

—Lhz0~1tan x
e 10T o | (da) g | (dy) < oo



Chapter 4

The Stationary Phase Method and
the Semiclassical Limit of Quantum
Mechanics

4.1 Asymptotic expansions

In the study of several problems, such as the evaluation of integrals or
the solution of differential equations, it is very difficult to find an exact
analytical solution, given in terms of known functions. On the other hand,
in the applications, exact solutions are not always of practical use, both
from a computational and an analytical point of view and it is preferable the
knowledge of an approximated solution when a parameter or some variable
of the problem can be considered either large or small.

The asymptotic analysis studies the techniques allowing to obtain ap-
proximated solutions of a large class of problems, when a parameter ap-
proaches a value in which the solution is not analytic. It was introduced at
the end of the nineteenth century by Poincaré, who gave a precise defini-
tion of an asymptotic expansion, and was further developed in the twentieth
century in connection with the study of equations arising in mathematical
physics, in particular in fluid mechanics.

We recall here the definition an the main properties of asymptotic se-
quence and expansions, that will be used in the next sections. For a detailed
treatment see for instance [49, 115, 119, 160, 237, 244].

Let V C C a domain® in the complex plane C (or, more generally, on
the Riemann surface C of the logarithm) such that 0 € 9V and

zeV=Vvte (0,1, tze V.

Let us denote V := V U {0}. Both V and V will be called angular neigh-
borhoods of zero.

A set U C C, which is the closure of an angular neighborhood of zero, will
be called closed angular neighborhood.

1With the word domain we mean a connected open nonempty set.

101
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Definition 4.1. Let V be an angular neighborhood of zero. An asymptotic
sequence of functions (¢;);en for z — 0 in V is a sequence of functions
¢; : V — C, which do not vanish in V and such that for every i € N:

. Qi1
In the following we shall focus on the asymptotic sequence (in any angular
neighborhood of zero) ¢,,(2) = 2"/*, n € N, for fixed k > 0 and denote by
C[2'/*] the space of formal power series with complex coefficients

f(z) = i anz™*, {an} CC, k>0. (4.1)
n=0

Definition 4.2. A formal power series f is called a (21/*—) asymptotic
expansion for a function f:V — C as z — 0 in an angular neighborhood
V' if for each closed angular neighborhood U with U C V' and any N € N,
there exists a number C'(NN) > 0 such that

N-1
VzeU : |f(2)= Y anz"* < C(IN)[]2N/¥). (4.2)

n=0

In this case we write f ~ f, z—0in V.
For more details see [160].

Remark 4.1. It is important to recall that the domain V in definition 4.2
plays a crucial role, indeed the existence of an expansion depends strongly
onV.

Remark 4.2. An asymptotic expansions is not necessarily convergent (and
usually this is the case!). Indeed condition (4.2) means that for fixed N
the function f is approximated by the sum Zg:o a,z™'* for z sufficiently
small, while if the formal power series (4.1) is convergent at z = 0 in some
domain V to a function f then the following holds:

N
VzeV i lim |f(2) > a2 =0, (4.3)

n=0

which means that for fixed z € V the value of the function f is approximated
by the sum 27]:/:0 a,z™'* for N sufficiently large.
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It is easy to see that if a function f admits an (2'/*—) asymptotic expansion
in a given domain V, ie. f~ f=3 "/ anz™'* for z — 0 in V, then the
coefficients a,, n € N, are uniquely determined by

ap = lli%f(z)

. f(z) —ao
(4.5)
f(2) =30 agd/k
a, = lim o J- (4.6)

z—0 Zn/k

On the other hand different functions can have the same asymptotic expan-

sion, for instance the function f(z) = 0 and g(z) = e~'/# have both a zero

asymptotic expansion in the domain {z € C, Re(z) > 0}. In other words,

if an asymptotic expansion is not convergent (and this is often the case) it

does not characterize uniquely a function f asymptotically equivalent to it.

In order to associate in a unique way to formal power series > an 2"k

a function f which is asymptotically equivalent to it, one can apply, under

suitable assumptions, a powerful summation tool: Borel summability (see
for instance [216, 217, 160, 244, 267, 249]). It works as follows:

(1) transform the given power series f into another convergent power series
B;

(2) compute the analytic function B which has Basa convergent power
series expansion;

(3) apply an integral transform mapping the analytic function B to an
analytic function f;

(4) the function f (the so-called “sum of f”) obtained in this way has the
power series f we started as asymptotic expansion.

For the applicability of Borel summability method it is necessary to impose
suitable growth conditions on the coefficients a,, [244].

Definition 4.3. Given s > 0, a formal power series f(z) = S anzVk e
C[2'/*] belongs to the s-Gevrey class C[z'/¥] if there exist two constants
C, M > 0, such that

lan| < CM™T(1+n/k))*, Vn € N, (4.7)

where I' is the Euler I" function.

Remark 4.3. By Stirling formula conditions (4.7) can be replaced by

ns/k
lan| < CM"(%) . VneN, (4.8)
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or by
lan] < CM™T(1+ sn/k), VneN. (4.9)

The Gevrey classes are connected via the following transform acting on
formal series:

Definition 4.4. The map B, . : C[z'/¥]; — C[2P/¥],_, defined by

5 VTR S i1

is called the (formal) (p, k)—Borel transform.

It is important to note that the (s, k)—Borel transform maps C[z/*], to
convergent series.
We can now define the concept of u— Borel summability:

Definition 4.5. Let k,s > 0, u = 1/s. A formal power series f(z) =
> anz"'* is called p—Borel summable to the sum f if f is an holomor-

phic function on V for some angular neighborhood of zero V, f ~ f as
z — 0in V and the following procedure is possible:

(1) The (s,k)—Borel transform B;[f](t) has nonzero radius of conver-
gence and thus converges in a neighborhood of zero to some function
B(:).

(2) This holomorphic function B admits an analytic continuation (denoted
again by the symbol B(-)) onto some open neighborhood of R¥.

(3) The Borel-Laplace transform £(B) of B gives a representation of f on
a subset of V: f(z) = LL(B)(Z), ie?:

Iz ZH

f(z) = ! /OOOB(t)e—t/Z“dt. (4.11)

2k
If 4 = 1, then f is simply said Borel summable.

In other words if an asymptotic series is Borel summable to a function f,
it characterizes uniquely f, even if it is not convergent.

The following criterion for Borel summability is due to F. Nevanlinna [236]
and is a improvement of a result by Watson [287], see also [267, 249] for a
modern proof and discussion of Nevanlinna’s result:

2The integral in (4.11) is the conventional Laplace transform in the variable w = 1/z#.
Note that if the integral converges for some zg # 0 them it converges for all z € C such
that Re(1/z") > Re(1/z).
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Theorem 4.1. Let k > 0, R € (0,400] and define Dg == {z € C :
Re(1/z) > 1/R} if R # 00 and Dg := {z € C : Re(z) > 0} else.

Let f be an holomorphic function on Dy admitting an asymptotic expansion
with respect to the asymptotic sequence z™'*

z) ~ io:anz"/’c = f
n=0

Let us assume that 3A > 0,p > 0, such that Ve > 0,z € {Re(1/z) >
e+ 1/R}, p> p,n €N, the following holds:
n—1
=Y a2 < AT+ n/k)p"=["". (4.12)
i=0

in the domain Dy

Then the asymptotic power series f 18 Borel summable to the function f.

Remark 4.4. By Stirling formula condition (4.12) can be replaced by
n—1
. n/k
=S it < Aﬁ”(%) |2|/*. (4.13)
i=0

Proof. The present proof is taken from [267], and it is a generalization
of Hardy’s proof of Watson’s theorem [160], see also [236]. Without loss of
generality, we can restrict ourselves to consider the case where kK = 1. The
general case can be handled in a completely similar way.

By estimate (4.12), it is possible to see that the integrals

1 t/z,,—(m+1) S J
m = am - j ’ 1
b (t) = am + 57 ]{ez - etz (f(z) g a;z7)dz,  (4.14)

are absolutely convergent for ¢ > 0 and independent of = for 0 < r < R.
Moreover bg is a C*° function whose mth derivative is b,, and the following
estimate holds:

b)) < Kip™ (m + 1)let/ R,
with K7 independent of ¢ and m. By performing a contour integral, one
finds

Rez—1=r—1

N-1 N-1
Z 0 i - 227N (f(z) = Y a;27)dz. (4.15)
0 j=0

By Eq. (4.12) and by taking r = t/N (with N > t/R), the second term in
the sum at the right hand side of Eq. (4.15) goes to 0 as N — oo and it
follows that

bo(t) = B(t) = Y —a;t’. (4.16)
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By condition (4.12) the series on the right hand side of Eq. (4.16) converges
in the circle |¢t| < 1/p. Moreover it is possible to see that each series

o0

1 m
By (t) =Y —bm(to)(t —t0)™,  to >0,
m=0
converges in the circle |t — to| < 1/p and satisfies there the bound
1
By, (t)] < Kyelo/f— —
B 0)] < Kae/ s

It is not difficult to prove that By (t) = By, () when both functions are
defined and that the union of these functions defines an analytic function
B(t) defined in the region S, C C given by

S,:={z€C, : dist(z,RT) < 1/p},
and satisfying there the bound
|B(t)] < Kel!l/E,

By inserting (4.14) with m = 0 into the expression for the Laplace transform
and by interchanging the order of integration, we obtain:

1 [ 1 [
—/ e VEB(t)dt = —/ e Y2 agdt+
zJo % Jo

1 [ 1 , " —
—|——/ e_t/z—j{ et/? 7]‘(,2)/ CLodz’dtzf(z).
0 Rez—1=pr—1 < O

z 211

4.2 The stationary phase method. Finite dimensional case

The present and the following sections concern the study of the asymptotic
behavior as A | 0 of functions of the variable A € R™ defined in terms of
oscillatory integrals of the form

I(h) = /He%‘b@f(x)dx, heRT, (4.17)

with ® : H - Rand f: H — C.

In the finite dimensional case, i.e. when we can identify the Hilbert
space ‘H with R"™, the fundamental tool for the study of the asymptotics of
the integral (4.17) is the stationary phase method [115]. It was originally
developed by Stokes [269] and Kelvin [201] in the 19th century. The phys-
ical relevance of this topic is connected with the fact that integrals of the
form (4.17) play a fundamental role in the description of wave phenomena.
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More recent investigations can be found in the work of Maslov [221], in
connection with the study of the semiclassical limit of quantum mechanics,
and in the work by Hérmander [164, 165], in connection with the theory
of Fourier integral operators and the study of partial differential equations.
When the phase function ® has some degenerate critical points, the theory
of unfoldings of singularities plays a crucial role in the description of the
asymptotics of the integral (4.17) (see for instance Arnold’s and Duister-
maat’s work [41, 110]) and brings the stationary phase method to an high
level of mathematical rigour and elegance.

Despite the technical difficulties in the rigorous study of the asymptotic
behavior of oscillatory integrals, the mathematical and physical ideas be-
hind the stationary phase method are rather simple and intuitive. Indeed,
when % can be considered very small, the function

z— en @) xz €R",

oscillates very fast, in such a way that the contributions to the integral
coming from the positive and the negative parts of the oscillations annul
each other. The key point is the fact that the only regions of R" giving
a non vanishing contribution to the value of the integral (4.17) are the
neighborhoods of the stationary points of the phase function ®, i.e. the
points x. satisfying the equation

Vo(z) = 0.

As an illustrative example, let us consider the integral I(h) :=
f:{% cos(z?/h)dz. As a comparison between figure 4.1(a) and figure 4.1(b)

shows, when the frequency A ! increases, the region giving a significant con-
tribution to the integral is a neighborhood of the stationary point = 0.

O AN I 1]
Y e L :
L e T WL L
Lt / e T [0 [
liiRTE= RNl e
s liHe=RAL
e LN =
(@ *)

Fig. 4.1 The function cos(z2/k) for different values of the parameter h. (a) k= 1/30.
(b) fi=1/150.



108 Mathematical Feynman Path Integrals and Applications

These reasoning can be made completely rigorous under rather general
assumptions. Following [7], we describe here in some detail the study of
the asymptotics of finite dimensional oscillatory integrals of the form

I(h) ::/ e (@ T0) o=V (@) g (3)d, (4.18)

where T'= (I — L) : R® — R" is a self-adjoint bijection of R, V : R" —
R and g : R™ — C satisfy suitable assumptions. These results will be
generalized in the next section to the infinite dimensional case.

Let us consider the phase function ® : R” — R,

d(x) = %(x,T;v) —V(z), z € R",

and the set of critical points of ®:
C(®):={z eR™.®'(z) =0}.

Theorem 4.2. Let V : R" — R be a C* function with bounded first
derivatives and all higher order derivatives of at most linear growth, i.e.

V'(z)| <M,  DV(z)<m(l+z]), xeR"
for suitable constants m, M, where V'(x) = VV(x) and
8‘11 aan

D¥=D ... D" = ——  ——
1 " Ozt oxom’

o] = a1 4+ -+ ap.

Let g : R™ — C a C* function such that for some p >0
|DY(z)| < Co(1 +|z|?)P/2, Vo e N VzeR™ (4.19)

Let us assume that the critical set C(®) contains a finite number of points
{c1,...,¢s}, that are not degenerate, i.e.

det ®"(¢;) # 0, i=1,...,s,

where ®" = D%®.
Let x;, withi=0,1,...s, denote the C*°(R™ R) functions such that

(1) 0< i <1and Y5y xi = 1

(2) C(®) Nsupp(x:) = {ci} fori=1,...s;

(3) Supp(]- - XO) c B(Oa 3/2T) and Xal({o}) = B(Oa 71))'

(4) xi(x) =1 for x € B(ci,r;) andi=1,...s, for some r,r; > 0;
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where B(a,r) denotes the open ball with center a and radius v and B(a,r)

its closure.
Then the integral 1(h) in Eq. (4.18) is well defined and it is given by:

I(h) = /]R e%@’Tx)e_%V(z)g(a:)Xj(x)da:

M.

Il
w O

J

=3 I;(h). (4.20)

*
o

Moreover, by defining I5(h) as

Li(h) =er®@Ix(h),  j=1,...s
and I5(h) = Io(h), then each I} is a C* function on R and in particular

I7(0) = (det(T — D*V(¢)))?g(cy), j=1,...,8,

¥ ©)y=0, Vk>o0.

Proof. We follow [7], see also [164, 165].

Since both the phase function ® and the function g satisfy the assump-
tions of theorem 2.1, the oscillatory integral I(%) is well defined.

Let us assume that s = 1 (the proof in the general case is completely
analogous).
Let ¢ € S(R™) such that ¢(0) = 1 and let € > 0. The regularized approxi-
mations of the oscillatory integral I(k) are given by:

Ie(h, ¢) = (2mih)~"/? / e (10 =iV (@) g (2) b (ex)d
Rn

= (2mi) 2 [ e T iV 0 (a)(ex)da
RTL

+ (2mih) /2 / e7 (T T2) =5V () g (2)(1 — x1 (z))(ex)da
= I (h,¢) + I2(h,¢). (4.21)
The first integral is equal to

IX(h, ¢) = (2mih)~"/2eh ) / e P@=2(e0) (), (2)p(ex)da,

n

and, by dominated convergence, it converges as € | 0 to

(27_‘_Z<h)—n/26%<1>(01)/ e%(@(@—@(cl))g(x)xl(x)d%

n
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which is a C* function of i € R (see [165], theorem 7.7.5). By making in
a neighborhood of ¢y, i.e. in the support of x1, the change of variable

P(x) = P(c1)  yD*®(c1)y

2h 2

one gets easily
I7(0) = (det D*®(c1)) " 2g(e1) = (det(T — DV (er))~?g(cn).

By reasoning as in the proof of theorem 2.1, it is possible to see that
also the limit lim,_o I?(h, ¢) exists and it is independent of ¢. Moreover,
by denoting this limit with I2(h), one has

|I2(h)| < Cklhl*, |h| <1,VE>1.

Indeed let us consider the C*° vector field a(z) = (a1(x),. .., an(z)) with
components given by
D;o(x)

4 = Fa@)e

and the first order differential operator

Lp = ( zhz 83:
J

(1 —x1(2)), ji=1,...,n,

It is simple to see that L%‘, the adjoint of Ly, is given by
L= zh(Za] +d1v a) =ihA.

By the assumptions on the function V, it is simple to verify that for any
a € N™, there exists C, > 0 such that

Ca

[D%a;(z)| <

Moreover, since

by Stokes formula we have:
12(h,¢) = (2min) /2 / FPOLE (fo)de

= (2mih)~"?ih / em®@) A(f)dw (4.22)

n
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where f.(z) = ¢(ex)g(z). By iterating the procedure k times, we get

2(h, 6) = (2mih)~"/2(ih)* / AY@ £ (2)da

n

where
k
fer(@) =" B} (@)D fo(x),
j=0

where (7 (x) is a system of coefficients with the property that each (3} (x)
is a sum of finite number of terms, and each term is a multiplication of k
factors. Each factor is either one of the functions a; or its derivative, the
total number of derivatives in each term being equal to k& — j.

By taking & > n + p, where p is constant in Eq. (4.19), we have that
ﬁ]k (x)DIg(x) € L'(R™) and, by dominated convergence theorem, the limit

I*(h) = lim I¢(h, 6)
exists and satisfies the condition

[I*(R)| < Cilnl®, |n| <1,Vk > 1. O

Remark 4.5. Under additional assumptions (see for instance [16], Corol-
laries 2.4 and 2.5) it is also possible to compute all terms of the asymptotic
expansion of each integral /7 (h), which is given by:

> k
%G)mﬁmﬁ

[( Z Vi +V,) Z Va +Vy )MMV(M) V(@) g(y)x; (y)}
(4.23)

m

I (h) = (det T) /2 i hm(%)

where the value of [ ] is to be taken at the critical point ¢; and (( Zle Vi, +

m-+k
Vy)Tfl(Zle Va, + Vy))2 is the sum of all terms in the expansion of

m+k
(( SV + V)T (S, Vi, + Vy)) which are of at least second
degree with respect to each V,,, I =1,... k.

In the case where the phase function ® in the oscillatory integral (4.17)
presents some degenerate critical point ¢, that is

Vo(c) =0, det ®”(c) =0,
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the situation is more involved. In this case the asymptotic behavior as i | 0
of

I(h) = /O en®@) f(2)da

is determined by taking into account the higher derivatives of ® and the
classification of different types of degeneracies [45, 44].

In the case of the generalized Fresnel integral studied in section 2.3, the
solution of the problem is simpler and has been described in [30], where the
whole asymptotic expansion of an oscillatory integral of the form

/ " era) f(z)da, (4.24)

n

is studied, where ® : R™ — R is an homogeneous polynomial function of
even degree 2M:

O(z) = Aoy (z, . .., ), r € RY

and Asps is a completely symmetric 2Mth order covariant tensor on R”™
such that Asps(x,...,2) > 0 unless z = 0.

By the positivity of the phase function it is simple to see that the integral
(4.24) is well defined also for i € C, Im(h) < 0, provided that the function
f is bounded. For h € R, sufficient conditions for the definition of the
purely oscillatory integral (4.24) are given by theorem 2.4.

Theorem 4.3. Let f € F(R™) be the Fourier transform of a bounded vari-
ation measure py admitting moments of all orders.
Let us suppose f satisfies the following conditions, for all | € N:

(1)

w‘2M71

[ hslte*ldug|(k) < F(Dg(lahec Vo € R,
RTL

where ¢ € R, F(l) is a positive constant depending on 1, g: RT — R is
a positive function with polynomial growth.

(2)

| (ku)tethouh? MY g (k)] < AdC(1, M, n)

Rn
for allu € Sp_1, p € RY, Im(h) <0 h #0, where A,¢,C(l, M,n) € R
(and Syp_1 is the (n—1)-spherical hypersurface of radius 1 and centered
at the origin).
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Then the oscillatory integral (4.24) admits for h € C, Im(h) < 0, the
following asymptotic expansion in powers of h'/?M :

inm/aM N—1 l
_pn/2M € (@)
I(h)=h 5 I

in l+n
— e /4M) hl/2MF( )
/ ) / (ku) P(u)™ 25 dS0,_ydpus (k) + Ry, (4.25)

2M

with |Ry| < A’|h|N/2M(c’)N%F(% where A’ ¢’ € R are suitable
constants and C'(N, M,n) is the constant in assumption (2). If C(N, M, n)
satisfies the following bound:

n+ N\~
< N! .
O(N,M,n)_Nr( o ) (4.26)
then the series has a positive radius of convergence, while if
N n+ Ny~
< N! — .
C(N, M,n) NF(1+2M)I‘( — ) (4.27)

then the expansion is Borel summable in the sense of, e.g. [236, 160] and
determines I(h) uniquely.

Remark 4.6. The hypothesis of theorem 4.3 are slightly different from
those presented in [30].

Proof. Let F(k) = [, e*@ei42n(@2)dy, then by theorem 2.4 the os-
cillatory integral (4.24) is given by:

/ e Az (@rn®) p )iy = p2M [ B(RYPM ) g (dk). (4.28)
n Rn
By lemma 2.1, F is given by
F(hl/2Mk) — einfr/4M eihlmMkwe”/‘LMengM(w,..ww)dir7 ke Rn7
Rn

where, if i = |h|e?, ¢ € [~,0], h'/?M = |h|}/2Mi¢/2M By representing
the latter absolutely convergent integral using polar coordinates in R™ we
get:

oo .
ﬁv(hl/2Mk) _ 6in7r/4M/ / eihl/2M6”/4Mpkuefp2MAQM(u7...,u)
n—1

pnildpdﬂnf 1

where df2,_1 is the Riemann-Lebesgue measure on the n — 1-dimensional
spherical hypersurface S,,_1, * = pu, p = |z|, u € S,_1 is a unitary vector.
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We can expand the latter integral in a power series of A'/?™ and apply
Fubini theorem:

F(hl/2Mk _eznfr/4M/ / Z 17r/4M hl/2M l(ku)
o 2MA2M(u""’u)pn_ldpdgn_l

:einfr/élMZ (4) (em/4M)lhl/2M/ (ku)l/ pHn—1
I g 0
1=0 n-1

e_pzMA2M(“1""u)dpd9"_1

znTr/4M 0 l n
Y (@) gimianry 2 +”)/ (ku) P(u)~ 55 dQ2y_
! oM ) Jg .
(4.29)
where P(u) = Aap(u,...,u) is a strictly positive continuous function on

the compact set S,,—1, so that it admits an absolute minimum denoted by
m. This gives

[ P 5 ] < e 5 0 (5,0)

" -1

:|k|lm*lz+w2w"/2r(g) . (4.30)

The latter inequality and the Stirling formula assure the absolute conver-

gence of the series (4.29). We can now insert this formula into (4.28) and
get:

/ e%AQM(””"'”w)f(;v)dac

inm/4M N-1 l l
n/zMe ()" imjanaigi/2m +n
= e F( oM )

// (ku) P(u)™ 25 d, 1 (dk) + Ry.  (4.31)

Equation (4.31) can also be ertten in the following form:

/ e%AQM(””"'”w)f(;v)dac

_ pn/2m © Nm/aM (6171-/4M) hl/ZMF(l + n)
2M l' 2M

)~ 5 o'
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where a‘% f(0) denotes the Iy, partial derivative of f at 0 in the direction
u, and

) oo O A\ [ )
Ry = hn/2Mem7r/4M Z Q(ewr/élM)lhlﬂMpl(ku)l
N

o= Az () 1= gpd Qg (dE). (4.33)

In the case where assumptions (1) and (2) are satisfied, we can prove the
asymptoticity of the expansion (4.31), indeed

Ry = hn/2M inm/4M (Z)Nll( z7r/4M)NhN/2M

N 1 1kupth1/2M ”/4Me 0°M Aong (u,...ou)
mJSno1

(ku)™ p" N dtdpd 1 pug (dk).  (4.34)
By assumptions (1), (2) and Fubini theorem, the latter is bounded by
A n nin C(N,M,n)_/n+ N
n/2 (n+N)/2M N, — ) )
Rul< 37 F(z) K N = (S )
If assumption (4.26) is satisfied, then the latter becomes

IRy| < %ﬂ_n/QF(g)71|h|(n+N)/2McNm—%

and the series has a positive radius of convergence, while if assumption
(4.27) holds, we get the estimate

Ry| < %w"/QF(g) B N2 N HT (14 %)

This bound, the analyticity of the function I(h) in a sector of the complex

plane of amplitude 7 (i.e. in Im(#) < 0) and Nevanlinna’s theorem 4.1 as-

sure the Borel summability of the power series expansion in h'/2M (4.25).

U

4.3 The stationary phase method. Infinite dimensional case

The implementation of an infinite dimensional version of the stationary
phase method allowing the study of the asymptotic behavior, when i — 0,
of infinite dimensional oscillatory integrals of form

/ e%q’(w)f(x)dx
H

is not trivial.
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The first results can be found in [16] and were further developed in [7]
and in [248]. The authors consider infinite dimensional oscillatory integrals
of the form

I(h) = / e (0T =3V (@) g (2 (4.35)
H

with V, g € F(H), T = I—L self-adjoint and invertible operator, L : H — H
of trace class. Under additional regularity assumptions on V' and g, it is
possible to prove that the phase function

B(x) = %@;, (I-LD)2)-V(z), zcH, (4.36)

has only non degenerate critical points, that the essential part in I(h) is a
C*® function of A and its asymptotic expansion at A = 0 depends only on
the derivatives of V and g at these critical points (see for instance [16, 7]).

The following lemma gives sufficient conditions for the existence and
uniqueness of a non degenerate stationary point of the phase function (4.36).

Lemma 4.1. [7] Let V € F(H), with

Vi(z) = /H @9 dy(y).

Let us assume that the measure |p|of variation of the measure u satisfies
the following inequality

||T*1||/H lyll*du(y)| < 1. (4.37)
Then there exists a unique a € H such that
®'(a) =Ta—V'(a) = 0.
Moreover ®"(a) is invertible.
Proof.
AsV'(z) = ifH ye\@ ¥ dy(y), from the triangle inequality

1T~V (@) = TV (y) < |77 /H 201 — e d]ul (2)

<1yl [P ). a9
- I e |41

As
N 7
Sin 3
t

}1_6#
t

<1,
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we have
1TV (@) =T~ V' (y) < ||z =yl T~ /H lyldlul ()] < [llz =yl

and by the contraction mapping principle, it follows that there exists a
unique a € H such that Ta — V'(a) = 0.
Concerning the study of the operator ®”(a), it is simple to see that

@"(a) =T - V"(a),

and that
V@@ =7 [ e dut), oz e
H
By condition (4.37), it follows that [|T-1V”(a)|| < 1, so T — V"(a) is
invertible. O

The following theorem gives sufficient conditions for the existence of
the asymptotic expansion of the integral (4.35) around a unique stationary
point of the phase function (4.36). It also states the Borel summability of
the asymptotic expansion. We skip here the proof, which is rather tech-
nical and involves a large amount of calculations, but we point out to the
interested reader the original paper of J. Rezende [248] for more details.

Theorem 4.4. [248] Let V, g € F(H), with
V() = / e dp(y),
H

g(x) :Ae“m’y)du(y). (4.39)

Let us assume that the measures p,v € M(H) admit finite moments of
all orders and there exist constants L, M,e > 0 such that the following
inequalities hold:

_ i _
/H [z]? d|p|(z) < L%, jEN, (4.40)

; 4! .
/wwammSM;, jeN, (4.41)
H

where |p|, |v| denote measure of variation of the measures p, v respectively.
Let us assume moreover that the constants L,e > 0 satisfy the following
inequality
2L T (3 +2V2) < € (4.42)
(T denoting the operator norm of T~1).
Then the following holds:
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(1) There is a unique point a € H such that V'(a) = Ta; T-V"(a) is of
trace class and its trace-norm || |1 satisfies the inequality

1T~V (a)||1 < 1.
(2) The infinite dimensional oscillatory integral I(h) given by Eq. (4.35) is
analytic in Im(h) < 0 and the function I*, given by
I*(h) = I(h)erV(@=zn(@Ta)  for Im(h) < 0, # 0,
is a continuous function of h in Im(h) < 0, with
I*(0) = det(T — V"(a))"?g(a),
where det(T'— V" (a)) is the Fredholm determinant of the operator (T —

V7(a)).

(8) I*(h) has the following asymptotic expansion and estimate
. m o0 _2)—/’1

h dtT_1/2§ hm(_i) E (7

I"(h) — de 2/ = nl(m+n)

/ / e Za +5)}f;":”f[eﬂa;aﬂdu(ane““@du(m

Jj=1

. 2m —n
= |I*(h) — det(T — V" (a Wth(——) Z%
n=0 " .

/ / T V()" 12 ( zn: aj + ﬂ) }Zn:n
j=1 ’

H i(a, a])d‘u(aj)ei(aﬁ>dy(ﬂ)‘

j=1
SN -1 —i—1/2
e M (T y TG 2y e Ly,
2 —V2)Vr @6 - 1v2) ¢ 2
where
(a:1+---+xn+y)frm)
= / / (1—t1) ... (L—t,))™ !
(s—mn m —1)!
(. pt, (b 4+ - -+ tpxn + )5 M)dE . dLy,

and
(T1,...,220) = (2n) o Z 1),%(2 (mo(2nfl)axo(2n))v

the summation being over all permutations o of {1,...,2n}.
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(4) The asymptotic expansion is Borel summable and determines I*(h)
uniquely.

As we have seen in the previous section, in the finite dimensional case, if
the phase function ® has several critical points, the asymptotic expansion
of the integral I(h) is just the sum over all the stationary points of the
corresponding expansion for each critical point (see theorem 4.2). In the
finite dimensional case this result is obtained by writing the function g as
a sum of functions, each one having compact support containing a unique
stationary point. In the infinite dimensional case the generalization of this
technique is not straightforward, as we do not know whether the integral
has an asymptotic expansion at all if condition (4.41) in theorem 4.4 is not
satisfied. Indeed the condition g(z) = [, e“ @V dy(y), with

. i
[ lelarl@) < %, e
H €
implies that there exists a A € RT such that

/ Ml d|y|(z) < oo (4.43)
H

By condition (4.43) it is simple to see that, if 2 = z 4 iy with z,y € H, the
function g defined on the complexification of the real Hilbert space H by

g(z)=/7_(ei<z"">d1/(a)

is analytic in ||ly|| < A, hence the support of g cannot be compact.

In order to overcome this problem, in [16] an alternative technique has
been implemented. Indeed by imposing suitable assumption on the function
V € F(H), it is possible to prove that there exists a decomposition of the
Hilbert space H into a direct sum H = H; ®Ho, with Hs finite dimensional
and the phase ® when restricted to H; presents a unique stationary point.
The oscillatory integral is then studied by means of Fubini theorem (see
theorem 2.7). We present here the results obtained in [16], where the case
T = I is handled. Analogous results can be obtained also for T' =1 — L
self-adjoint and invertible operator, L : H — H of trace class (see [7]).

Lemma 4.2. Let V € F(H), with V(z) = [, e @Y du(y), such that there
exists a A > 0 with ||u]| < A\? and

/ V2l gyl () < o0,
H
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Then there exists a decomposition H = Hi @ Ha, with finite dimensional
Ho, such that, with V(z) = V(y,z) for x = y @ z, V(y, 2) satisfies, as a
function of y, the following condition uniformly in z:

i/ e\/ix\l\ﬁlldmz“g) <1
A2 Hy

where
Vs = [ e @0du(9)
H1

Moreover the equation

diV(y,z) =y
has a unique solution y = b(z) for all z € Ha and the mapping z — b(z) is

real analytic from Ho — H;.

Proof. Let {P,} be a sequence of orthogonal projections on H with finite
dimensional ranges such that P, converges strongly to the identity. By
Lebesgue dominated convergence theorem

lim _/ VENIT=Pusl g 1| (y) /dlul

so there exists a finite dimensional projection operator P such that

i/ eV y=Pyll gl (y) < 1.
A2 Sy

Let us decompose H = Hi1 @ Hy = (I — P)H @ PH and introduce the
notation z = (y, z) for x = y ® z. The measure du(a) can be considered as
a measure du(f3,) on the product space H; x Ho, which is isomorphic as
a metric and as a measure space with H;, @ Ho. We then have

‘/'(y7 Z) = / €i<6’y>€i<’y’z>du(ﬁ, ’Y)
Hl ><H2

Let us denote with p, the measure on H; given by

F(B)dus () = / F(B)e T dpu(B,).
H1

H1 X Hz
Clearly we have

Viy.z) = /H B dp (),

moreover by the Minkowski inequality

/ VBBl gl /fxnandwﬂ ) <
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The last inequality implies that
[ sdn.is) <1
H1

and, as in the proof of the first part of lemma 4.1, this assures that for any
z € Ho, the equation

hV(y,2) =y
has a unique solution b(z):
d1V(b(z),2) = b(2) (4.44)

(where d1V (y, z) denotes the derivative of V (y, z) with respect to y.
In order to prove that b(z) is a smooth function from Hs to Hi, let us
take the derivative of Eq. (4.44):

d2V (b(2), 2)db(2) + d1daV (b(2), 2) = db(z). (4.45)
As
I3Vl < [ 1BRdll(9) <1
(I |l1 denoting the trace norm) we have that I —d2V (y, z) has a uniformly

bounded inverse and from Eq. (4.45)
db(z) = (I — d?V(b(2),2)) *d1daV (b(2), 2).

This proves that b(z) is uniformly continuous and bounded in z, so that
z — b(z) is a smooth mapping.

The assumptions on V implies that diV (y,z) is analytic in [Im(y)|? +
[Tm(z)|? < 2A? and since z is a regular solution of

d1V(b(z),2) = b(2)
it is possible to conclude that b(z) is real analytic from Hsy to H;. O

Lemma 4.3. Let V € F(H) satisfy the assumptions of lemma 4.2. Then
the equation

Viz)=ua

(V' being the Frechet derivative of the function V') has at most a discrete
set S of solutions, i.e. S has no limit points in H.
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Proof. Under the given assumptions, all the results of lemma 4.2 hold.
Let us consider the partial derivative daV (y, z) of V(y, z) with respect to
z, and the equation

A2V (b(z),2) = z. (4.46)

Since daV (y, z) is analytic in y and in z, the function z — daV(b(z2), 2) is
analytic on the finite dimensional space Hz. It follows that Eq. (4.46) has
at most a discrete set of solutions. ]

Theorem 4.5. Let H be a real separable Hilbert space, and V and g in
F(H), with

Vi) = [ e uty),
g(z) :/He“gc’y)cll/(y). (4.47)

Let us assume V. and g are C*° functions, i.e. all moments of p and v
exist. Moreover we assume H = Hy @ He where dim Hy < oo, and if
du(B,7),dv(B,7) are the measures on Hi X Ha given by p and v, then
there is a A such that ||u|| < A\? and

/ eV?MPld|u|(8,7) < oo, / V2 djy|(8,7) < oo.
H H

If the equation dV (x) = x has only a finite number of solutions x1,...,%,
on the support of the function g, such that none of the operators [—d?V (z;),
i=1,...,n, has zero as an eigenvalue, then the function

I(h):/eﬁ”gﬁﬂge*lﬁv(mg(x)dx
H

is of the following form

I(h) = Ze%}lllwkllkV(wk)Iz(h)j
k=1
where I} (R) k=1,...,n are C* functions of h such that
L (0) = 7 | det(T — d*V (k)| g ),

where ny is the number of negative eigenvalues of the operator d®V (xy)
which are larger than 1.
Moreover if V(z) is gentle, that is there exists a constant X\ > 0 with

]l < N2 and /He\/ﬁ”o‘”dm“a) < 00, (4.48)

then the solutions of equation dV (x) = x have no limit points.
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Proof. By applying lemma 4.2 to the Hilbert space Hi, we obtain a
decomposition H = H} @ Hb, with Hy C Hb and H) finite dimensional
such that with x = ¢ @ 2/, V(z) = V(y',2) satisfies, as a function of
y' € H}, the following condition uniformly in 2’ € Hj:

= LA < 55 [ MV <1 )

H), H
So, if necessary by using the decomposition H = H} @& H), instead of H =
‘H1 & Hz2, we may assume that, with the notation of the theorem,
1

) Lo
?/H MVl (5) < ﬁA@Aﬂ"B"dlul(ﬂ,v) <1 (4.50)

Condition (4.50) implies that the equation
diV(y,z) =y

has a unique solution y = b(z) and z — b(z) is a smooth mapping of H;
into Hs. By using the Fubini theorem for oscillatory integrals (theorem
2.7), I(h) is equal to

I(h):/ el b2 =7 V)2 1 (B, 2)do, (4.51)
Ho

i

2)2
with Iy(h, z) = e_ﬁ(%_v(b(z)’z))h(h, z) and

B(z) = [ eHIe 0y, (4.52)
1

It is now possible to prove that the Fresnel integral Io(%) on the infinite
dimensional Hilbert space H; is a C* function of % on the real line and it
is analytic in Im(%) < 0. Moreover

L(0) = [1 = diV (b(2), 2)| ~/?g(b(2), 2).

The integral I(%) is now given in terms of a finite dimensional oscillatory
integral on Hs and it can be studied by means of the classical method of
stationary phase for the asymptotic expansions of finite dimensional oscil-
latory integrals (see theorem 4.2).
Since the solutions of the equation

A2V (b(2),2) = = (4.53)
form a discrete set, there exists a partition of unity

1= ¢;(z), z€H,
J
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by smooth functions ¢; : Ha — [0,1] of compact support such that only
one solution of Eq. (4.53) is contained in the support of each ¢;. One has
then to study the asymptotics of integrals of the form

i

I(h) = / e llel Bb @ AV O D (N (h 2)dz,  (454)
Ha

with ¢ with compact support containing only one solution of Eq. (4.53).
As from the assumptions of the theorem it follows that

N
™ .
B, 2) = Y7 1™ (0.2)] < " C,
m=0 ’

with Cy independent on z, up to terms of order |h|V*! the integral (4.54)
may be written as

i

/ eI b2 RV (2).2) ) 10 (0, 2) .
Ha

It is then enough to study the asymptotic behavior of the integrals

/ e 1217 2 b =R V()2 g () 1{™)(0, 2)dz,
Ha
which is determined by the solutions of the equation d®(z) = 0, with
1 1
B(2) = el + g0~ V(b(e),2), e
As
d®(z) = z + b(2)db(z) — d1V (b(2), 2)db(z) — d2V (b(z2), 2),
and b(z) = d1(b(2), z), we have that
d®(2) = z — daV(b(2), 2),

so that the critical points are the solutions of Eq. (4.53) and, by construc-
tion, the support of ¢ contains only one of them, which will be denoted by
c¢. By denoting b = b(c) and a = (b, ¢) it is easy to verify that a is a solution
of dV(z) =
By computing d?®(c), we have:

d?®(2) = 1 — dad, V(b(2), 2)db(z) — d2V (b(2), 2).
Since b(z) = d1V (b(2), z), by differentiating we get

db(z) = 2V (b(2), 2)db(2) + d1d2V (b(2), 2).
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By lemma 4.2, I — d?V (b(2), z) has a bounded inverse, so that
db(z) = (I — A2V (b(2),2)) td1daV (b(2), 2),
hence
d?®(c) = 1 — dod1 V(a)(I — d3V (a))"tdydaV (a) — d3V (a).
Let us consider a vector £ € Ha, such that d?®(c)¢ = 0. By defining n € H;
as
—(I = diV(a)"'did2V (a)€,
and ¢ = (n,£), we have that
(I = d*V(a))C =0,
as this is equivalent to

(I —d3V(a))n + did2V (a)¢ = 0,

dod, V(a)n + (I — d3V (a))€ = 0.

If for some ¢ € H, (I —d*V(a))¢ = 0, then d*®(c)¢ = 0, where £ is the
projection of ¢ on Hy. So the condition of non degeneracy of d2®(c) is
equivalent to the condition of non degeneracy of (I — d?V (a)). Moreover

det(d?®(c)) = det(I — d3V (a)) "' det(I — d*V(a)).

So, if I —d?V(a) is not degenerate, the integral (4.54) is a C°° function of &
and its asymptotic behavior can be studied by means of the classical method
of the stationary phase in the (simplest) non degenerate case (theorem 4.2)
and obtaining, by summing all contributions given by the stationary points,
the final result:

Z o lzwll® ~ V@) (),

k=1

I;(0) = e T ™| det(I — d?V (z1,))| "2 g(x1). -

If some critical point of the phase function is degenerate, the study
of the asymptotic behavior of the oscillatory integral I(h) in Eq. (4.35)
becomes more complicated. Indeed, as we we know from the case of a finite
dimensional Hilbert space H, in this situation it is possible that the integral
I(R), divided by the above leading term, will not tend to a limit as 7 — 0.
A possible approach to the study of this situation can be found for instance
in the work of Duistermaat [110] and has been generalized in [16] to case
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where the integration is performed in an infinite dimensional setting. The
problem is solved by letting the functions V' and g depend on an additional
parameter y € R, for suitable k, and to study, instead of

I(h,y) =/e%”gﬁ”Qe’%V”’y)g(m,y)dﬂv
H

an oscillatory integral of a larger Hilbert space of the following form:

ef%wy)X(y)/ 371 =4V @) g (1 o)y,
H

(4.55)
where 9 and x are C* functions and y has a compact support. It is also
required that the applications

y_>V(7y)u yERka

I(h, ) = (2mih)*/? /

Rk

y—g(-y), yeRk

are O functions from R¥ to F(H) in the strong topology. By the Fubini
theorem (2.7) the integral (4.55) can be regarded as an oscillatory integral
on ‘H & RF, with a new phase function ® given by

B(r,y) = gllal ~ Viw,y) ~wl).  (ry) e HORE

The key point is the non degeneracy of the critical point of this new phase
function. Indeed, by the Morse theorem, the set of functions V'(z) such that
2]lz||>— V (2) has only non degenerate critical points form a open and dense
set in the space of all C'° functions and the complement is in a natural
sense of codimension 1. In other words, the case of degenerate critical
points is unstable in the sense that degenerate critical points will disappear
under arbitrary small perturbations (in the sense of the C* topology). We
refer to [110] and to [16] for a detailed discussion of this elegant technique,
which involves an amount of differential geometry and allows eventually to
prove an expression for the leading term in the asymptotic expansion of
the integral (4.55) involving only objects and quantities with an intrinsic
geometrical meaning.

A different approach to the study of the degeneracies is described in in
[7] and [6], where some particular examples are handled. In particular in [7],
by applying the Fubini theorem for infinite dimensional oscillatory integrals
(theorem 2.7), the authors reduce to the study of the degeneracy on a finite
dimensional subspace of the Hilbert space H and apply the existing theory
for finite dimensional oscillatory integrals. In fact they assume that the
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phase function 3 (z,Tz) — V (z) has the point z. = 0 as a unique stationary
point, which is degenerate, ie.

Z :=Ker(T — d*V)(0) # {0}.
Under suitable assumptions on 7" and V, they prove that Z is finite di-
mensional. By taking the subspace Y = T'(Z1) and applying the Fubini
theorem 2.7 one has

I(h) :/HeZL“‘“T"”)e*%V(””)g(x)dx

= C’T/ 62%<Z’T2z>/ 2w Tiw)e V(y+z)g(y + 2)dydz, (4.56)
z Y

where 17 and T3 are defined by

Ty=(myoT)(y), yEeY,

Toz = (mz o T)(2), z € Z,
and Cp = (detT)~Y2(det T1)'/?(det T»)'/?. By assuming that V,g €
F(H), V = i and g = ¥, and under some growth conditions on g and
v, one has that the phase function

1
yH§<y,T1y>—V(y+Z)7 yevy,

of the oscillatory integral on Y

J(z,h) = /Ye#y’we_%v(y“)g(y +2)dy

has only one non degenerate stationary point a(z) € Y. By applying then
the theory developed for the non degenerate case one has
J(z, h) = ezr(a(2)Tra() =5 VIa(2)+2) 1= (5 B,

J*(2,0) = [det(Tl—?T‘y/(a(z)—&—z))}_lﬂg(a(z)—kz).

As I(h fZ en®(2) J* (2, h)dz, where

D(z2) = %(z, Toz) + %(a(z),Tw(z)) —Via(z) + 2),

the main ingredient for the asymptotic behavior of I (%) comes from J*(z,0).
The phase function ® has z = 0 as a unique degenerate critical point
and, by applying the theory for asymptotic behavior for finite dimensional
oscillatory integrals [165], one has to 1nvebt1gate the higher derivatives of ®
at 0. For example if dim(Z) = 1 and 683‘2/( ) # 0 then
I(h) ~Ch~ Y6 as h—0.

More generally it is possible to handle other cases, taking into account the
classification of different types of degeneracies (see, e.g., [45, 44]).
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4.4 The semiclassical limit of quantum mechanics

The techniques and the results of the previous sections as well as the infi-
nite dimensional oscillatory integral representation for the solution of the
Schrodinger equation ¥(t, ) (theorem 3.2) allow the rigorous study of the
semiclassical limit of ¥(¢,x), i.e. the detailed behavior of the wave func-
tion and other quantum mechanical quantities when the Planck constant is
regarded as a small parameter converging to 0.

This result is particularly important, as one of the most fascinating fea-
tures of Feynman path integrals is their power to link, at least heuristically,
quantum and classical mechanics. As the formal expression of the Feynman
path integral representation for the solution of the Schréodinger equation

Bty ) = / R0,
y(t)=x

suggests, according to the stationary phase method as i | 0 the leading
contribution to the asymptotic behavior of ¢ (t, ) should come from those
paths v which make stationary the action functional Si(y). These, by
Hamilton’s least action principle, are exactly the classical orbits of the
system.

The problem of the way quantum mechanics, and in particu-
lar the solution of the Schrodinger equation, approaches classical
mechanics has been studied in different ways by several authors
[221, 223, 119, 48, 57, 97, 102, 136, 135, 161, 252, 257, 281, 286] (we
only mention some of them without any claim of completeness).

First rigorous results concerning the application of the stationary phase
method for infinite dimensional oscillatory (Fresnel) integrals to the study
of the semiclassical limit of the solution of the Schrédinger equation can be
found in the pioneering paper [16], where it is assumed that the potential
belongs to the class F(R?). By applying the general results concerning the
infinite dimensional stationary phase method and the theory of Lagrangian
manifolds, in the spirit of the geometrical analysis of oscillatory integrals
and their asymptotics made in [110], the authors provide an alternative
(Feynman path integral) derivation of Maslov’s results on the semiclassical
asymptotics of the solution of the Schrodinger equation [223]. Part of these
results are generalized in [7, 5], by means of slightly different methods, to
the case where the potential is the sum of a quadratic function and a smooth
function in F(R?), providing not only the leading term, but also the higher
order terms of the asymptotic expansion as well as a good control on the
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remainder. The authors consider a particular but physically relevant form
for the initial wave function:

Yol(x) = en® @ gy(z), (4.57)
where S is real and Sy, ¢o € F(R?) are independent of 4. This initial data
corresponds to an initial particle distribution with density po(x) = |¢o|?(z)
and to a limiting value of the density of the probability current Jr—¢ =
S4(x)po(z)/m, giving an initial particle flux associated to the velocity field
So(x)/m (S} stands for the gradient of Sp).

In [7, 5] the authors consider the Schrodinger equation

2
ih%w(t,x) = —;—mA¢(t,m)+%x92mw(t,x)+vo(x)¢(t,a:), t>0,2 € RY
(4.58)

(where Q2 is a positive symmetric linear operator in R? and V; € F(RY))
and provide first of all an infinite dimensional oscillatory integral represen-
tation of the solution of the initial value problem, which is similar to that
presented in theorem 3.2.

Let us assume that det(cos(t€2)) # 0 and let 3; , be the unique solution
of the boundary value problem

Bls)+Q%B(s) =0,  0<s<t,

p0) =0, B(t) ==
Let H; denote the Cameron-Martin Hilbert space, that is the Sobolev
space of absolutely continuous functions + : [0,#] — R?, such that v(t) = 0,
with square integrable weak derivative 7:

t
/ () 2ds < oo,
0

endowed with the inner product

(71,72) = /0 A1(s) - A2 (s)ds.

Let L : Hy — H; be the self-adjoint linear operator defined by equation
(3.5). Analogously to what has been done in theorem 3.2, by assuming that
the initial datum is of the form (4.57), it is possible to prove [16, 7] that
the solution of the Schrédinger equation is given by the infinite dimensional
oscillatory integral:

h — o~ patan(Qt)Qx 27 (0 I=L)7) p= % o Vo(y(s)+Bs,2(5))ds
P (t,x) =e e e
He

e SO0 ON 0 (3(0) + Br.0(0))dy, - (4.59)
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where the superscript h stresses the dependence on the variable A € Rt.
Equation (4.59) is more convenient than representation (3.16) for the study
of the semiclassical asymptotics of ¥"(t,2) as h — 0, as it points out the
role of the classical path (3 ..

For the study of the asymptotic behavior of the integral (4.59) one
has first of all to determine the stationary points of the phase functional
® : Hy — R, which is given by

®(1) = 3ll-3 | ()9 (s tan( @00 [ Vo(3(s)+8,0(5)ds
+S0(2(0) + Bi(0). (460

Under the assumption that Vg, So € C?(R?), it is possible to compute the
first and the second Fréchet derivative of the functional ®:

' (7)(8) = (7,6) - / +(5)0226(s)ds / VU(1(5) + Bra(s))3(s)ds
+ 55(7(0) 4 B+,(0))5(0), 7,6 € Hy  (4.61)

() (01,02) = <51,52>—/0 01(5)202(s)ds+ S5 (7(0) +B.,2(0))81 (0)82(0)

t
[ VG + B (DB (a(o)ds, b M. (162)
0
By means of Eq. (4.61) it is not difficult to verify the following result:

Lemma 4.4. [5] let Vy, Sy € C?(R%). Then the function ® : H; — R
defined by Eq. (4.60) is of class C?. Moreover, for v € Hy, ®'(v) = 0 iff v
is a solution of

F(s) + Q% (s) + V§(v(s) + Brx(s)) = 0, 0<s<t, (4.63)

7(0) = So(7(0) + Be.2(0)),  ~(t) =0.
Equivalently, x(s) := v(s) + Br.o(s) is a solution of
X(s) + @°x(s) + Vi(x(s)) =0,  0<s<t, (4.64)

X(0) = S5(x(0)),  x(t) ==

Remark 4.7. One can easily recognize in the function y the “classical
path”.
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For the study of the degeneracy of the critical points ~., one has to deter-
mine the spectrum of Hessian of the phase function evaluated in .. Let
the operator A : Hy — H; be defined by

I+A= CI)H(PY)v
i.e. for 51, 0o € Hy

51,A52 / (51 9252 dS—/ ( ())51( )52(8)d8

+ S (x(0))61(0)02(0),  (4.65)

(x being the solution of Eq. (4.63)).

The following lemma reduces the computation of the Fredholm determi-
nant of the operator ®”(v), to the solution of a finite dimensional Cauchy
problem.

Lemma 4.5. The linear operator A : Hy — H; defined by Eq. (4.65) is
uniquely determined by the following conditions.

For n € Hy, An is the unique solution to the following boundary value
problem:

(An)(s) = p(s)n(s), 0<s<t,

(An)(0) = =Qn(0),  (An)(t) =0,

where
p(s) = Q% + V5 (x()),
Q = Sy (x(0)).
Moreover

det(I + A) = det ®"(y) = det K (t),

where K(s) is a (matriz valued) solution to the following second order equa-
tion

K(s)+p(s)K(s) =0,  s>0, (4.66)

and v € He, X =7+ Bt,z-

Proof. For a detailed proof see [5], theorem 2.1, which is based on an
idea of [109] and to the Hadamard Factorization Theorem. O
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Equation (4.66) is a second order linear equation with non-constant coeffi-
cients, hence at a first glance its solution could seem an ardours task. On
the other hand the following argument provides a simple technique for the
construction of the solution.

Let y(s,xo), for s > 0, be the unique solution to

i(s) + Q%y(s) + Vg (y(s) =0,  s>0, (4.67)

y(0) =zo, 9(0) = Sp(xo).

Let

Y(s) =Y (s,z0) := ;—jo(s,xo).

It is simple to verify that Y(s), for s > 0, is the unique solution to

2
V) + (97 + Vi (yls,20)Y (5) =,

This implies the following result.

Lemma 4.6. If y € Hy, x =7+ B¢, xz. Then
Jy
" _
det @ () = det (—8% (t, xo)).

As lemma 4.6 states, given a critical point 7. of the phase function ®,
the non degeneracy condition, i.e. det®”(y.) # 0 is equivalent to the

non vanishing of the quantity det (aa—fo(t, xo)). For the importance of this
concept, let us introduce the definition of focal and nonfocal point.

Definition 4.6. A time-space point (¢, ) is called nonfocal if for any x( €
R? and for any solution y(-,7¢) to Eq. (4.67) such that y(¢,z0) = x the
following holds:

det (;—y(t,mo)) £0.

Zo

If this condition is not satisfied for some zy € R¢, the time-space point
(t,x) is called focal.
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Moreover, by Morse theorem (see [227], theorem 15.1), the index of the
operator ®”(v), with ~ solution of Eq. (4.63), is equal to the Morse-Maslov
index of the curve x solution of Eq. (4.64) (see also [42]).

The following result is an application of theorem 4.4 to the study of the
asymptotics of the oscillatory integral (4.59) and handles the case where
the phase function has a unique stationary point.

Theorem 4.6. [5] Let ¢"(t,z) (given by the oscillatory integral (4.59)) be
the unique solution of the Schrédinger equation (4.58) and initial condition
Yo of the form (4.57). Assume that

Vo=fho, So=060, ¢o=0p€FRY,
and for some K;,¢; > 0,i=1,2,3,

, ! .
[ wldulo) < &5, e
Rd €

with gy = po, p2 = oo, U3 = 1.
Let L : Hy — Hy be the operator defined by Eq. (3.5). Assume that

1\ w .
t;«é(n+§)9—j, neN j+1,...,d, (4.68)

where §;, for j = 1,...,d are the eigenvalues of the operator Q. Then
(I — L)™' exists and it is bounded. Let us put

K=K+ Ko, G:M,

Vit

let us assume that

234+ 2V2)K|(I - L) e 2 <1. (4.69)
Then there exists a unique path 5y € Hy making stationary the phase func-
tion @, i.e.

?'(7) =0,

where ® is given by Eq. (4.60) and its Frechet derivative by Eq. (4.61). Let
v € R and put x == + Bi.u, i.c.

() =3(5) + Brals),  0<s<t
then x is a solution of the boundary value problem (4.64). Let m(x) denote
the Maslov (or Morse) index of the curve x. then, as i | 0, the following
asymptotic formula for the integral (4.59) holds:

—1/2

W), o] oo +0m)
— ot (fot [X(s)|?ds/2— [§ x(5)2%x(s)ds/2— [ Vo(X(S)ds+So(x(0))

e 5o 2T o | oo + o) (10)
0

where y(t, zo) is the unique solution of the Cauchy problem (4.67).

Pt x) = e%@(ﬁ)e_%rm‘ det
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Proof. By lemma 3.1, if condition (4.68) is satisfied, the operator L given

by Eq. (3.5) is such that (I — L)~! exists and it is bounded. In this case

we have the the matrix cos(€2t) is non singular and tan(Qt) is well defined.
Let us put

W(y) = /0 Vo(v(s) + Bra(s))ds — So(7(0) + Br.2(0)), v € Hy. (4.71)

By reasoning as in the proof of lemma 3.3, it is easy to verify that W = [,
with u € M(H;). Moreover the following holds:

Jd <tJ/2/ Jd / Jd
[ i) oPdoolt) + S [ Pl

and
[, e < x5 (1.72)
Since the integral ¥"(¢, 2) can be written as:
V(L z) =e ﬁztan(ﬂt)ﬂwj/eﬁ<%(1—L)v>e—%W(v)g(7)d% (4.73)
H,
with
9(7) = ¢0(¥(0) + Ft,2(0)), (4.74)

and inequality (4.69) holds by assumption, we can apply theorem 4.4 and
conclude that there exists a unique stationary point 4 € H; of the phase
function and

Wh(t,z) = en ) (det 3 ()72 g(a) + O(h) (4.75)
where
t t t
- / X(s)Pds/2 - / X(5)2x(s)ds/2 — / Vo(x())ds + So(x(0)-
The final result follows from lemma 4.6 O

Analogously to what is done in theorem 4.4, where the complete asymptotic
expansion of the oscillatory integral I(h) in powers of /i is provided as well
as a good control on the remainder, it is possible to compute not only the
first term in the expansion of ¥"(t,z). Indeed it is possible to prove (see
[5, 7] in the case where the phase function has a unique stationary point
7, that

i

W (t,x) = eF I (R),
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with I* (%) being a C* function of & € R, and
n—1
I"(h) =) a; + Ru(h),
7=0

where the coefficients «; of the expansions depend on 2 as well as the
derivatives of Vjy, Sp, ¢g, and

[Rn(R)] < Cn| "

for suitable coefficients C,, and |A| sufficiently small.

The assumption (4.69) in theorem 4.6 assures that the phase function
® has a unique stationary point. Following [5], it is worthwhile to give also
some weaker conditions assuring that the set of critical points is not empty
and finite.

Lemma 4.7. Let us assume that the operator (I — L) is invertible and the
functions Vo, Sy are C' with bounded derivative. Then the number of non
degenerate stationary points of the phase function ® is finite.

Lemma 4.8. Let us assume that the functions Vi, So are bounded C* func-
tions with bounded derivatives. Then there exists at least a stationary point
of the phase function ®

For a proof of both lemmas we refer to the original paper [5]. The next
theorem handles the case where the phase function ® has a finite number
of non degenerate stationary points and can be seen as an application of
theorem 4.5 (see also theorems 3.7, 4.1 and 5.4 in [7]).

Theorem 4.7. [5] Let us assume that
Vo =fio, So=60, ¢o=70o€F(RY,
and for some K;,¢; > 0,i=1,2,3,

, 5! .
[ wldulo) < &5, e
Rd €

with gy = po, p2 = oo, U3 = 1.
Let L : Hy — Hy be the operator defined by Eq. (3.5). Assume that
1
t#(n+—)1, neN,j+1,....d (4.76)
2/Q;
where §;, for j = 1,...,d are the eigenvalues of the operator Q. Then
(I — L)~! exists and it is bounded.
Let the point (t,x) be nonfocal.
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Then there exists a finite number of solutions x1,...,Xn to the problem
4.64 and the solution " (t,z) of the Schrédinger equation (4.58) has the
following asymptotic representation as h | 0:

¢h(t,$) _ Ze%(.fot %5 (s)1Pds/2— [§ x5 ()% x; (s)ds/2— [ VD(XJ(S)dS+SD(Xj(0))
j=1

%ﬁ' " b0 () + O . (4.77)

If some critical point of the phase function is degenerate, or, in other
words, if the time-space point (¢, x) is focal, then the problem can be solved
by reducing the study of the degeneracy to a finite dimensional subspace
of H;, in the way described at the end of section 4.3.

Particular examples are handled in [5, 6]. In the next section we shall
describe the application of this technique to the study of the trace of the
Schrédinger group. We present briefly here some results concerning the
solution of the Schrodinger equation.

Let us assume that the space dimension d is less or equal then 3 and
that the following inequalities are satisfied

det sin(Qt) # 0 det cos(Q2t) #£ 0. (4.78)
By lemma 3.1, the second condition assures that the operator (I — L) is
invertible. Let us consider the solution of the Schrodinger equation given in
terms of the infinite dimensional oscillatory integral ¥"(t,x) (Eq. (4.59)).
Let us introduce the subspaces of H;:
Y = {v € H; : v(0) = 0},
Z = {y €Hy:7(s) =sinQ(s — t)z for some z € R?}. (4.79)
It is easy to verify that (I — L)Y C Z+. Let us denote by IIy and Il
the orthogonal projections of H; onto Y and Z and by 77 : ¥ — Y and
Ty : Z — Z the linear operators defined by
Ty =1y o T}y, Ty =11z 0Tg,
where T : H; — H; is given by T'=1 — L.
By applying the Fubini theorem 2.7 to the oscillatory integral (4.59), or
equivalently (4.73), we have

AT o
6_2"7‘7

det

/ ez TN e~ 2 W g(y)dy
Hi

= CT/ e%(C,TzO/ez%(mﬂme*%w(@rn)g(g_,_n)dndc (4.80)
z Y
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where W : H; — R is given by Eq. (4.71) and ¢ : H — C by Eq. (4.74),
while the constant Cr is given by

COr = (det T)~Y/2(det Ty) Y2 (det Ty) /2
and it is equal to
Cr = 2(sin® QH(Qt) "1 (20t + sin20t) 1) /2.

As n(0) = 0, equation (4.80) becomes

/ ez (T e~ 5 W) g (y)dry
He

= CT/e%ﬁ(QTzC)e%S(C) (/ ezLﬁ(me)e*%V(CJrn)dn)g(OdC (4.81)
z Y

where S(¢) = So(¢(0) + Bra(0)), and V(¢ +n) = [y Vo(C(s) + n(s) +
Bt.x(s))ds. The key point is the fact that the integral over Z is a finite
dimensional oscillatory integral and the classical results of the stationary
phase method for finite dimensional oscillatory integrals apply [164].

By assuming that the functions V¢ : Y — R, with ( € Z, given by

%W%=AYMQ$+M$+m@@M& ney,

satisfy assumptions analogous to Eq. (4.40) and Eq. (4.42), i.e.

) i
[ vl < 2.5,
Y €

L\t
%2(3%\&) <1,

uniformly in { € Z, one has that the phase function ®¢ : Y — R, given by

1
Qc(n) = §<n,T177> - V(n+¢), ney,

has a unique non degenerate stationary point a(¢) € Y. Moreover

/ ez (T =3V (Etn) gy — o7 2 (@(Q) 7% (p, (),
Y

with J* being a C*° function of & € R such that

J*(0,¢) = (det ¢ (a(¢)) /2.
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The solution of the Schrodinger equation is then given in terms of the
following oscillatory integral on a d dimensional space Z:

D) = CTef%actan(Qt)Qz/62%(C7T2C>G%S(C)e%‘P((G(C))J*(h’ O)g(¢)d¢

z (4.82)
with a phase function ® : Z — R equal to
Q)= O T0 + 5O + lalQ)), (€7 (18

and the theory of asymptotic expansions of finite dimensional oscillatory
integrals (with degenerate critical points) [110, 41] can be applied. In par-
ticular, if ® has a degenerate critical point, i.e. if the time-space point (¢, x)
is focal, and if the space dimension d is less or equal then 3, then there ex-
ists a complete classification of the types of the possible degeneracies [144]
and the asymptotics of the integral (4.82) is of the form.

Yt )~k RO,

where 8 € Q, 8 > 0, is called Coxeter number and depends on the type of
degeneracy [43].

4.5 The trace formula

The study of the connections between quantum and classical quantities is
very old and goes back to the very origin of the quantum theory: it is
sufficient to think for instance to the Bohr quantization rules, relating the
spectrum of the energy operator to the volume in the phase space enclosed
by the classical periodic orbits of the system. The interest in this kind of
relations has been renewed in recent years since, according to the theory
of quantum chaos, the study of the distribution of the energy eigenvalues
of a given quantum mechanical system should reflect that the underlying
classical system is integrable (resp. chaotic) [152]. Particularly interesting
is an (heuristic) trace formula connecting the semiclassical asymptotics for
h | 0 of trace of the Schrédinger group Tr(e*%Ht) to the classical periodic
orbits of the system. One can look at this as a quantum analogue of Selberg
trace formula, relating the trace of the heat kernel on manifolds of constant
negative curvature with the periodic geodesics [77, 167].

The first rigorous Feynman path integral derivation of the trace formula
for the Schrédinger group and the study of its singularities as a function of
the time variable can be found in [4], see also [2, 3]. Part of those results are
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generalized in [8, 6], where it is shown that in this particular problem the
degenerate stationary points of the phase function of the Feynman integral
play a fundamental role. Recently in [33, 34] some interesting results on
the degenerate case have been applied to the study of a trace formula for
the heat semigroup with a polynomial potential. In the present section we
give some details of the results of [8, 6].

Let V5 be a bounded real function belonging to F(R%) and Q2 > 0 a
positive symmetric d x d matrix and let us consider an anharmonic oscillator
Hamiltonian of the following form

hQ

1
H = —7A + 51‘9233 + VO(QZ‘),

with domain
D(H) = {1 € W*2(R), / 4 (2) |2 da < oo}
Rd

It is well known [246] that H is a self-adjoint operator on L2(R?), it has
a pure point spectrum and, by applying theorem 10.5 in [263] and Taube-
rian theorem, it follows that for some 3 > 0 its eigenvalues \,, satisfy the
following inequality:

lim inf )\—" > 0.

n— o0 nﬁ

This relation implies that the trace of the unitary group generated by iH,
ie. Tr(e_%Ht) is, as a function of ¢, a well defined distribution over R.

Let ‘H, : be the Hilbert space of periodic functions v € H1(0,¢;R?) such
that ~v(0) = ~v(t), with norm

mﬁa[w#w+42@m&

Let @ : H, ; — R denote the phase function

1 t ) t
o) =3 [ 36— [ G ver. @8y
where
Vi(z) = %xQQx + W(x), z € R%

Let us consider the infinite dimensional oscillatory integral on H,, ;

——

(4 h) = / AP0 gy, (4.85)
Hp,t

D,
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The integral (4.85) can also be written in the following form

—

I(t,h) = / ez (UL =7V gy, (4.86)
H

p,t

where L : Hy,; — Hp: is a self-adjoint trace class operator, given by:

= t $)0%~(s)ds t s)|?ds : .
<%L7>—/07()97()d +/0|7<>|d7 vEH,  (487)

and V : H,; — R is equal to

Viy) = / Vo(y(s)ds, € Hy.

As Vo € F(RY), it is not difficult to verify that I(t,h) is well defined,
provided that (I — L) : Hp: — Hp: is an invertible operator on H, ;.
Moreover the following holds.

Theorem 4.8. [6] Let us assume that the time variable t satisfies the fol-
lowing condition

det sin (gQ) # 0.
Then the infinite dimensional oscillatory integral (4.85) is well defined and

the function t — I(t,h) is of class C*° on the subset Dq of the real line
defined by

Dq = {t : detsin (%Q) # 0}.

Moreover the trace of the Schrddinger group Tr(e’%Ht) is a well defined
distribution over (0,00), a C™ function on Dq and it is equal to

Te(e #H) = (2(cosht — 1)) ~"?I(t, h). (4.88)

Proof. For a detailed proof we refer to [6]. The definition and the regu-
larity properties of the oscillatory integral I(¢, ) can be proved by means
of the general theory (see chapter 2, in particular theorem 2.5). The proof
of equation (4.88) is based on an analytic continuation technique and on
the proof of an analogous equality for the trace of the corresponding heat
semigroup. O

According to Eq. (4.88), the study of the semiclassical limit of the trace
of the Schrédinger group Tr(e™#*) is reduced to the study of the asymp-
totic behavior of the integral in the limit A | 0.
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If Vi : R = R is of class C?, then one proves that the functional ® is
of class C? and a path v € H,; is a stationary point for ® if and only if y
is a solution of the Newton equation

J(s)+Vi(v(s)) =0, s€0,1] (4.89)
satisfying the periodic conditions

7(0) =~(@),  A(0) =5(). (4.90)

Concerning the second Frechet derivative of the phase function @, it is
possible to prove that, given a vector v € H, ¢, the operator ®”(v) : Hp —
Hp,: is defined by ®”(v) = I + L, where u = L¢ if and only if u satisfies
Eq. (4.90) and

ii(s) — u(s) = (V{"(v(s)) + 1) ¢(s), 0<s<t. (4.91)

The symmetry of L. can be easily verified, moreover the regularity of the so-
lutions of Eq. (4.91) implies that the range of L., is contained in H3(0,¢; R%)
and L, is a trace-class operator.

A first example of stationary path of the phase ® can easily be found if
the potential V; admits critical points ¢;, j = 1,...,m. Indeed in this case
the functions ~.,, given by

Ve; (S) = Cj, s € [Oat]a

is a periodic solution of Eq. (4.89). Moreover the Fredholm determinant of
" (v,,) is given by (see [6], proposition 2.11)

det ®” (e, ) = det ((cosht = 1) (cos(ty/V{'(¢;)) — 1))

From this equality we can easily see that the stationary point 7., is non
degenerate if and only if cos(ty/V{'(¢;)) — 1 # 0.

Besides the “trivial” solution of the equations (4.89) and (4.90), there
can be also other stationary points of @, that are degenerate. Indeed the
following holds

Theorem 4.9. Let v € Hy,; be a non-constant solution of Eq. (4.89) and
Eq. (4.90). Then Ker(®"(v)) # {0}. In particular:

"(7)(%) = 0.

Proof. [111, 6] Let us introduce the Cy-group of linearly unitary trans-
formations in Hp +:

G:v(s) =A(s+ 1), s€0,t], TeER, v € Hpy,
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where 7 is the unique extension of v to a t-periodic continuous function on
R. One can see that ® is invariant under the action of G, i.e. Po G, = .
Let us define 7, := G, and by the chain rule we have:

¥(3,) 0 Gr = d,(®0Gr) = d,(®) =0,
From this we can conclude that ®’(v,) = 0. Hence
N ' _
lim ~0/(5,) — #/(7) =0,
but the last limit is equal to
d

(1) (7 ($)1e0) = ")) .

The proof of theorem 4.9 shows that if v € H,,; is a non-constant solu-
tion of Eq. (4.89) and Eq. (4.90), then + is not only a degenerate stationary
point, but it is also non isolated as for each 7 € [0,¢] the path v, is also
a degenerate stationary point of ®. In particular, the set of degenerate
stationary points

{’V‘ra TE [Ovt]}

is a compact manifold diffeomorphic to the circle S*.
The following result is an extension to this setting of the classical Morse
theorem about non-degenerate critical points.

Theorem 4.10. [6] Let v € Hy: be a degenerate stationary point of @
satisfying the following condition

dim Ker ®” () = 1. (4.92)
then the set
{vr, T€[0,t]}

is isolated within the set of all stationary points of ®, i.e., there is € > 0
such that if ¢ € Hpy satisfies |¢ — .|| < € for some 7 € R, and ®'(¢) =0,
then ¢ = 5 for some s € R.

Proof. Let
Z =Ker®"(v) ={ay, a e R} C Hp,

and let Y := Z* be the orthogonal complement of Z in Hp,t. By equation
(4.91), the operator ®” () is compact and self-adjoint. By the Fredholm
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alternative theorem it follows that ®”(y) maps injectively Y onto Y.
Let F: Y — R be defined by

F)=2(y+v¢), v¢eY.

Denoted by j : Y — H) ¢ the natural embedding map and by j* : H,; — Y
its dual operator, we have that F"(0) = j* o ®” o j is a linear isomorphism
of Y. By the implicit function theorem, there is an ¢y > 0 such that for any
n €Y, with ||n]] < €, we have F’(n) # 0. By the tubular neighborhood
theorem [228], the set

Wey := User{ys + Gsn :n €Y, 0]l < e}

is an open neighborhood of the manifold 4 := {v,, 7 € [0,¢]}, and there
exists an € € (0, €p) such that the open neighborhood W, (%)

W (%) :={& € Hp, : dist(€,7) < €}

is included in W,,. It is then possible to see that ® # 0 on W.(%). Indeed
if ®(v) = 0 for ¢ = v5 + G for some s € R and some 1 € Y such that
[Inll < €, then, since ®oG_; = ®, we have that &' (G_s(ys+Gsn)) = 0. On
the other hand, G_s(vs + Gsn) = v +n, G_s(n) € Y. Therefore F'(n) =0
and this gives n = 0. O

The results stated so far concerning the stationary points of the phase
function ® : H,: — R are valid for a general ® of the form (4.84). Let
us now consider the particular case where the potential is of the following
form

1
Vi(z) = 59692;16 + Wo(x), z € RY (4.93)

with Vj real bounded and V, € F(R?).
In [6] V1 is also assumed to satisfy the following conditions:

(1) V4 has a finite number critical points ¢1,. .., ¢y, and each of them is
non degenerate, i.e.

det V' (¢;) # 0, j=1,...m.

(2) t > 0 is such that the function ~.,, given by v, (s) = ¢;, s € [0,], is a
non degenerate stationary point for ®;

(3) any non constant t—periodic solution v of Eq. (4.89) and Eq. (4.90)
is a “non degenerate periodic solution”, in the sense of [111], i.e.
dim ker ®"(y) = 1.
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Then by theorems 4.9 and 4.10, the set M of stationary points of the phase
function @ is a disjoint union of the following form:

T
M=A{xc,...,x, } U U My,
k=1

where x.,, i = 1,...m, are non degenerate and M}, are manifolds (diffeo-
morphic to S*) of degenerate stationary points, on which the phase function
is constant. Under some growth conditions on Vj it is also possible to com-
pute the asymptotic behavior as 7 — 0 of the trace of the Schrodinger
group, or, equivalently (see Eq. (4.88)), of the infinite dimensional oscilla-
tory integral I(t, h).

Theorem 4.11. [6]Let us assume that the potential V1 is of the form (4.93),
with Vo € F(RY), Vo = fig, satisfying

- i
lyl” d|po|(y) < K=, jeN,
R4 el

for some K,e > 0. Then, as h | 0, the trace of the Schrodinger group has
the following asymptotic behavior

Tr(e #1t) = 37 enVi(ea) [ (h) 4 (2min) /2 [Z e%¢<bk>|Mk|1;*(h)+0(h)]
j=1 k=1

where ¢; are the points in condition 1, by, € My, are all non constant t-
periodic solutions of (4.89) and (4.90) as in condition (3), |My| is the
Riemannian volume of My, I7 and I;* are C*° functions of h € R such
that, in particular,

1;0) = ((det [2[cos (1y/v7(ey)) - 1”)_1/2,

17(0) = (G det(RED) ~ Do)

where RE(t) denotes the fundamental solution of
{a:(s) = —eV"(br(s))x(s), s >0,
z(0) =zo, #(0) =wo

written as a first order system of 2d equations for real valued functions.

Proof. For a detailed proof we refer to the paper [6], we give here only
some hints. By equation (4.88), one has to study the asymptotic behavior
of the oscillatory integral I(¢,%). By the condition on the potential V7,
the set of stationary points of the phase function is completely determined.
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Moreover it is possible to reduce the study of the degeneracy to a finite
dimensional subspace of the Hilbert space H, ; and to apply the technique
described at the end of section 4.3 (see also [7]).

Indeed it is possible to find a finite dimensional subspace Z C H, ¢, such
that, given Y := T'(Z)* with T = (I — L) and L is given by Eq. (4.87), one
has Z +Y = H,:, and the phase function when restricted to y

©.:Y R, D.(y) =D(z+y),
has a unique stationary point, denoted by a(z). Moreover the function
a:Z —Y, z— a(z), is of class C*> and bounded with all its derivatives.
By the Fubini theorem 2.7 for oscillatory integrals, I(t, /i) is given by

I(t,h) :CT/ (/ e%q’z(y)dy)dz,
Z Y

with Cr = (det T)~"/2(det Tjy )/ (det Tj) /2.
By theorem 4.4, the integral over Y is given by

/e%<1>z<y>dy = en®:(() 1*(p, 2),
Y

with J* being a C* function of both i € (—1,1) and z € Z, such that
2 —1/2

J*(0,2) = det(§2<1> (a(2)))

Therefore, as h — 0,

I(t,h) = CT/ det (882243 (a(z)))_l/ et = @ dz 4+ O(h),

and the asymptotic behavior of I(¢, ) is determined by the reduced phase
function ¥ : Z — R, given by
U(z) = ®(z + a(2)), z € Z.
One can prove (see [7], lemma 5.3) that U'(z) = 0 iff ®'(z + a(z)) = 0 and
ker(®”(z + a(z)) = (Iz,d'(z))(ker ¥"(2)).
Denoting by @ the projection from H,, ; onto Z along y, i.e. Q(z +y) = z,

the set IV of stationary points of the phase ¥ is the projection Q(M) of the
stationary points of ®:

N ={d,....dn}U | QM)
k=1

with dy, ..., d,, are non degenerate and Q(My) for j = k,...,r are compact
and connected one dimensional manifolds such that dimker ¥ (a) = 1 for
each a € U;_; Q(Mp). The final results follows by applying the stationary
phase method on finite dimensional oscillatory integrals (see [6]). g
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Chapter 5

Open Quantum Systems

5.1 Feynman path integrals and open quantum systems

Our treatment of the Feynman path integral formulation of (non relativis-
tic) quantum mechanics has started with the description of the dynamics
of a pointwise particle, described by the Schrédinger equation (1.4). The
generalization of the formalism developed so far to more complicated and
more realistic quantum systems can be realized, on one hand, by increas-
ing the number of degree of freedom and by considering more complicated
Hamiltonian operators H. On the other hand in many situations occurring
in quantum mechanics, one is not interested in the detailed description of
the whole system (that, when the number of degrees of freedom increases,
becomes a very difficult task), but only of a part of it. Let us think for in-
stance to the interaction of a radiating atom with the electromagnetic field
when one is interested only in the state of the atom and not in the emitted
radiation. Another fundamental problem of this kind is the description of
the process of quantum measurement. Indeed when a quantum system is
submitted to the measurement of one of its observables, it interacts with
a (macroscopic) measuring apparatus which is not of primary interest but,
on the other hand, whose influence on the system, by the Heisenberg un-
certainty principle, cannot be neglected.

The development of a formalism allowing the quantum description of
the dynamic of a system interacting with an external “environment” is the
task of the quantum theory of open systems [92, 116]. A possible approach
is the description of the compound “system plus environment” as a whole,
by means of a Schrodinger equation involving an interaction Hamiltonian.
As a second step, the environment’s degrees of freedom have to be traced
out.

147
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An alternative solution to the problem is provided by the path integral
formalism. This chapter concerns a few instances of the descriptive power
of Feynman path integrals when applied to the theory of open quantum sys-
tems. Let us briefly introduce some heuristic considerations which motivate
a further detailed treatment.

The simplest example of a system subjected to an external influence
is a classical one dimensional linearly forced harmonic oscillator, whose
equation of motion is

mi(t) + kx(t) + f(t) =0, t € R, (5.1)
where m,k € R* and f is a “fluctuating force”. The quantization of the
classical system (5.1) in terms of Feynman path integrals provides for the

Green function of the corresponding Schrodinger equation an heuristic for-
mula of the form

G0,y 1,7) = /W):m e (3 13302 ds=} [ 20 ds= [ 105 )ds) oy (5.9)
7(0)=y

As a further step one can consider the external force f to be random,
and be interested to the averaged value over f of the quantum dynamics
given by Eq. (5.2). In order to obtain a physically meaningfull expression,
the average has to be done on quantum observables, as for instance the
transition amplitudes, rather than on mathematical objects, as the wave
functions. Therefore let us consider two state vectors ¢, ¢ € L?(R?) and
compute the probability of a transition from 1 to ¢, i.e. (¢, (t))|?

Y(t,x) = [ G0y, t,2)(y)dy,

.ws = [ [ [ [ oa)6()Gs 0,040 G707 E00)

Uy )dydxdy'dz’,  (5.3)
where we have introduced the subscript in order to stress the f-dependence
of the Green function. By inserting in (5.3) the Feynman path integral
representation (5.2), we obtain an heuristic formula which represents the

, where

transition amplitude in terms of a double path integral:

|@wmm=////mwwwwww

/ / et (S0=5GN) o= 15 (1)) 1S 4o dy ey da!, (5.4)

where v(0) = y,y(t) = z, ¥/ (0) = ¢',7/(t) = 2’ and

m/ )2ds — —/Ot’y(S)QdSo
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By averaging the above quantity over the random force f we obtain:

By {0, (8) 5[ = ////¢> BB

/ / et ”)‘S”))F(%7’)d7dv’dydxdy’dxlv (5.5)

where the influence of the random fluctuating force f is modelled by the
functional

F(v,7) =E¢le” IO (S))f(s)ds]

This, still heuristic, considerations show some key features of the Feyn-
man path integral description of the quantum open systems, such as the
introduction of a double path integral of the form (5.5) and the model-
lization of an interacting environment in terms of an influence functional
F(v,~") which couples the paths ~,~’. This particular formalism was intro-
duced by Feynman and Vernon in [121], where a formula similar to Eq. (5.5)
was heuristically derived by modelling the environment in terms of a many
body quantum system and by tracing out its degrees of freedom. This tech-
nique has been applied to the modellization of several complex quantum
phenomena, including the quantum Brownian motion [63], i.e. the descrip-
tion of the dynamics of a quantum particle interacting with an macroscopic
environment.

Let us consider for instance the time evolution of a quantum system
made of two linearly interacting subsystems A and B. Let us assume that
the state space of the system A is L?(R?) while the state space of the system
B is L*(RY). Let the total Hamiltonian of the compound systems be of
the form

Hiap=Hs+ Hp+ HinT (56)
ARd d
Hy=— 2M+ xQAx—i—UA(x), x € RY,
Aps N
Hp = + = RQ R—i—’UB(R), ReR™,

2m

Hinr = 2CR, zeRL ReRY,

with C' : RN — R? is a linear operator, {4, resp. 5, a symmetric positive
d x d, resp. N x N, matrix, v,, resp. vpg, real bounded functions. Let
us assume that the quadratic part of the total potential, i.e. the function
z,R — 120Q%z + LRO%R + zCR is positive definite (so that the total
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Hamiltonian is bounded from below). Let us assume moreover that the
density matrix of the compound system factorizes pap = papp and has a
smooth kernel pag(z,y, R, Q) = pa(z,y)ps(R,Q). By writing the Feyn-
man path integral representation for the evolution of the density matrix,
we have

pe(z,y, R, Q) = (e~ ”HABtpoeﬁH*‘Bt)(x,y,& Q)
= [[ ] [ 2400 7@pi(r(0), T (o))t (520 500) e (sn6)-50007)

eh (840D =545G"1) g g rarar (5.7)

where the integral is taken over the path v, : [0,#] — R? and T, T’ :
[0,t] — RY such that v(t) = z, 7//(t) =y, I'(t) = R, T'(t) = Q. Sa, Sp
and Sy p are given by:

Sa = [ (FH6° = (6% () — valr(a)) ).
Sp(0) = [ (F16)? = 3T = up((0(s) )ds.
&ﬂmﬂz—év@ﬂ%ﬂ&

By tracing over the coordinates of the system B, one obtains the following
(heuristic) Feynman path integral representation for the reduced density
matrix p7 (t) of the system A:

Pa(t)(z,y) = /ﬂt(x,y,R, R)dR
://pA(’Y(O),’Y/( Vet (5A00=540) By Neydn!  (5.8)

F(y,7) = / / p5(T(0), T'(0))et (S5 =55()

I()=RT'(1)=R
e# (SaGD=845G" 1)) grariar.  (5.9)

In section 5.2 we shall give a rigorous mathematical meaning to the double
Feynman path integral (5.8) in terms of a well defined infinite dimensional
oscillatory integral and analyze the Caldeira-Leggett model [63] for the
description of the quantum Brownian motion.
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Another fundamental problem of quantum theory is the description of
the process of quantum measurement, i.e. the interaction of a physical
system with a (macroscopic) measuring apparatus allowing an observer to
obtain the result of the measurement of a physical quantity. In the tra-
ditional formulation of quantum mechanics, the continuous time evolution
described by the Schrodinger equation (1.4) is valid if the quantum sys-
tem is “undisturbed”. On the other hand we should not forget that all
the informations we can have on the state of a quantum particle are the
result of some measurement process. When the particle interacts with the
measuring apparatus, its time evolution is no longer continuous: the state
of the system after the measurement is the result of a random and discon-
tinuous change, the so-called “collapse of the wave function”, which cannot
be described by the ordinary Schrédinger equation. Quoting Dirac [107],
after the introduction of the Planck constant A the concept of “large” and
“small” are no longer relative: it is “microscopic”! one object such that the
influence on the measuring apparatus on it cannot be neglected.

Let us recall the main features of the traditional quantum description of
the measurement of an observables A, represented by a self-adjoint operator
A: D(A) C H — H on a complex separable Hilbert space H, whose unitary
vectors represent the states of the system. Let us consider for simplicity
the case where the operator A is bounded and its spectrum is discrete.
Let {a;}ien C R and {¢;}iey C H be the corresponding eigenvalues and
eigenvectors. According to the traditional mathematical formulation by
Von Neumann the consequences of the measurement are:

(1) the decoherence of the state of the quantum system.

Because of the interaction with the measuring apparatus, the initial
pure state 1 of the system becomes a mixed state, described by the
density operator pP"*°" (t) = 3. w; Py,, where Py, denotes the projector
operator onto the eigenspace which is spanned by the vector ; and
w; = [{(¥,1)|?. By considering another observable B (represented by
a bounded self-adjoint operator B : H — H), its expectation value at
time ¢, after the measurement of the observable A (but without the
information of the result of the measurement of A), is given by

E(B);"" = Tx[p""""" (t)B].

The existence of the trace is assumed. The transformation mapping
1 to the so-called “prior state” pP™°"(t) is named “prior dynamics” or

11t would be more correct the word “quantum” as there exist also macroscopic quantum
systems, but they were unknown at Dirac’s time.
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non selective dynamics.

(2) The so-called “collapse of the wave function”.
After the reading of the result of the measurement (i.e. the real num-
ber a;) the state of the system is the corresponding eigenstate of the
measured observable:

p(t)pOSt Pw”L

The expectation value of another observable B of the system at time ¢
(taking into account the information about the value of the measure-
ment of A) is given by:

EP*'(B|A = a;)¢ = Te[ph?**(t) B] = (1, Bii).

The transformation mapping the initial state 1) to one of the so-called
“posterior states” pko*(t) is called “posterior dynamics” or selective
dynamics and depends on the result a; of the measurement of A.

As it is suggested by the collapse of the wave function, the non selective
dynamics maps pure states into mixed states, while the selective one maps
pure states into pure states. The relation between the posterior state and
the prior state is given by:

prwr Z P pg(:st (t),

where P(A = a;) denotes the probability that the outcome of the measure-
ment of A is the eigenvalue a; and it is given by

P(A = a;) = [(¥s, )]
We remark that

]E(B pmor ZEpost B|A — al) (A = ai) . (510)

There are several efforts to include the process of measurement into the
traditional quantum theory and to deduce from its laws, instead of postu-
lating, both the process of decoherence (see point 1) and the collapse of
the wave function (point 2). In particular the aim of the quantum theory
of measurement is a description of the process of measurement taking into
account the properties of the measuring apparatus, which is handled as
a quantum system, and its interaction with the system submitted to the
measurement [92, 62]. Even if also this approach is not completely satis-
factory (also in this case one has to postulate the collapse of the state of
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the compound system “measuring apparatus plus observed system”), it is
able to give a better description of the process of measurement.

An interesting result of the quantum theory of measurement is the so-
called “Zeno effect”, which seems to forbid a satisfactory description of

1”2 measurements

continuous measurements. Indeed if a sequence of “idea
of an observable A with discrete spectrum is performed and the time in-
terval between two measurements is sufficiently small, then the observed
system does not evolve. In other words a particle whose position is con-
tinuously monitored cannot move. This result is in apparent contrast with
the experience: indeed in a bubble chamber repeated measurements of the
position of microscopical particles are performed without “freezing” their
state. For a detailed description of the quantum Zeno paradox see for
instance [229, 80, 240].

An heuristic Feynman path integral description of the process of quan-
tum measurement has been proposed by several authors, in particular by
M.B. Mensky [225, 226], who considers the selective dynamics of a particle
whose position is continuously observed. According to Mensky the state
of the particle at time ¢ if the observed trajectory is the path w(s)sco,4 is
given by the “restricted path integrals”

Yt r,w) =« /{(t) }e%St(v)eﬂ\.fot(V(S)fw(S))st(b(W(O))D% " (5.11)
y(t)=x

where A € RT is a real positive parameter which is proportional to the
accuracy of the measurement. Heuristically formula (5.11) suggests that, as
an effect of the correction term e~ Js (¥()=w(s)*ds que to the measurement,
the paths 4 giving the main contribution to the integral (5.11) are those
closer to the observed trajectory w.

As one looks to the observed trajectory w in Eq. (5.11) as a random vari-
able and to the state ¥ (¢, z,w), t > 0 as a stochastic process, it is natural to
think at Eq. (5.11) as the Feynman path integral implementation of a quan-
tum stochastic dynamics. Indeed in the physical and in the mathematical
literature a class of stochastic Schrodinger equations giving a phenomeno-
logical description of quantum measurements has been proposed by several
authors, see for instance [59, 50, 51, 105, 226, 138]. Let us consider for in-
stance Belavkin equation, a stochastic Schrodinger equation describing the
selective dynamics of a d—dimensional particle submitted to the measure-
ment of one of its (possible M —dimensional vector) observables, described

2A measurement is called ideal if the correlation between the state of the measuring
apparatus and the state of the system after the measurement is maximal.
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by the self-adjoint operator R on L%(R%):

dy(t,x) = —LHip(t, z)dt — 3R*)(t, z)dt + VARY(t, x)dB(t)
(5.12)
¥(0,z) = Yo(x) (t,x) € [0,7] x R™

H is the quantum mechanical Hamiltonian, B is an M —dimensional Brow-
nian motion on a probability space (Q, F,P) (see section A.2), dB(t) is the
Ito differential and A > 0 is a coupling constant, which is proportional to the
accuracy of the measurement. In the particular case of the description of
the continuous measurement of position one has R = z (the multiplication
operator), so that equation (5.12) assumes the following form:

dp(t, ) = —L Hp(t, 2)dt — 3a(t, x)dt + vV Azp(t, )dB(t)
(5.13)
¥(0,z) = Yo(x) (t,x) € [0,T] x R™

Belavkin derives equation (5.12) by modeling the measuring apparatus (but
it is better to say “the informational environment”) by means of a one-
dimensional bosonic field and by assuming a particular form for the inter-
action Hamiltonian between the field and the system on which the mea-
surement is performed. The resulting dynamics is such that there exists
a family of mutually commuting Heisenberg operators of the compound
system, denoted by X (t);c[o,7], such that:

[X(t),X(s)] =0, s,t € 10,7,

(on a dense domain in L?(R?)). In this description the concept of trajec-
tory of X is meaningful, even from a quantum mechanical point of view.
Furthermore the “non-demolition principle” is fulfilled: the measurement
of any future Heisenberg operator Z(t) of the system is compatible with
the measurement of the trajectory of X up to time ¢, that is:

[Z(1), X(s)] =0,  s<t,
(on a dense domain in L?(R?)). The measured observable R is connected
to the operator X by the following relation

X(t) = R(t) + N(B: + B}), (5.14)

(where (B; + B;") is a quantum Brownian motion [166]). Equation (5.14)
shows how the measurement of X (¢) gives some (indirect and not precise)
information on the value of R, overcoming the problems of quantum Zeno
paradox. Indeed we are dealing with “unsharp” in spite of “ideal” mea-
surements.
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For an alternative derivation of Eq. (5.13), we point out to the reader
the appendix A of [207], where a physically intuitive model of unsharp
continuous quantum measurement is proposed, as well as a Feynman path
integral representation of the state ¢ analogous to Eq. (5.11).

In section 5.3 we shall realize, in terms of infinite dimensional oscillatory
integrals, a Feynman path integral representation of the solution of Belavkin
equation (5.13):

w(t,x):/eﬁ,ﬂfH(s)\st—Af(f\v(s)+r|2ds —£ JE V() a)ds

el X A0 (3(0) 4 )y (5.15)

and therefore we shall give a rigorous mathematical meaning to Mensky’s
heuristic formula (5.11).

5.2 The Feynman-Vernon influence functional

Let us introduce a particular type of infinite dimensional oscillatory integral
on a real separable Hilbert space ‘H which will be used in the mathematical
definition of double Feynman path integrals of the form (5.8).

Definition 5.1. A Borel measurable function f : H xH — C is called Fres-
nel integrable if for any sequence {P,} of projectors onto n-dimensional
subspaces of ‘H, such that P, < P,+1 and P, — 1 strongly as n — oo
(1 being the identity operator in H), the finite dimensional oscillatory in-
tegrals (suitably normalized)

i

27Th / / e IanI)e—§<Pny,Pny>f(an’ Pny)d(an)d(Pny)
PoH J PR
are well defined (in the sense of definition 2.1) and the limit

lim (27h)" / / 2 (P Pr) o= 35 (PrysPa) (P Poy)d(Po)d(Pay)

n—»oo

exists and is independent of the sequence {P,}. In this case the limit is
denoted by

//e%(r,x>e—%(y>y>f(x7 y)dxdy

For the integrals of definition 5.1 it is possible to prove a result analogous
to theorem 2.5.
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Theorem 5.1. Let L : H — H be a trace-class operator, such that I — L
is invertible, and let f : H x H — C be the Fourier transform of a complex
bounded variation measure py on H x H. Then the integral

//e#<z,z>e_#(y,y)e—ﬁ(r—yi(ﬂ“‘y»f(x?y)dxdy

is well defined and is equal to

1 ih -1
- - —FatB,(I-L) " (a=B))q
wro /] (0, 5).
where det(I — L) is the Fredholm determinant of I — L.

Proof. Let us consider a sequence { P, } of projectors onto n-dimensional
subspaces of H, such that P, < P41 and P, — 1 strongly as n — oco. The
finite dimensional approximations of the oscillatory integral

/ / €37 ) g 3r W) e~ (0 u @) £ (0 ) dardy

are given by

1 ° ° i
o5 (Tn—Yn,(In—Ln)(Tn+yn))
To—F\n ezn f(mna yn)dmndyn ’
(2mh)™ /PnH /PnH

where z,, = P,x, x € H, and I,, — L,, = I|p,5y — P, LP,. The finite dimen-
sional approximations are defined by the following sequence of regularized
integraIS'

64)0 27Th /Pn /P ¢ Qiﬁ <zn_yn’(I"_L")(z"-‘_y"))(b(exn’ Eyn)f(fn: yn)dl'ndyn ’

with ¢ € S(R™ x R"), ¢(0) = 1.

Since I — L is 1nvert1ble, for any sequence {P,} of projectors there exists
an 7 such that for any n > 7 the operator P, (I — L)P, is invertible and
thus det(I,, — L) # 0. Hence, for n > 7, by introducing the new variables
Zn = Tp — Yp and w, = T, + Yp, and by Fubini theorem, the integral can

be written as
/ / i a,zn+wn>+z< wn — zn>62ﬁ<’z" ([ —Ln )U)n>
P,H P,H JP, H

X (bT (GZn, ewn) dzndwn) d,ufn(aa 6) )

where pu, € F(P,H x P,H) is defined as p,, = po P, and ¢r € S(P,H
x P,H) as

e~>0

P, H

o1 (2, w0n) = & (z T e Z) .

2
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If we write the function ¢r in terms of its Fourier transform and apply
Fubini again, the integrals over the variables z,, and w, become

S zptw i3 wn—z i _
/ / il BB, 2= oo (o Un=Ln)wn) 1 (e, ewn,) dzndwy,
PyH JP.H

= (E) det(In _ Ln)_lf / e%h<a+6—2efyn,(1n—Ln)*1(a—ﬁ—Qean))
m P.H J P, H

Lebesgue’s dominated convergence theorem allows us to exchange limit and
integrals. Thus, by taking into account that

/ 1 (Y, 60)dydd, = (27)2" (0, 0),

we obtain
det(I, — L,) / / ot (In=La) " a=B) gy (0, B) .
PyaH J P, H

The statement follows by taking the limit n — oo, since det(l, — L,)
converges to det(I — L) (see section 2.4). O

The next result is a straightforward consequence of Theorem 5.1.

Corollary 5.1. Under the assumptions of Theorem 5.1, the functional

feFHxH)— //ez%(!E@)e*%}l(y7y>e*i<w*y,L(w+y)>f(x, y)dxdy
is continuous in the F(H x H)-norm.

For the applications that will follow, it is convenient to introduce the
following Fubini-type theorem on the change of order of integration between
oscillatory integrals and Lebesgue integrals.

Let {po| € R?} be a family in M(H). We denote by [, ptada the
measure defined by

fe ] r@dna@ia, 1<,

whenever it exists.

Theorem 5.2. Let L : H — H be as in the assumptions of Theorem 5.1
and let p: R — M(H x H), a + pia, be a continuous map such that

/ |ptaldor < 0.
R4
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Further, for any o € R?, let f,, € F(H x H) be given by

fa(@,y) = fia(z,y), (z,y) € H xH.
Then [pa fada € F(H x H) and

/ //e2h<ww — 3% yy)e 25 (7= U7L(w+y)>fa(x,y)dxdyda
R4

://e%<z’z>e_ﬁ<y’y>e_%<I_y’L(x+y)>/ fa(z,y)dadzdy . (5.16)
HIH R4

Proof. Since f, is assumed to be the Fourier transform of i, by Fubini’s
theorem
Fadar = / / ¢k i) gy (1, h)da
R4 Rd JHxH

:/ ei(k7w)+i<h;y>/ dpie (k, h)do
HxH R

so that [pq fado € F(H x H).
By applying Theorem 5.1 to the left hand side of (5.16), we obtain

/ //e2h<ww — 3% yy)e 25 (7= U7L(w+y)>fa(x,y)dxdyda
Rd

=det(I — L)} / //e*%<k+hx<f*L>‘l<k*h>>dua(k,h)da
R JHJH

By the usual Fubini theorem the latter is equal to
det(I — L)~ / / =~ (=D =) [ g (kb da
Rd

But this expression, by theorem 5.1, is equal to the r.h.s. of (5.16). O

We can now apply these results to the mathematical realization of
the Feynman-Vernon influence functional in the Caldeira-Leggett model
[120, 63, 11].

Let us consider the Cameron-Martin space H;, i.e. the Hilbert space
of absolutely continuous paths v : [0,#] — R, such that y(t) = 0 and
f(f |7(s)|?ds < oo, endowed with the inner product

<’Yla’72>=/0 A1(8)y2(s)ds .

Let L : H; — H; be the trace-class symmetric operator on H; given by

t s’
= / ds’/ ds"y(s"), v EH:.
s 0
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Further let H{ = @, H; and let L9 : H{ — H¢ denote the operator defined
by

Ld:L(1)®L(2)®---®L(d),

where L) = I®.--@I®L®I ---®I with L acting on the jth space. Given
a positive symmetric d x d matrix , let Lo : H¢ — H¢ be the trace-class
symmetric operator on H¢ defined by

(Lav)(s /ds/ (Q24)(s")ds", yeHL. (5.17)

Clearly, Loy = LQ?y, for all ¥ € H{. One can easily verify that

<717L972>=/0 Y1(8)Q%v2(s)ds .

By lemma 3.1 and lemma 3.2, if ¢ # [(n + 1/2)7]/Q;, for any n € N and
any eigenvalue §2; of €2, one has that the operator I — Lg is invertible with

(1= La)(s) = 5(s) = [ sin(@s' — ) (s)a’

—|—sin(Q(t—s))/O (cos Q) "' cos(s')y(s")ds"  (5.18)

and
det(I — Lg) = det(cos(2t))

(see lemmas 3.1 and 3.2).
Let v € F(R?) be a real bounded function and let H be the quantum
Hamiltonian, given on smooth vectors 1) € S(R?) by

Hy(x) = —%1/)(3:) + %xQQmw(aj) +v(z)Y(x), z € R

Let Uy = e~ # 1t be the unitary group generated by H. As we have seen in
chapter 3, given an initial datum vy € F(R?) and assuming that ¢ # [(n +
1/2)7]/82;, Vn € N, the solution of the Schrodinger equation ¥(t) = Uyt is
given by an infinite dimensional oscillatory integral on the Cameron Martin
space H;:
W(t,z) = 6—%192116/ ezr (1UI=La)y) o= [o 22%(s)ds o= [§ v(v(s)+x)ds
HY

$o(¥(0) + z)dy .
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(see theorem 3.2). This result can be generalized to the Feynman path
integral representation of the time evolution for a mixed state, represented
by a density matrix.

Theorem 5.3. Let po be a density matriz operator on L*(R?), such that
po admits a regular kernel po(z,y), z,y € R%. Let us assume moreover
that po admits a decomposition into pure states of the form po(x,y) =

Zi )\iei(x)éi(y), with )\i > 0, 21 )\z = ]., <€i,€j>L2(Rd) = 5ij¢ and el(x) =
fui(z), satisfying

> Xilpl? < oo (5.19)

Let t # [(n+ 1/2)7]/Q;, ¥n € N. Then the density matriz operator p; at
time t, py = UtpoUtT, admits a smooth kernel pi(xz,y), which is given by the
infinite dimensional oscillatory integral

e~ 2R (@ ey y)t / / o3 (H(T=La)y) =3 7' (1= La)y') (5.20)
HdJ 1
o & L@ (5) =y (5)ds =4 [{ (0(1(s)+a)—v(v' (5)+y))ds

po(7(0) +2,7'(0) + y)dvydy".

Proof. By decomposing p into pure states, by Corollary 5.1, and by
condition (5.19), the integral (5.20) is equal to

Z )\z (e QHzﬂza:t/ —h< ,(I-Lgo)~y )efﬁ o IQQ"/(S dsefﬁ /0 v(y(s) +z)ds (’Y(O) +$)d’y>
Hd
(eﬁyffyt/ e— 3 (Y T=La)Y) o1 [§ yP (s)ds .1 [§ v () Fw)ds ox ((0) 4 y)d’y)
Jrd

=3\ <e*#rﬂ2rt/ 35 (U —La)V o= % g2 ()ds o= [go(v()+a)ds e, ((0) +:(:)d'y>
N . Hf

(e300 [ e 1= o= 55902 = 1§20 010, 30) 4 )

This is equal to

Z AiUtei(z)(Urei)(y) = pe(,y)

%

(where for z € C, z denotes the conjugate of the complex number z). O
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Heuristically, expression (5.20) can be written as a double Feynman path
integral:

/ / e (S OEm) =S oy ((0) + 2, 9/(0) + y)dydy .

Let us consider now the time evolution of a quantum system made of
two linearly interacting subsystems A and B. Let us assume that A is
d—dimensional, B is N—dimensional and the quantum mechanical Hamil-
tonian of the compound system is given by Eq. (5.6). Let us assume that the
density matrix of the compound system factorizes as pap = papp and has
a regular kernel pap(z,y, R, Q) = pa(z,y)pp(R,Q). We are going to see
how it is possible to construct an infinite dimensional oscillatory integral
realization for the Feynman path integral (5.8) representing the reduced
density operator at time ¢, namely

[ (et pamet 1020) (@, R )i
Heuristically:
// ek (8aM+S(M)+SinT (v, T)=84(y)=S5(")=Sinr(v'.T")
Y(t)=z [ (t)=y
(=R F(t) R
x pa(7(0),7'(0))ps(I'(0),I(0))DyDy' DT DI'dR”, (5.21)

where v, resp. I', represents a generic path in the configuration space of
the system, resp. of the reservoir, and

Sa(y) +Sp() + Sinr(7,T)

= [(356) - Fr69306) - vate) ) s |

+f " (252(s) - PR)BT(E) - vp(D(s)) ds - [ tsieres

If we rescale v via v — v/vVM and I" via I' — T'/y/m, formula (5.21)
becomes

// / 77 I3 (P (=1 (9% (9)—204 (2 ) ) ds
()=VMa |+ (1)=VdTy

I'(t)=ymR T'(t)=v/mR
r))ds

o7 s (r2 $)—T(5)Q%T(s)— 2v3(
o I FE T (s = Ji (1317 ()= ()94 (5) ~20a ( 2 ) ) ds

o= o ()20~ ()BT (5)-2vs (2) ) ds [ 2/ (5) 7S T (s)ds
(

A <://(—OM), P\y;%)) PB (m, Flfl ) DyD~'DTDIVdR”.

3
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Let
QQ C/
02 :( a ) (5.22)
AB C/T QZB

where C' = C/vVMm, and define for simplicity Lay = Lq,v, Ll =
LQBF, and LAB(’}/,F) = LQAB (W,F).

Formula (5.21) can be made completely rigorous under suitable as-
sumptions. In the following we shall assume without loss of generality
that m = M = 1. The result in the general case can be obtained by re-
placing C, va, vg, pi, and pf by C' = C/v'mM, v,(-) = va(-/VM),
Vs(-) =vp(- /ym), pa(-) = pal- V) and ply(-) = pi(- //m) respec-

tively.

Theorem 5.4. Let pa and pp be two density matriz operators on L*(R%)
and L*(RY), respectively, with regular kernels p4(z,2') and pg(R, R') and
such that they decompose into sums of pure states:

pa=D wiPy,  pp=) wiPyp, (5.23)
i J

with P € F(RY), vP € FRY), and
> witwf |t P|ul)? < co. (5.24)
4,7

Further let pgp € S(RY x RN). Let t satisfy the following assumptions

t#[n+1/2)7)/Q}, neN, j=1...d, (5.25)
t#[(n+1/2)7]/Q7, neN, j=1...N, (5.26)
t# [(n+1/2)7)/A,, neN, j=1...d+N, (5.27)

with Qj‘, Q}B, A; being respectively the eigenvalues of Q4,0p,Qap. Let us
assume moreover that the determinant of the d x d left upper block of the
matriz cos(Qapt) is non-vanishing.

Then the kernel pr(t,xz,y) of the reduced density operator of the system
A evaluated at time t is given by

pr(t,z,y)

_ e—%wﬂiwe%yﬂiy/ / o2 (1 Ta=La)y) o= 2 (v (La=La)Y)
HES HE
o b (2 (9)ds—y @4y (5))ds g— [ (va(x(s)+2)—val(y(s)+1))ds

F(v,7 2,9)pa(v(0) + 2,7 (0) + y)dvdy', (5.28)
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where F(v,~',z,y) is the influence functional
F(v.7,2,y)
:/ e~ ReCR +3yCR ,—1 [ (7(s)—'(s))CRds
RN
/ / o3 (DUIN=LB)T) y= 55 (I, (IN—=Lp)T") = 4 (T,LN CT) (T, LN CT )
HNJ MY

7% f[)"‘ RQQB (F(s)ffl(s))dsefé fo"‘(wCF(s)fyCF'(s))ds

e [o (vB(T(8)+R)—vp (I (s)+R) )ds

p5((0) + R,T”(0) + R)dT'dI"dR.

Proof. The proof of the present theorem involves a large amount of com-
putation. We give here only the main steps and refer to [11] for more details.

First of all one has to prove that the functional (v,v') — F(v,7,z,y)
is well defined for any v,v" € H¢, z,y € R? and is Fresnel integrable in
the sense of Definition 5.1. By decomposing the mixed state pp into pure
states according to (5.23), the influence functional can be written as

/RNZwB@bB 2,7 R)UP (y,7'; R)dR

where @[Jf (z,7) is the solution of the Schrodinger equation on L?(R™) with
Hamiltonian

1 1
H= —§AR + iRQZBR +vB(R) + (x +~(t))CR = Hp + (x +~v(t))CR
and initial state ¢. In particular,
t
/ 7(s)CT'(s)ds = (LNCT,T).
0

Because of the unitarity of the evolution operator, ||’(/JJ-B("E,’}/)||L2(RN) =1
for any z € R?, v € H¢ and, by Schwartz inequality,

Zw / WP (2,; Y0P (g, 7'; B)AR
< ZW}BH% (@ 2@y 195 (W, )| 2@y = ZWJB =1.
J J

Thus we can conclude that F(v,7',z,y) is well defined for any z,y € R?
and v, € H{.
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By exploiting the assumptions on vg € F(R™) and on pp and by a large
amount of explicit computation, it is possible to see that F(v,~’,z,y) has
the following form:

F(7,7 a,y) = e 2 (070ACH ) 1 (5,57
with f € F(HE @ H{) and the operator A : H — H{ is given by
t s
(v, A"y = —/ CT’y(s)Qfgl/ sin(Qp (s — )07/ (r)drds.
0 0

Hence one has to verify that the operator (I — L4 — A) : H} — H{ is
invertible. In fact a vector v € H¢ belongs to the kernel of the operator
I— L4 — A, if it satisfies the following equation for all s € [0, ¢]:

t s’
7(s) - / as’ / 02y () ds"
s 0

t S/ S//
—|—/ ds'/ ds"/ CQ5' sin(Qp(s” —1)CTy(r)dr =0,
s 0 0
with v(¢) = 0. By differentiating twice, (5.29) becomes
{ H(s) + Q347(s) — [y CQp'sin(Qp(s — r)CTy(r)dr =0,

(5.29)

Y(t) =0=+(0).

By further differentiating (5.29), one can see that its solution, if it exists,
is a C'°-function and its odd derivatives, evaluated for s = 0, vanish, while
the even derivatives satisfy the following relation:

M

72(M+2) (O) + 9172(M+1)(0) _ Z(—l)kCQQBkOT’yZ(M_k) (0) =0.

k=0
By induction it is possible to prove that v?(0) = (—1)M[Q2M]4xa(0),
where [Q2%M],«4 denotes the d x d left upper block of the M-th power of
the matrix Q2 5. One can conclude that the solution of equation (5.29) is of
the form ~y(s) = [cos(Qap$)]axay(0). By imposing the condition ~(t) = 0,
one concludes that if det([cos(Qapt)]axa) # 0 then equation (5.29) cannot
admit nontrivial solutions and the operator I — L 4 — A is invertible. Hence,
by theorem 5.1, we can finally conclude that the influence functional is a
Fresnel integrable function.

The second step is the proof that the reduced density operator pr(t, z,y)
of the system A is given by the infinite dimensional oscillatory integral
(5.28). this results follows from a regularization procedure and by theorems
5.3, 5.2 and corollary 5.1 (see [11] for further details). O
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This result can now be applied to the Caldeira-Leggett model [63], describ-
ing the influence of a heat bath on a quantum Brownian particle. The heat
bath is described by a finite number of oscillators and thus vg = 0. Further
the model presumes that the environment is initially in equilibrium at tem-
perature 7', i.e. that its initial density pg(R, Q) is a product of Gaussian

functions: pp(R,Q) = HJ lp%)(RJ,QJ, 0), where

(J)(R Q;,0) = mQjB
I wh coth(hQP /2kT)

B
_( mal
znsmh(mJB/kT)

((R2+Q?) cosh ﬁff ~2R;Q;))

e

with Qf, j=1...N, the eigenvalues of the matrix 5.
By a direct computation and by exploiting the results of theorem 5.4
the influence functional becomes

F(v,7,2,9) (5.30)
— ezn Jo CT(v(s)+a—"(s)~ y)Q5" [¢ sin(Qp(s—r))CT (v(r)+a+7 (r)+y)drds
7% f CT('y (8)+z—v (s) u)QB coth(?;?)fo COS(QB(S*’I‘))CT(’Y(T)ﬁ*ZEf’Y (r)—y)drds

3

which yields the result heuristically derived in [121, 63].

In Theorem 5.4 the allowed values of the time variable t are restricted by
conditions (5.25), (5.26), and (5.27), as well as by det[cos(apt)]axd # 0.
Since the influence functional (5.30) is well defined also for the excluded
values of ¢, we can extend the formula “by continuity” to all times.

5.3 The stochastic Schrodinger equation

In order to realize the heuristic Feynman path integrals (5.11) and (5.15), it
is necessary to generalize definition 2.4 and theorem (2.5) to complex-valued
phase functions.

Let H be a real separable Hilbert space and let us denote by HC its
complexification. An element z € HC is a couple of vectors x = (z1, x2),
with x1,zo € H, or with a different notation x = x1 + ix2. The multiplica-
tion of the vector z € H® for the pure imaginary scalar i = /—1 is given
by iz = (—x2,71). A vector y € H can be seen as the element (y,0) € HC.
With an abuse of notation, let us denote with A the extension to HC of a
linear operator A : D(A) C'H — H:

A:D%A)Cc H® - H®, DY) = D(A) +iD(A),
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Az = A(z1, 22) = (Axy, Axa).

Let dim(H) = 1,i.e. H =R, H® = C. Then, for any f € F(R), f = iy,
and any complex constant a € C, a # 0, Im(«r) > 0, one can easily prove
the following equality

/e%xzf(x)dx = a_l/Q/ eziﬁsz,uf(a:) . (5.31)
R R

The proof is completely similar to the proof of theorem 2.2.
More generally, given o € C, a # 0, Im(a) >0 and 8 € R

/e%zQeﬂzf(x)dx =a71/? / e;_lj(m_w)zduf@) : (5.32)
R R

Such a result can be generalized to the infinite dimensional case
[22, 23, 13]:

Theorem 5.5. Let 'H be a real separable Hilbert space, lety € H be a vector
in 'H and let Ly and Lo be two self-adjoint, trace class commuting operators
on H such that I 4+ Ly is invertible and Lo is non negative. Let moreover
[ H — C be the Fourier transform of a complex bounded variation measure
wy on H:

f@) = ps(), fa) = /H e dy (k).

Then the function g : H — C given by

i

gla) = T (L) f ()

(L being the operator on the complexification H® of the real Hilbert space
H given by L = Ly + iLy) is Fresnel integrable (in the sense of definition
2.4) and its Fresnel integral

/e%<w7<I+L>w>e<W>f(w)dx
H

can be explicitly computed by means of the following Parseval type equality:

/e%<w,<I+L>w>e<y,w>f(x)dx
H

= det(I + L)’l/z/ e 2 i (L) ™ (h=iw) gy, 0 () . (5.33)
H
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Proof. First of all one can notice that both sides of Eq. (5.33) are well
defined. Indeed one can easily prove that (I + L) : Hc — Hc is invertible,
if (I + Ly) is invertible and that det(I + L) exists as L is trace class.
On the other hand the function on f; : H — C

filw) = e benl ) £ ()

where y € H and f € F(H), f(z) = js(x), py € M(H) is the Fourier
transform of a complex bounded variation measure p on H. In fact p is the
convolution of ;1y and the measure v, with

y(dm) — e%(nyz_ly>*ih<ny2_1w>ML2 (d(E),

where ur, is the Gaussian measure on H with covariance operator Lo /.
By theorem 2.5 the Fresnel integral of the function g is well defined and
can be explicitly computed:

/e%(z,(I+L)x>e<y,z>f(x)d$:/e#(r,([—&-Ll)r)e e (@.L27) o (0:2) ()
H H

= det(I + L1)_1/2/ e‘m<z,(1+L1)*1z>W * v(dx)

—detI—|—L1 1/2//
=det(I + L) 1/2/ /

62 (y L2 y 'Lh<y L2 z ,UL2 (dg;)'uf(dz) . (534)

(L) @F2) 4 (dz Y (de)

J(I4+L1) " (z42))

Equation (5.33) can be proved by taking the finite dimensional approxima-
tion of the last line of equation (5.34) and of the right hand side of (5.33)
and showing they coincide (see [13] for more details). O

Let us consider now Belavkin equation (5.13) describing the posterior
dynamics of a quantum particle, whose position is continuously observed.
Equation (5.13) can also be written in the Stratonovich equivalent form:

d = — 1 Hopdt — Na|*ydt + Va0 dB(t)
$(0,2) = tho(z) t>0, z€R?
The existence and uniqueness of a strong solution of equations (5.13)

and (5.35)3 is proved in [138]. We shall prove that it can be represented by
an infinite dimensional oscillatory integral on a suitable Hilbert space.

(5.35)

3 A strong solution for the stochastic equation (5.35) is a predictable process with values
in H = L?(R?), such that:
¥(t) € D(—i/hH — \|z|?) P-a.s.
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Let us consider the Cameron Martin space H; and let Hf be its com-
plexification. Let L : HE — HE be the linear operator on HE defined
by

(1, La) = —a? / 1(5) - 7a(s)ds,

where a? = —2iMh. The j—th component of Ly, Ly = (Lv1,...,LYq), is
given by

t s’
(L), (s) = 2ih / ds' / vi(sds"  j=1,...d.  (537)
s 0

As we have seen in section 3.1, the operator iL : H; — H; is self-adjoint
with respect to the H;-inner product, it is trace-class and the Fredholm
determinant of (I + L) is given by:

det(I 4+ L) = cos(at).

Moreover (I + L) is invertible and its inverse is given by:

(T + L)95(s) = 7(5) — a / sinfa(s’ — )];(s')ds’

¢
+ sinfa(t — s)] / [cosat] 'acos(as’)y;(s)ds', j=1,...,d.
0

For any w € CY, let us introduce the vector | € H; defined by

\/—/ ds-\/_/ (5.38)

= \/X/:w(T)dT

With this notation, we can apply the theorem 5.5 and prove that, under
suitable assumptions on the potential V and the initial wave function )y,

P( U2 +1I(=i/RH — Na2)p]?) dt < o0) =1

P J Ilel(2) de]]? < o) = 1 and
P as. forall t € [0,T):

9 d
{dw = — L Hydt — Az|>pdt + Az -podB(t) t>0, z€R (5.36)

¥(0,z) = do(x).
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the heuristic expression (5.15) can be realized as the infinite dimensional
oscillatory integral with complex phase on the Cameron-Martin space Hy:

C(t,:uw)/H e7r (VUIHLM (7)o =2X0 [ () ds o= Jo VOV () +0)ds g (4 (0)4)dy

(5.39)
where C(t,z,w) = e~ Mel+VAz-w(®) ig o constant depending on t, z € R?,
w € Cy. Indeed the integrand exp(5=®) in (5.15), where

t t t

D(v) / |"y(s)|2ds+2ih)\/ [v(s) + z|*ds —2ih/ VA(Y(s) +z) - dB(s),
0 0 0

can be rigorously defined as the functional on the Cameron Martin space

‘H: given by

D(v) = (v, I+ L)y)—2ih{l, ) 2h/ ax-y(s)ds — a?| x>t — 2ihv/ Az - w(t),

where L is the operator (5.37) and [ is the vector (5.38).

By means of theorem 5.5 one can compute the integral (5.39) in terms of
an absolutely convergent integral on H;. Moreover it is possible to prove it
represents the solution of Belavkin equation (5.35) (see [13]).

Theorem 5.6. Let V and g be Fourier transforms of complex bounded
variation measures on R?.  Then there exist a (strong) solution to the
Stratonovich stochastic differential equation (5.35) and it is given by the
infinite dimensional oscillatory integral with complex phase (5.39).

Remark 5.1. The result can be extended to general initial vectors ¥y €
L?(R%), using the fact that F(R?) is dense in L%*(R?).

Proof. The proof is divided into 3 steps: in the first two we consider the
case V = 0. First of all we deal with an approximated problem and we find
a representation for its solution via an infinite dimensional oscillatory inte-
gral, then we show that the sequence of approximated solutions converges
in a suitable sense to the solution of problem (5.35). In the final step we
introduce the potential V and show that the right hand side of (5.39) is in
fact the solution of the equation (5.35).

1. The solution of the approximated problem.

We approximate the trajectory ¢ — w(t) of the Wiener process by a se-
quence of smooth curves. More precisely we consider the sequence of func-

tions?

n/tt w(s)ds = wp(t), n € N.

1
n

4Here we denote, as usual, the trajectory of the Wiener process B(t) as w(t).
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We have w,, — w uniformly on [0, 7], more precisely
SUpseqo,7] [wn(s) —w(s)| =0 asn — oo P as.
Let us consider the sequence of approximated problems:

{d% = — L Hippdt — N|z|*¢ndt + V Az - ndBy(t)
¥n (0, ) = vo(x)

where dB,,(t) is an ordinary differential, i.e. dB,,(t) = W, (t)dt, and we can
also write:

(5.40)

{w" = _%Hwn - A|x|2¢n +Vz - VYnton (t)
Yn(0,2) = tho(x)
which can be recognized as a family of Schrédinger equations, with a com-

plex potential, labeled by the random parameter w € Q.
Now we compute a representation of the solution of (5.41) by means

(5.41)

of an infinite dimensional oscillatory integral with complex phase, under
suitable assumptions on the (real) potential V' and on the initial datum
1/)n(07$7w) = '(/)0(33)

We can write equation (5.41) in the following form:

On = —H(FE — NP n = £Vn + VA Ynin(t) g 1o
’@[Jn(oa (E) = ¢0($)

so that we can recognize in it the Schrédinger equation for an anharmonic
oscillator with a complex potential, i.e.

Un = =5 (2 + L) — £UYn
{¢n<o,a:> — ol) (>4

where a? = —2i\i and U = U(t, z,w) = V(x) + iV Az - n(t).
We introduce the sequence of vectors [,, € H; defined by

1) =3 [ 5 ins)ds = =3 [ o) 35
which is given by
ln(s) = \/X/t Wy (T)dT. (5.44)

First of all let us consider equation (5.35) with H replaced by the free
Hamiltonian H = —h%A/2. The following result holds:
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Lemma 5.1. Let ¢y € S(R?). Then the solution of the Cauchy problem.:

{d)n(t, 2) = BAG, (1, 2) — A2 (t,2) + VAT - On(O)n(t, 7)
Y (0,2) = o(x), x € R4

is given by:

(5.45)

Yn(t,x) = / e Jo I A g () alPds VA [ ()t aybn (s ((0) 4 @)y
He

(5.46)
(where the Tight hand side is interpreted as the infinite dimensional oscil-
latory integral of o(y(0) 4 x)el") with complex quadratic phase function
(v, (I + L)y)/h, with H; the Cameron-Martin space, l,, the vector defined
by (5.44) and L the operator defined by (5.37).)

Proof. Formula (5.46) can be realized as

/ e37 Jg 13(5)Pds=X [ (o) +alds /X [§ (r(9)+2)Gn ()ds (0 + ) dry
He

7ia2\z\2t \/7 i . . ~
— TR R (1) / o2 IHLYY) i) / i i) ) T () dady
He R4

where b(a, x) € Hy, precisely:

xaQ

b(a,z)(s) = a(t —s) — e

(t* — 5?),
One can directly verify that the function
fo) = [ et DD gyayda,  y ety
is the Fourier transform of a measure u € M(H;), that is:
() = [ (@) (dr)do

so we can apply theorem 5.5 and the integral (5.46) is equal to:

e#—‘r\/}-wn(t)/ ¢ det(I + L)~1/?
]Rd

e%h (b(oz,gc)—iln,(I+L)_1(b(a,x)—iln)>1/~)0 (a)da.

By simple calculations we get the final result:

wn (ta x) = iy GTL (ta Z, y)wo (y)dyv
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where G,,(t,x,y) is given by:
\/_am

TWn " wn(s) cos(as)ds
Gn(t,$7y) = \/ﬁ sm(at) €f (t) sin(at) fO ( ) ( )

¢ |wn(s)\2ds A (—q fo wy, (8)- ft wnp (s") sin[a(s’—s)]ds’ds)

s 't sin(as)wn(s)ds~f()t cos(as)wn (s)ds—a cot(at)| jOt cos(as)wn (s)ds|?)

e%(cot(at)(\z|2+|y| )— Siﬁayt)) a\/Xy~(cot(at) fot cos(as)wn(s)ds—&-fgt sin(as)wn (s)ds)

(5.47)
which is, as one can easily directly verify, the fundamental solution to the
approximate Cauchy problem (5.40). O
2. The convergence of the sequence of approximated solutions.

We will prove the following result:
Lemma 5.2. The following equation
{ dy = —LHipdt — Nz |>pdt + Az -podB(t)  t>0 (5.48)
(0, 2) = o(x), 1o € SRY), '

with H = —h?A/2, has a unique strong solution given by the Feynman path
integral

W(t,z) = / oo [ () Pds =2 [ 1y(s)alds VX [ ((s)+a)-dB(s)

Po(v(0) + x)dy
rigorously realized as the infinite dimensional oscillatory integral with com-
plex phase on the Hilbert space Hy

e—)\\z\Q—i—\/sz(t)/ 62%1('y,(I+L)'y>e(l,'y>e—2Ar-f0t 'y(s)dsdjo(,y(o) + ac)d’y
Hi
Moreover it can be represented by the process

vite) = [ Gltay)n)dy
R
where
G(t,ﬂj y) _ # : a eﬁz-w( )— S\mr(gf) j(f cos(as)w(s)ds
2mih | sin(at)

o2 (—a [§ w(s)-[! w(s) sin[a(s'—s)]ds'ds)

e's (7afot sin(as)w(s)ds-fot cos(as)w(s)ds—a cot(at)| fot cos(as)w(s)ds|?)

23y

e%(cot(at)(‘1\2+|y|2)*sin(a't)) avy- gm(at) (j cos[a(s—t)]w(s)ds).



Open Quantum Systems 173

Proof. Let us consider the sequence of approximated solutions

int.a) = [ Gulta)in(wiy
Using the dominated convergence theorem we have that:

P( tin [ fn(t,2) - B(t, )| 2dx — o) =1 (5.49)

n—oo

with (¢, 2) = [, G(t, 2,y 1/10( )dy, as:
lim |G, (t,z,y) — G(t,x,y)| — 0

for all t € [0,T] and x,y € R%. Moreover, one can see by a direct computa-
tion that a = v/—2¢A\ can be chosen is such a way that:

[ Galtapinmdsl < COSD il (6.50)

where P(t,x) is a second order polynomial with negative leading coefficient
and C(t) and P(t,z) are continuous functions of the variable ¢ € [0,T].
Applying the It6 formula to the limit process ¥ (t) we see that it verifies
equation (5.48) for every (¢, z,y). Since the kernel G(t,z,y) is adapted
to the filtration of the Brownian motion by construction, it follows that
the solution is predictable. By direct computation and using estimates
analogous to (5.50) one can verify that 1) is a strong solution. On the other
hand every 9, (t, z) is equal to

/ 30 Ji &) s [ 12 (s) s VA [ ((5) ) o (5)ds g (0) + )y
He

71(12\ \ t

=e +V Az wn(t)/ e%ﬁ<'Y>(I+L)'V>e<l"”y>€_if0t azz.v(s)dSwO (7(0) + m)d’}/
He

— o R o (t) det(I + L)‘l/Q/ e = (=il (D)7 (i)} ()
Hi

where p(dy) is the measure on H; whose Fourier transform is the function

7 — ¢S Oy (4(0) + ).

We have ||l — ||, — 0 as n — oo, where I(s \/—f r)dr. Therefore,

by the Lebesgue’s dominated convergence theorem we have that, for every

r € R%:

lim e_m% 2t e wn (t) det(I + L)~ 1/2/ e_zfﬁ<V*il“’(I+L)_1(7*”")>u(d’y)
He

n—oo

T V) e (] 4 L)~ 1/2/ 72 b IHD T =) ().
He

(5.51)
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Therefore, taking into account the uniqueness of the pointwise limit, we
have shown that:

f]R (t, 2, y)bo(y)dy
(5.52)

- Ee_’ Ji V() 2ds =2 [ 1y(s)-+[2ds o J§ (1(8)+2)-dB() . (7 (0) + ). -

Remark 5.2. The result can be extended by continuity to all ¢y € L?(R%),
using the density of S(R?) in L2(R9).

3. The proof of Feynman-Kac-Ito formula by means of Dyson expansion.
Let us consider now the general case where H = —h?A/2+V and complete
the proof of theorem 5.6. We follow here the technique by Elworthy and
Truman [114].

We set for t >0, z € R%:

@(t,())%(@:/ s [E () 2ds = [ [r(9)+al?ds y— i ¢ V((s)+a)ds
He

. e\/X.[Ot('y(s)+ﬂc)-dB(S)w0(fy(0) +x)dy (5.53)

and

Oo(t, 0)bo () = / o [ Pds =2 [{ () alds ,V/X [ (4(s)+2)-dB(s)
Ht

Yo(v(0) +z)dvy.  (5.54)
Then we have:

2ut

Ot, 0)(z) = e+ Aew(t) / o2 THD)N) L) =i [ aay(s)ds
Ht

e h Jo Vet o)ds o ((0) + z)dy . (5.55)

Let po() be the measure on H; such that its Fourier transform evaluated
in vy e M, is Yo(v(0) + ).

For 0 < u < tlet u,(V,z), v (V,z) and n!,(z) be the measures on H;, whose
Fourier transforms when evaluated at v € H; are respectively V (x +~(u)),

exp (—% fj V(z+y(s ))ds) and exp (% ft a’xy( )ds) We shall often write
po = pu(Vyz), v = vi(V,z) andnu =nl(z). U {py: a<u<b}isa
family in M(H;), we shall let f tudu denote the measure on H; given by:

f— / [ rem(anan,

whenever it exists.
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Then, since for any continuous path ~

esp (- Z'/tvw( ) +2)ds) =

1——/ Viy )exp(—%/utV('y(s)—&—x)ds)du,

we have

(5.56)

ot
vh =60 — %/0 (o * V5 du (5.57)

where &g is the Dirac measure at 0 € H;.
By the Parseval-type equality:

O(t, 0)tho () = =it SRpw(t) det(I + L)~ 1/2
- /H BT g v x po(0)) (da) - (5:58)
Applying to this equality (5.57) we obtain:
O(t,0)¢o(z) =
—m2\ 12t

. CVRewl) et (14+L)~1/2 /H ¢ 2 (mib DT @) (g (1)) (dor)

) t —za2 t
—%/6 H +fzwt)det(I+L) 1/2
0

e D g (Vi) s ¢ o) (o)
He
. t .
— Ou(t, 0)ebo () — %/ / o3n S A Pds =X [§ [1(s)+ol2ds o= £ [1 V() +a)ds
0 He

MO ABEOY () + @)y (1(0) + 2)dvdu.
By the Fubini theorem for oscillatory integrals (see 2.7, we get that

/ o [ ()2 ds= [ [7(9)+al?ds y— & [V (v(s)+a)ds
Hy

/A ABIY (3 (u) + )i (1(0) + )y

P

_/ o2 [ (o) Pds— X [! va(s) +al?ds £ [1 V (ya(s) +a)ds
Hou,t

——

e\/XH(W(S)'Hﬁ)'dB(S)V(Wz(u) 4 m)/ e% Jo ()P ds—X [o* [v1(s)+y2(w)+z[?ds |
Ho,u

VA5 (i ()12 () +2) B )y (47 (0) + 2 (u) + x)dy1da.
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Here v1 € Ho, and 72 € H,,¢ are the integration variables, where we have
denoted by H, s the Cameron-Martin space of paths 7 : [r, s] — R%.
Finally we have:

O(t, 0)do(x) = Ot O)o(x) — i / O(t, u)(VOu(u, 0)bo) (x)du  (5.59)

Now the iterative solution of the latter integral equation is the Dyson series
for ©(¢,0), which coincides with the corresponding power series expansion
of the solution of the stochastic Schrodinger equation, which converges
strongly in L?(R%). The equality holds pointwise. On the other hand,
following [138], it is possible to prove that the problem (5.48) has a strong
solution that verifies (5.59) in the L? sense, therefore ©(t,0)t coincides
with the solution ¢(¢). This concludes the proof of theorem 5.6. O

It is also possible to consider Belavkin’s equation describing the con-
tinuous measurement of the momentum p of a d—dimensional quantum
particle:

dip(t, @) = — L Hp(t, x)dt + 22 AP(t, x)dt — iV ARV(t, )dB(t)

¥(0,2) = o(x) (t,r) € [0,T] x RY.

(5.60)
The stochastic term plays the role of a complex random potential depending
on the momentum of the particle. In this case one has to use the phase
space Feynman path integrals described in section 3.3. More precisely by
means of a infinite dimensional oscillatory integral with complex phase on
the space of paths in phase space one can give a rigorous mathematical
meaning to the following heuristic expression:

W(t,z) = /e%(j}f(q'(S)p(s — 5 p(8)?)ds—X [ p(s)%ds ,— ¢ [ V(a(s)+z)ds

ceV Mo PGy ABE) g (4(0) + 2)dgdp.  (5.61)
See [14] for a detailed study of this problem.



Chapter 6

Alternative Approaches to Feynman
Path Integration

Since the first introduction of Feynman path integrals [122], several ap-
proaches for their mathematical definition and several applications have
been proposed, both in the mathematical and in the physical literature.
The present chapter is a brief survey of this topic, without any claim of
completeness.

6.1 Analytic continuation of Wiener integrals

One of the first attempts to the rigorous mathematical realization of Feyn-
man path integrals involves analytic continuation of Gaussian Wiener
integrals. The first rigorous results can be found in Cameron’s pa-
per in 1960 [64] and where further developed in a series of papers
[65, 66, 68, 67, 69-71, 181, 182, 184, 183, 185, 186, 175]. As Cameron
proved, it is not possible to define a Wiener measure W, on the space
of continuous paths C([0,t]) with a complex covariance A € C, as, unless
A € RT, it would have infinite total variation. Therefore the expression

/ f(@)dW (),
c([o,t])

is meaningless. On the other hand, for A € R and for a Borel function f
on C; = C([0, t]) satisfying suitable conditions, the following formula holds
[64]:

Fe)awsw) = [ F(Vrw)aw w). (6.1)
Cy Cy

If A\ is complex, the left hand side or Eq. (6.1) is not well defined, but
the right hand side can still be meaningfull, provided that the function
f has suitable analyticity and measurability properties. In particular, for

177



178 Mathematical Feynman Path Integrals and Applications

A = i, the right hand side of Eq. (6.1) is the natural candidate for an
“analytic Wiener integral” or “analytic Feynman integral”. The class of
functions which are “integrable” in this sense does not substantially differ
from the Fresnel class F(H;) which can be handled by means of the infinite
dimensional oscillatory integral approach (see [175]).

Concerning the application of analytically continued Wiener Gaussian
integrals to the Feynman path integral representation for the solution of
the Schrédinger equation, the fundamental idea is the extension to the
complex case of the Wiener integral representation for the solution of the
heat equation

9
Lu=—-1Au+V(z)u
{ 0,z) = uo( ), r € R4, (6:2)
i.e. the Feynman-Kac formula:
u(t,z) = / e Jo VIt dsy o ((1) + 2)dW (w). (6.3)
Cy

Indeed, by introducing in Eq. (6.2) a real parameter A, related to the
time ¢

)\ha u = ——hQAqu V(z)u
= [, e w0 o VRN b0 dsy o (BT mNw(t) + 2)dW (W),
or the Planck constant £ [108]
)\%u = 5= N2 Au+ V(z)u
= /e, ex /o V(\/W“’(S)”)dsuo( Amw(t) + z)dW (w),
or the mass m [235, 191, 10]
gtu = L Au—iV(z)u,
= [, e s VIR ) sy (TTN0(8) + 2)dW (),

and by substituting respectively A = —i, A\ = dh, or A\ = —im
(when the resulting Wiener integral is well defined), one gets, at
least heuristically, Schrodinger equation (with # = 1 in the latter

case) and its solution. These procedures can be made completely
rigorous under suitable conditions on the potential V and the ini-
tial datum wug. For further results and details, see also for instance
[81, 82, 87, 176, 177, 180, 190, 193, 218, 230, 234, 264, 271, 272] and
[274-278, 281, 282, 294].

The class of classical potentials V' which can be handled by means
of these methods does not substantially differ from those of the type
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“quadratic plus Fourier transform of measure”. It is worthwhile to point
out however that Nelson [235] handles potentials which are singular at the
origin, Doss [108] can deal with some polynomially growing potentials, while
Albeverio, Brzezniak and Haba [10] study the case of potentials that are
Laplace transform of measures and can have an exponential growth at in-
finity (for analogous results in the framework of the white noise calculus
see [210]).

Furthermore, this particular approach allows the study of the
semiclassical limit A | 0 of the solution of the Schrédinger equa-
tion [47, 48, 57] by means of (a modified version of) the Laplace
method for the study of the asymptotic of the Wiener integrals
[256, 56, 58, 112, 113, 192, 241, 242, 252, 93-96, 40, 24].

It is worthwhile to recall the alternative way to define Feynman inte-
grals by means of convergent Wiener integrals proposed by Daubechies and
Klauder [90, 91, 88, 89, 204]. The authors study the matrix elements of
the unitary evolution operator U(t) = e~ 7 Ht hetween two coherent states
O p' P p» defined by

bgp = ei(pQ_qP)qbo,

where @, P are respectively the quantum position and momentum operators
and ¢g is the ground state of an harmonic oscillator. Formally the matrix
elements (@q7 pr, U(t)pg 1), in the case A= 1 and d = 1, should be given
by the phase space Feynman path integral:

<¢q”,p”a U(t)¢q’7p’> - N/ e% Jo o (o)=elohpeNdo=s fs H(p(8)7q(s))dsdpdq7

(6.4)
where (q(s),p(s))scjo,¢] Tepresents a generic path in the phase space, while
H :R? — R is defined as the matrix element of the quantum Hamiltonian
operator, i.e.

H(q,p) = (bq,p, Hdg,p), (¢,p) € R?,

and N represents a normalization constant. The heuristic expression (6.4)
is defined by inserting into the integrand an extra factor

=35 o (5(e)*+i(s))ds.

representing formally the density of a Wiener measure (on the space of paths
(q(s),p(s))sclo,) in the phase space) with diffusion constant v > 0. The

exponent fg (p(s)d(s) — q(s)p(s))ds is replaced by fg (p(s)dq(s) —q(s)dp(s))
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and interpreted as a (Ito or Stratonovich) stochastic integral. In this way,
for v > 0, the resulting expression

/ ¢4 1§ (p(9)da(s) ~a()dp(s) =i [§ Hp(s)a(s)ds gy, (. q) (6.5)

is a well defined Wiener integral. The main result is the proof that, by
replacing in Eq. (6.5) the function H : R? — R with h : R? — R, given by

Mp.g) = (~ 5@+ ) HB.0), o) €E,  (6)

the matrix elements (¢gr i, U(t)dq ) are given by the following limit

<¢q”,p”v U(t)¢q’7p’>
~ lim 2rert? / % 13 0(s)da(s)=a(=)dp(s)) =i [ h(p(s)alsDds Gyy7, (. ),

V—00

where W, is the product of two independent Wiener measures (one in p and
one in ¢) with diffusion constant v pinned at p’, ¢’ for s = 0 and at p”,q”
for s = t. This formula is valid for all self-adjoint Hamiltonian operators H
on L?(R) for which the linear span of the harmonic oscillator eigenstates is

a core and such that
dpdq
H = /h p,q pq 2 )

where h : R? — R is given by Eq. (6.6) and P,, : L*(R) — L*(R) for
(p,q) € R? is the projection operator

Py q(¥) = ¢g p (g ), ¢ € L*(R).

One has also to impose that for all & > 0 the bound

/ h(p, q)[?e~ P+ dpdg < oo
R2

is satisfied. The class of Hamiltonian operator satisfying these condition
includes all Hamiltonians that are polynomial in P and ). The same tech-
nique has been also applied to systems with spin.

The key point of the whole procedure is the “duplication” of the path
integral by working on the phase space rather than in the configuration
space. Indeed if one tries to apply the same regularization technique on a
configuration space path integral and to deﬁne an heuristic integral of the
form fe2 Js a()* 43 dq by inserting the term e~ 7 Jg d(s)%ds , v > 0, one has to
face with Cameron’s result [64] on the non existence of a Wiener measure
with complex covariance (in this case i+ 1 /V), or equivalently with the non
integrability of the function ez 5 Jg d(s)%ds,
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6.2 The sequential approach

An alternative approach to the rigorous mathematical definition of Feyn-
man path integrals which is very close to Feynman’s original derivation of
formula (1.6) is the “sequential approach”, which has already been briefly
discussed in the introduction (see Egs. (1.7)-(1.9)).

The starting point is the Lie-Kato-Trotter product formula
[279, 78, 79, 235], that, under suitable assumptions on the potential V,
allows one to write the unitary evolution operator e ®tH , whose generator
is the Hamiltonian H = Hy + V', Hy = —%A, in terms of the following
strong operator limit:

e =5 — lim (e iV *%%Ho)n. (6.7)

n—oo
Let us consider a vector ¢ in in Schwartz space S(R?). For V = 0, the
vector e_%tH"(b can be expressed in terms of the Green function of e~ #tHo,

d
_itH, . h T2 i,m(m—y)2
e n0g(x) = | 2mi—t e e ¢(y)dy. (6.8)
m
On the other hand, if we drop the term Hy, the Hamiltonian operator H is
a multiplication operator and e~ % ¢ is simply given by:

e FHg(a) = e BV Dg(a). (6.9)
By substituting Eq. (6.8) and Eq. (6.9) into (6.7), one gets the following
expression:

—HtH ()
—dT" _izﬁz |:m(zj_jj71)2—V(xj) %
— lim (mﬁf) /e e S COF d(z0)
n— 00 mn

Rnd

dl‘o AP dl‘n_l (610)
where z,, = x. The right hand side of Eq. (6.10) can be interpreted as
the finite dimensional approximation of a path integral. Indeed, if v is a
continuous trajectory from [0,¢] to R, with () = z, let us set z; :=
~v(jt/n), for j = 0,...n. The exponent in the integrand can be interpreted
in terms of the Riemann sum of the classical action functional evaluated
along the path ~:

Si(7) = / (2420 - Vo)) ds

PR
n 3 [l
- =)y ()
n—>oo : (77.)

S
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The sequential approach for the mathematical definition of the Feynman
path integrals has in fact two versions. In the first one, the attention is
focused on the definition of the evolution operator of the quantum system
in terms of a strong operator limit, by means of a formula analogous to
(6.7), which is a special case of the semigroup product formula

s — nILIgO(F(t/n))" = exp(tF'(0)), (6.11)

where ¢t +— F(t) is a strongly continuous function from R (or R™) into
the space of bounded linear operators on an Hilbert space H, while F'(0)
has to be interpreted as some operator extension of the strong limit s —
limy_ot~Y(F(t) — I). In particular if A, B are self-adjoint operators in ‘H
and F(t) = e®eB, one gets formally the Trotter product formula (see
lemma 3.5):

s — lim (eitA/”e“B/”)" = t(A+B) (6.12)

n—oo

(where the sum A + B has to be suitably interpreted). Nelson in 1964 [235]
proved Eq. (6.12) in connection with the rigorous mathematical definition
of Feynman path integrals, under the assumption that the potential V' be-
longs to the class considered by Kato [196]. Some time later Friedman
[127] studied formula (6.11) in connection with the description of continu-
ous quantum observations. Feynman himself in [122] considered particular
“ideal” quantum measurements of position, made to determine whether
or not the trajectory of a particle lies in a certain space-time region. By
substituting in formula (6.11) for F(¢) the operator EP(t)E, where P(t)
is a contraction semigroup in the Hilbert space H and E is an orthogonal
projection, and by letting P(t) = e""*Ho and E : L2(R%) — L?(R%) be the
orthogonal projection given by multiplication by the characteristic function
of a suitable region R of R, the limit

lim_||(Be =0/ )" g2

(if it exists) should give the probability that a continual observation during
the time interval [0, t] yields the result that the particle, whose initial state
is the vector ¢ € L?(R?), lies constantly in the region R.

The second version of the sequential approach has been extensively stud-
ied by Fujiwara and Kumano-Go [129-137, 209] (see also [169, 170]) and
has the right hand side of Eq. (6.10) as a starting point. A formal path
integral on a space of paths « : [0,#] — R? of the form

/e%S(V)F(v)dW (6.13)
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is realized in terms of a “time slicing approximation”. More precisely for
any n € N one considers a partition of the interval [0, ¢] into n subintervals
th=0<t <..<t; <..<t, =tand for each j = 0,...,n a point
r; € R% The path v in expression (1.6) is then approximated by a broken
line path, passing, for each j =0, ...,n, from the point x; at time ¢;. There
are two possible approaches to this “time slicing approximation”: one can
connect the point x; at time ¢; with the point x;,1 at time ¢;,1 by means
of a straight line path [283, 209, 134], i.e.

L+t ~ T
tit1 — 1
or by means of a classical path [129], i.e. the (unique, for suitable V" and if
|tj+1 — t;| is sufficiently small) solution of the classical equation of motion

mA(r) = =VV(7,7(7))
V(t;) = 5,
V(1) = Tjt1 -

In particular the term % is the (constant) velocity of the path con-

(1) =25 + T—15),  TE][tjtin],

necting the points z;_; and z; in the time interval £.

An heuristic expression like Eq. (6.13) is then realized as the limit of
the time slicing approximation for suitable functionals F' on the path space.
Indeed by denoting with -y, the broken line path (straight resp. piecewise
classical) associated to the partition tp =0 < t; < ... <t; < .. <t, =t,
and by A; the amplitude of each time subinterval, i.e. A; = |t;11 — t;],
one defines

P8 P dy = i (L "2 #Si(m) : d

/e (V)dy = |Algoj1;[1 (2m'hAj) /Rnd < (%)jl:[l ek
(6.14)

(where |A| := sup; A;) whenever the limit exists. The integrals on the right

hand side do not converge absolutely and are meant as (finite dimensional)

oscillatory integrals.

D. Fujiwara in the case of approximation with piecewise classical paths
and D. Fujiwara and N. Kumano-go in the case of broken line paths prove
the existence of the limit (6.14) for a suitable class of functionals F. They
assume that the potential V (¢, z) is a real valued function of (t,z) € R x R?
and for any multi-index a, 92V (t,x) is continuous in R x R?. Moreover
they assume that for any integer k > 2 there exists a positive constant Ay
such that

|0SV (¢, z)| < Ap, |a] = K,
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(this excludes polynomial behaviour at infinity, except for at most quadratic
degree).

The so defined functional has some important properties. Integration
by parts and Taylor expansion formula with respect to functional differen-
tiation hold. The functional is invariant under orthogonal transformations
and transforms naturally under translations. The fundamental theorem of
calculus holds and it is possible to interchange the order of integration with
Riemann-Stieltjes integrals as well as to interchange the order with a limit
[134].

The semiclassical approximation as A — 0 of the integral has been
detailed studied, providing not only the leading term, but also the other
ones. We refer in particular to the review paper [136] for a complete treat-
ment of the topic which provides also an intuitive explanation of the main
ideas.

We point to the reader that a phase space Feynman path integral version
of this approach has recently been implemented [137] by approximating
a generic path (¢,p) : [0,¢] — R2? in the phase space of the system by
means of piecewise bicharacteristic paths, i.e the solutions of the Hamilton
equation of motion with particular boundary condition (i.e. the initial
velocity and the final position are fixed).

Finally we recall that the time slicing approximation, in particular
with piecewise polygonal paths, is extensively used in the physical liter-
ature not only as a tool for the definition of the Feynman integral, but
also as a practical method of computation for particular solvable models
[145-147, 153, 205, 255, 257, 139, 290].

6.3 White noise calculus

Another idea which has been largely implemented is the definition of the
Feynman integral as an “infinite dimensional distribution”. In other words,
the heuristic expression [ ernS™) f(%)d~, which cannot be defined in terms
of a Lebesgue integral, is realized as the distributional pairing between ensS
and a suitable function f.

The first proposal of the definition of the infinite dimensional oscilla-
tory integrals in terms of a duality relation can be found in two papers by
Ito [172, 173] and further developed in Albeverio and Hgegh-Krohn’ work

[17, 16], where an infinite dimensional Fresnel integral on a real separable
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Hilbert space H

/ e () f(y)dry
H
is defined for f € F(H) in term of the Parseval type equality:
i _in .
Lo = [ e Haue) p=pe 613

The main difference with the infinite dimensional oscillatory integral ap-
proach described in chapter 2 is the fact that here Parseval equality (6.15)
plays the role of the definition of the Fresnel integral, while the same equal-
ity in chapter 2 is a theorem.

The definition of the Feynman integrand erS as a special kind of infi-
nite dimensional distribution was also realized in C. DeWitt-Morette’s work
[100, 101, 103, 102, 74, 73, 72, 75, 104]. This idea has been recently im-
plemented in a mathematical rigorous setting by means of white noise cal-
culus [162, 163, 118, 117, 150, 210, 214, 261, 270]. In white noise - Hida
calculus the integral [ e2r (1) f(7)dry is realized as a distributional pairing
on a well defined measure space. The idea can be simply explained in a
finite dimensional setting. Indeed for H = R? and /& = 1, one has

(2mi) =42 /]Rd e%(w“'”)f(a:)dx

= (2m) 2 [ @R f)e e
Rd

1 i
=an / A OIHED @) dug (),
R

where the latter line can be interpreted as the distributional pairing of

i—4/2e3(@2)+3(®.2) and f not with respect to Lebesgue measure dz on RY,

but rather with respect to the centered Gaussian measure g on R? with
covariance the identity.

This idea can be generalized to the infinite dimensional case by ex-
ploiting the fact that, even if Lebesgue measure does not exist, Gaussian
measures are still well defined in this setting.

The first step is the construction of the underlying measure space, the
infinite dimensional analogous of (R?, ).

Let E be a real separable Hilbert space, with inner product ( , ), and
let & D & D ... be vector subspaces of E, each &, being a Hilbert space
with inner product (, ), such that:

(1) € :=ny&, is dense in E and in each &,
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(2) |ulp < |ulq for every ¢ > p and u € &,
(3) for every p, the Hilbert-Schmidt norm |/ig,||ms of the inclusion igy, :
&y — &, is finite for some ¢ > p and limg,o ||igpll s = 0.

By identifying E := &y with its dual &, it is possible to construct the chain
of spaces

E=Mp&p C--CECECE=E~E CELCE g CE :=Uply,

where £_), = &, p € Z. In a typical example one has an Hilbert-Schmidt
operator K, with Hilbert-Schmidt norm ||K||gs < 1, &, is taken as the
range Im(KP) and

(u, vy = (K Pu, K Pv). (6.16)

According to Milnos’ theorem there is a unique probability measure p on
the Borel o—algebra (of the weak topology) on £* such that for every z € £
the function on £* given by

¢ (fx):=¢(x), oe&

is a mean zero Gaussian variable of variance |z|3. By unitary extension,
for every = € FE there is a p-almost-everywhere defined Gaussian random
variable (-,z) on £* with mean 0 and variance |z|3. This extends by
complex linearity to complex Gaussian random variables corresponding to
elements z of the complexification E¢ of E.

The space (£*, p) is then taken as the underlying measure space for the
realization of the (at this level still heuristic) expression

/ e @ TE @) £ () dp (), (6.17)

i.e. (£*, 1) plays the role of the infinite dimensional analogue of (R?, 1u¢).

Let us consider the symmetric Fock space Fs(E¢) on Eg, i.e. the Hilbert
space obtained by completing the symmetric tensor algebra over E¢ with
respect to the inner product given by

<<Z Up, va>>0 = Zn!(un,vn>o,

where w,, and v,, are n-tensors and (-, )9 denotes the inner product on n-
tensors induced by the inner product on E¢. Analogously the inner prod-
ucts (-, ), produce inner products ((-,-)), on Fs(Ec).

Fs(Ec) is unitary equivalent to L2(E*, i) by the Hermite-Ito-Segal iso-
morphism 7 : L2(E*, u) — Fs(Ec), which is defined by

T(el9)=(=50/2) = Fxp(z)
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for every z € E¢, where
(h2): &= C: ¢ 0(2)
and
282 ,®3
EXp()_1+Z+T+T+ - € Fs(Eg).
It allows to transfer the inner products ((-,-)), from Fs(Ec) to L*(E*, u),
denoted again with ({-,-)),.

Let us call white noise distribution over £* any element of the completion
[E_p] of L2(£*, p) with respect to the dual norm ((-, -))_,, for some integers
p=>0.

It is possible to construct the following chain of Hilbert spaces

€] := ul&] € - C €] C 6] C 6]
= L€, 1) = €3] C [6-1] C [E-a)--- C [€7] = UplEL,).

The elements of [£] are taken to be test functions over [£*], which is the
corresponding space of distributions.

The aim of the white noise approach is the proof that the expression
e (@2)+3(2,2) can be rigorously defined in terms of a white noise distribu-
tion. In particular in this framework it is possible to realize the Feynman
path integral representation for the fundamental solution G(t, z; 0, y) of the
Schrédinger equation over R?

G(t,z;0,y) = ﬁy(t) N en JEE3(s)/2)— ’Y(s)))dsd% t>0, 1,y € Rd,
7(0)=y
in terms of a white noise distributional pairing on a suitable “path space”
E* [163, 118, 210, 214]. We present here some results given in [210].

Let us consider the Hilbert space E = Lg := L?(R) ® R%, the nuclear
space £ = S; := S(R) ® R?, i.e. the space of d—dimensional Schwartz test
functions, and the corresponding dual space £* = S/} := S'(R) ® R?. Let
w be the Gaussian measure on the Borel o-algebra of S/ identified by its
characteristic function

/ I X g ) = =3 P@ds peg,

Heuristically the “paths” X € S/ can be interpreted as the velocities of
Brownian paths, as the d-dimensional Brownian motion is given by

/X1 /Xd )ds),
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X; being the iy, component of the path X. One then considers the triple
[Sa] € L*(Sq) € [S3]

and realizes the Feynman integrand as an element of [S]. More precisely

the paths are modeled by

y(s) =z — \/i—i/ X(o)do :=x — \/ﬁ(X, L(s,)s

and the Feynman integrand for the free particle is realized as the distribu-
tion

i+1

Io(ﬁ,t; xo,to) = Ne™2

Jo X(%ds5(5(0) — y),

(where N stands for normalization and §((0) — y) fixes the initial point of
the path). The same technique allows one to handle more general potentials,
such as those which are Laplace transform of bounded measures (see [210]
for a detailed exposition).

Particularly interesting is the application of this formalism [39, 15, 215,
154-156, 158, 157, 159, 37, 35] to the study of the Chern-Simons topological
field theory [46, 258, 259, 292] (for similar results by means of different
methods see also [38, 61, 128, 151, 200, 197-199, 219]).

6.4 Poisson processes

An alternative mathematical definition of Feynman integrals has been pro-
posed by V.P. Maslov and A.M. Chebotarev [222, 208] and further de-
veloped by Ph. Combe, R. Hgegh-Krohn, R. Rodriguez, M. Sirugue, M.
Sirugue-Collin, Ph. Blanchard [60, 86, 85, 84]. Some recent results and
new applications have been proposed by V.N. Kolokoltsov [207, 206].

The main idea is the definition of the Feynman path integral for the
solution of the Schrodinger equation in momentum representation:

(#00) = %00 V)i (6.13)

¥(0,p) = ¢(p)

in terms of the expectation with respect to a Poisson process.
The potentials V' which can be handled by this method are those be-
longing to the Fresnel class F(R9):

Viz) = / e dpy (k), z € R%
Rd
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In fact for any p, € M(R?), there exist a positive finite measure v and a
complex-valued measurable function f such that

pio(dk) = f(k)v(dE).

One can assume that v({0}) = 0 without loss of generality, because other-
wise the condition can be fullfilled by a translation of the potential. In this
case v is a finite Lévy measure and one can consider the Poisson process
having Lévy measure v (see, e.g. [243], for these concepts). This process
has almost surely piecewise constant paths. More precisely, a typical path
P on the time interval [0,¢] is defined by a finite number of independent
random jumps 61, ..., 0, distributed according to the probability measure
v/A,, with A, = v(R?), occurring at random times 7y,...7,,, distributed
according to a Poisson measure with intensity A, .

Under the assumption that qg(p) is a bounded continuous function, it
is possible to prove that the solution of the Cauchy problem (6.18) can be
represented by the following path integral:

12)(2571)) _ etAVEI[jOJ] [e—% Z?:o(Pj’Pj)(TjH—Tj)H?:l(—if((sj))(;g(p(t))]’

where the expectation is taken with respect to the measure associated to
the Poisson process and the sample path P(-) is given by

Ph=p, 0<7<m

Pi=p+d61, mn<7<m

P(r) = (6.19)

Pn:p+51+52++5n, ™ <7<t

The present approach has also been successfully applied to the study
of relativistic quantum theory [1], to Klein-Gordon equation [86, 84], to
Fermi systems [85] and to the solution of Dirac equation [208]. We re-
fer to Kolokoltsov’s book [207] for a detailed exposition of more general
applications of this technique.

6.5 Further approaches and results

In recent years alternative mathematical definitions of Feynman path inte-
grals have been proposed.

As an example we recall the work of Belokurov, Smolianov, Solov’ev
and Shavgulidze [260, 266, 52-55], who introduce a regularized path integral
which can be expressed in terms of a convergent power series in the coupling
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constant. This procedure allows a perturbative treatment of polynomial
potentials.

In [18] an analytic operator-valued Feynman integral is defined for po-
tentials given by a class of generalized signed measures described in terms
of additive functions associated with Dirichlet forms.

Another interesting approach which has not been systematically devel-
oped yet makes use of nonstandard analysis [12]. The main idea is the
extension of the expression

/ e St(@o,-.sy I")¢(xo)dxo o dTp_1,

Rdn

representing the finite n-dimensional approximation of the heuristic Feyn-
man integral, from n € N to a nonstandard hyperfinite infinite n € *N.
The result is just an internal quantity. For a suitable class of potentials,
its standard part can be shown to exist and to solve the Schrodinger equa-
tion. Analogously the semiclassical approximation of the solution of the
Schréodinger equation can be obtained by taking the parameter h as an
infinitesimal quantity. Some interesting results can be found in [231, 232].

Besides Feynman integration theory, it is worthwhile to mention also
Feynman operational calculus, that is an heuristic procedure which allows
to define product and functions of noncommuting operators. It was de-
veloped by Feynman in 1951 [126] and applied to quantum electrodynam-
ics. The study of this technique from a rigorous mathematical point of
view is extensively described in Johnson and Lapidus’ book [180] (see also
[98, 99, 178, 179, 212, 213, 141-143)).

The number of applications of (heuristic) Feynman path integrals to
quantum theory is really huge and it is impossible to give a complete de-
scription. Let us only mention some rigorous results concerning the solution
of Dirac equation [20, 21, 168, 171, 232, 233, 295, 297, 296], the application
to hyperbolic systems [273, 146], the mathematical approaches to super-
symmetric Feynman path integrals [253].

Finally we should not forget the enormous predictive power of Feynman
description of quantum dynamics when this is applied to quantum field
theory [76, 174, 203, 238, 244, 288, 289, 298]. In this case however the gap
between what can be heuristically calculated and what can be rigorously
mathematically defined is particularly deep. Much work has still to be
done...



Appendix A

Abstract Wiener Spaces

A.1 General theory

In the present section we give some elements of the theory of abstract

Wiener spaces. For a more detailed treatment see for instance [149, 211].
In the following we shall denote by (H, (, ), || ||) a real separable Hilbert

space and by (B, | |) a real Banach space. Let us introduce some definitions.

Definition A.1. A Gaussian measure on a Banach space (B, | |) is a prob-
ability measure on the Borel o-algebra on B such that for each = € B*, the
random variable z : B — R has a Gaussian distribution on R.

Definition A.2. A cylinder set Z C H of a real separable Hilbert space H
is a set of the form

Z={x€H,|PxecF}

with P : H — H is a projection operator on H with finite dimensional
range, i.e. PH = R" for some n € N, and F € B(PH) is a Borel set in PH.

In the following we shall denote by o(Z) the o—algebra generated by all
cylinder sets.

Definition A.3. A cylinder measure on H is a positive and finitely additive
set function v defined on the o—algebra o(Z) of cylinder sets.

Let us consider the cylinder measure v on ‘H, defined by its characteristic
functional o(z) = e—sllzl?, Equivalently, v is given on the cylindrical sets
of H by the following formula

v({z € H,|Px € F}) = (27r)_"/2/Fe_%”Pz”Qd(P;U), F € B(PH).

191
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v is called standard Gaussian measure associated with H.
By Prokhorov’s theorem [211] the following holds:

Theorem A.1. LetH be infinite dimensional. Then the standard Gaussian
measure associated with H is not o—additive on o(Z).

Definition A.4. A norm | | (or a semi-norm) on H is called measurable
if for every € > 0 there exist a finite-dimensional projection P, : H — H,
such that for all P L P, one has:

v({z € H| [P(z)| > €}) <,

where P and P, are called orthogonal (P L P.) if their ranges are orthogonal
in (H, (,)).

One can easily verify that | | is weaker than || ||. Indeed there exists a
¢ € R such that

2| < cllzll, VzeH. (A1)

In the following we shall denote with B the Banach space constructed as
the completion of H in the | |-norm and by ¢ the inclusion of H in B, which
is continuous by Eq. (A.1). Analogously, the dual map i* : B* — H*, which
is given by restriction, i.e. i*(z) = xy, is continuous. Identifying H = H*
we have the following chain of densely embedded subspaces

B*CHCB.

The triple (i,H, B) is called an abstract Wiener space.
The following holds [149]:

Theorem A.2. There exist a unique probability measure p on the Borel
o— algebra of B, such that for any y € B*:

B

Let us consider a particular kind of cylinder sets in H. Given y1, ...y, € B,
and F € B(R™), let Zp(y1,...yn) be the subset of H

Zp(Yy1,.--yn) ={z € H|(i*y1(x), . ,z*yn(a:)) € F}.
Analogously the subset of B defined as

{z € B|(y1(),...,yn(2)) € F}, (A.3)
is called a cylinder set of B. The following holds:
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Theorem A.3. The o—algebra on B generated by the cylinder sets of the
form (A.3) coincides with the Borel o—algebra on B. Moreover the Gaus-
sian measure p on B is an extension of the standard Gaussian measure v
on H in the sense that

p({z € Bl(y1(z),...,yn(z)) € F}) =v({z € H|(i"y1(z),...,i"yn(x)) € F}).

By theorem A.2, each element y € B* can be regarded as a random
variable n(y) on (B, i), which is normally distributed, with covariance ||y||?.
More generally, given y1,y2 € B*, one has

/B n(y)n(y2)dp = (41, 2). (A.4)

Equation (A.4) and the density of B* in H allow the extension of the map
n:B* — L?(B,u) toamapn : H — L2(B, i) (with an abuse of notation we
denote the map n on B* and its extension to H with the same symbol)[149].
Moreover, given a complete orthonormal system {e;} in H, for any h € H
the sequence of random variables

> hinfe:),  hi=(ei,h),
i=1

converges in L?(B, 1), and by subsequences p a.e., to the random variable
n(h).
Given an orthogonal projection P in H, with

n
P(x) = Z<e¢,$>ei
i=1
for some orthonormal ey, ..., e, € H, let us define the stochastic extension

P of P on B as the random variable

P() =S nle)(- e
i=1
More generally:
Definition A.5. Given a function f : H — By, where (B1, || ||5,) is another
real separable Banach space, we say that the stochastic extension f of f to

B exists if the functions f o P : B — By converge to f in probability with
respect to p as P converges strongly to the identity in H.

The following holds [149]:

Theorem A.4. If g : B — By is continuous and f := g|w, then the stochas-
tic extension of f is well defined and it is equal to g p—a.e.
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Analogously it is also possible to prove that given a self-adjoint trace class
operator B : H — H, the quadratic form on H x H:

x € H + (z, Bx)

can be extended to a random variable on B, denoted again by ( - ,B - ).
Indeed for each increasing sequence of finite dimensional projectors P, con-
verging strongly to the identity, P, (z) = Y., ei(ei, z) ({e;} being a com-
plete orthonormal system in H), the sequence of random variables

n

x € B Y (e, Bejin(ei)(x)n(e;)(x)
ij=1
is a Cauchy sequence in L!(B, ). By passing if necessary to a subsequence,
it converges to { - , B - ) u—a.e. Moreover the following holds:

Theorem A.5. Let B : H — 'H be symmetric and trace class. Let us
assume that the largest eigenvalue of B is strictly less than 1 (or, in other
words, that (I — B) is strictly positive). Let y € H.

Then the random variable on (B, 1)

()= et )3 ( B )

is well defined, it is p-summable and

/ fdp = (det(I — B))~Zextw =070,
B
where det(I — B) denotes the Fredholm determinant of the operator I — B.

Proof. By considering a complete orthonormal system {e;} made of
eigenvectors of the operator B, b; being the corresponding eigenvalues, the
sequence of random variables

gn : B — C, T gn(z) = e Li=i biln(e)@)*

converges to g(x) p-a.e..
On the other hand one has

6_5(1 bi)x?
/ H/ dxi—Hl—b 172
B i=1

so that [, gndp converges, as n — oo, to (det(I—B))*l/Q, where det(I — B)
denotes the Fredholm determinant of (I — B), which is well defined as B is
trace class.

Moreover 0 < g, < gp+1 for each n . It follows that, as n — oo,

[ gud— [ gdu= (@er(z ~ B2
B B
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By an analogous reasoning, for any y € H, the sequence of random
variables f,:

T fo(z) = eXi= vin(ei) () o3 37y biln(e)(2)]?
where y; = (y, e;), converges p—a.e. as n goes to co to the random variable
f()= e () B )
and
/Bfndu - /deu = (det(I — B))Y2ezw.I=B)""v) (A.5)
(see [211, 191]). O

The last result of this section is a quasi-invariance property of the measure
won H.

Theorem A.6. [149, 211] Let (i, H,B) be an abstract Wiener space. Let
y € H. then for any f € LY(B, i), the following holds

[ r@u@) = [ @+ y)otya)duo),
B B
where p is given by

oy, 7) = e HIWIP=n)@)

A.2 The classical Wiener space

Let us consider the Sobolev space H12([0,¢],R%), i.e. the space of absolutely
continuous functions v : [0,] — R? such that v(0) = 0 and ¥ € L?([0,1]),
where 4 denotes the distributional derivative of the function ~, endowed
with the inner product

t
(1) = [ @l

Let (Co([0,t],R%),| - |) be the Banach space of continuous functions w :

[0,#] — R< such that w(0) = 0, endowed with the supremum norm:

wl = sup |w(s)|-
s€[0,t]

The following holds:

Proposition A.1. H12([0,¢],R?) is dense in Cy([0,t], RY) with respect to
the supremum norm | - |.
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The following result makes (i, H12([0,],R?), Co([0,¢],R?)) an abstract
Wiener space [211]

Theorem A.7. [148] Let us consider the standard Gaussian measure v
associated with HY2([0,t],R?). Then the supremum norm | - | is a v-
measurable norm on HY2([0,t],RY).

The space (Co([0,%],R%), B(Co([0,t],RY)), ) is called classical Wiener
space and p Wiener measure.

It is possible to prove (see for instance [211]) that the norm |[|i|| of the
continuous embedding

i: H2([0,],R?) — Co([0,],R%)

is equal to ||i|| = v/

In the theory of stochastic processes, Wiener measure is introduced by
means of a different technique (see for instance [195]).

Let (2, F) be a measurable space, where €2 is a generic set and F a
o-algebra of subsets of Q). A real valued stochastic process X is defined as
a collection of random variables X = {X; : 0 < ¢t < oo} on (9, F) with
values in R.

The sample space (€2, F) is equipped with a filtration, i.e. a non decreas-
ing family {F;;t > 0} of sub o-algebras of F such that Fs C F; C F for
0 < s <t < oo. The stochastic process X is called adapted to the filtration
{F:} if, for each t > 0, the random variable X; is F; measurable.

Definition A.6. A standard Brownian motion B is a continuous, adapted
process B = {Bg, Fs;0 < s < t}, defined on a probability space (Q2, F,P),
with the properties that By = 0 almost surely and for 0 < r < s, the
increment Bs; — B, is independent of F,. and is normally distributed with
variance t — s.

From the construction of the classical Wiener space
(CO([Oa t]a Rd)? B(CO([Oa t]a Rd))v M)a

it is possible to recognize in it a concrete realization of the Wiener process,
ie. Q= Cy([0,t],R%), F = B(Co([0,t],R?)), P = p and Bs(w) = w(s).
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