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Preface

Even if more than 60 years have passed since their first appearance in Feyn-

man’s PhD thesis, Feynman path integrals have not lost their fascination

yet.

They give a suggestive description of quantum evolution, reintroducing

in quantum mechanics the classical concept of trajectory, which had been

banned from the traditional formulation of the theory. In fact, they can

be recognized as a bridge between the classical description of the physical

world and the quantum one. Not only do they provide a quantization

method, allowing to associate, at least heuristically a quantum evolution

to any classical Lagrangian, but also they make very intuitive the study of

the semiclassical limit of quantum mechanics, i.e. the study of the detailed

behavior of the wave function when the Planck constant is regarded as a

small parameter converging to zero.

Nowadays, the physical applications of Feynman’s ideas go beyond non

relativistic quantum mechanics and include quantum fields, statistical me-

chanics, quantum gravity, polymer physics, geometry. Nevertheless, in most

cases, Feynman path integrals remain a mathematical challenge as they are

not well defined from a mathematical point of view.

Since 1960, a large amount of work has been devoted to the mathe-

matical realization of Feynman path integrals in terms of a well defined

functional integral. Despite the several interesting results that have been

obtained in the last decades, the feeling that Feynman integrals are only

an heuristic tool is still a widespread belief among mathematicians and

physicists.

The present book provides a detailed and self-contained description of

the rigorous mathematical realization of Feynman path integrals in terms

of infinite dimensional oscillatory integrals, a particular kind of functional

v
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integrals that can be recognized as the direct generalization of classical

oscillatory integrals to the case where the integration is performed on an

infinite dimensional space, in particular on a space of paths.

The book describes the mathematical difficulties, the first results

obtained in the 70’s and the 80’s, as well as the more recent develop-

ment and applications. Special attention has been paid to enlightening the

mathematical techniques, including infinite dimensional integration theory,

asymptotic expansions and resummation techniques, without losing the

connection with the physical interpretation of the theory.

A large amount of references allows the reader to get a deeper knowl-

edge of the most interesting mathematical results as well as of the modern

physical applications.

I am grateful to many coworkers, friends and colleagues for fruitful

discussions. Special thanks are due to S. Albeverio for his help and support,

as well as for reading the manuscript and making lots of useful comments. I

am also particularly grateful to G. Greco, V. Moretti, E. Pagani, M. Toller

and L. Tubaro.

S. Mazzucchi
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Chapter 1

Introduction

One of the most challenging problems of modern physics is the connection

between the macroscopic and the microscopic world, that is between clas-

sical and quantum mechanics. In principle a macroscopic system should be

described as a collection of microscopic ones, so that classical mechanics

should be deduced from quantum theory by means of suitable approxima-

tions. At a first glance the solution of the problem is not straightforward:

indeed there are deep differences between the classical and the quantum

description of the physical world.

In classical mechanics the state of an elementary physical system, for

instance, a point particle is given by specifying its position q (a point in

its configuration space) and its velocity q̇. The time evolution in the time

interval [0, t] is described by a path q(s)s∈[0,t] in the configuration space.

The dynamics of the particle under the action of a force field described by

the real-valued potential V is determined by the classical Lagrangian:

L(q(s), q̇(s)) :=
m

2
q̇2 − V (q), (1.1)

where m is the mass of the particle. By the Hamilton’s least action princi-

ple, the Euler-Lagrange equation of motion

d

dt

∂L
∂q̇

− ∂L
∂q

= 0

follow by a variational argument. The trajectory of the particle connecting

a point x at time t0 to a point y at time t is the path making stationary

the action functional S:

δSt(q) = 0, St(q) =

∫ t

0

L(q(s), q̇(s))ds. (1.2)

The quantum description of a point particle appears at a first glance

completely different. First of all the concept of trajectory is meaningless.

1
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Heisenberg’s uncertainty principle states the existence of “incompatible ob-

servables”: i.e. the measurement of one of them destroys the information

about the measurement of the other one. Position and velocity are typ-

ical examples: quantum mechanics forbids the knowledge of the couple

q(s), q̇(s) for a time interval [0, t] with a given precision. In other words,

from a quantum mechanical point of view, the trajectory of a particle has

no physical meaning as there is no way to measure it.

Contrary to classical mechanics, the state of a quantum particle moving

in the d-dimensional Euclidean space is described by a unitary vector ψ in

the complex separable Hilbert space L2(Rd), the so-called “wave function”.

The physical meaning of the vector ψ is probabilistic. For instance, the

probability that the result of the measurement of the position of the particle

is contained in a Borel set A ⊂ Rd, is given by the integral
∫
A |ψ(x)|2dx.

The time evolution is determined by a one-parameter group of uni-

tary evolution operators U(t), whose infinitesimal generator is the quantum

Hamiltonian operator H , which is given on vectors ψ belonging to C∞
0 (Rd)

by

Hψ(x) = − ~2

2m
∆ψ(x) + V (x)ψ(x), x ∈ Rd, (1.3)

where ~ is the reduced Planck constant, ∆ the Laplacian. Under suitable

assumptions on the potential and on the domain of the operator (see for

instance [246]), H is (essentially) self-adjoint and the evolution operator

U(t) = e−
i
~
Ht is uniquely determined by Eq. (1.3). The evolution of the

state vector, i.e. the wave function at a given time t, can be described by

the Schrödinger equation:
{
i~ ∂
∂tψ(t, x) = − ~

2

2m∆ψ(t, x) + V (x)ψ(t, x)

ψ(0, x) = ψ0(x) .
(1.4)

In 1948, following a suggestion by Dirac [106, 107], R. P. Feynman pro-

posed a new suggestive description of quantum evolution. Feynman’s aim

was a Lagrangian formulation of quantum mechanics and the introduc-

tion of the action functional and of variational arguments in the theory,

in analogy to classical mechanics. Feynman developed Dirac’s idea that

in quantum dynamics the imaginary exponential of the action functional

plays a fundamental role. According to Feynman’s interpretation, the total

transition amplitude G(0, x; t, y) from the point x at time 0 to the point y

at time t, i.e. the kernel of the evolution operator U(t) evaluated at the

points x, y, should be given by a sum over the contributions of all possible
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paths γ : [0, t] → Rd such that γ(0) = x and γ(t) = y:

G(0, x; t, y) =

∫
e

i
~
St(γ)Dγ, (1.5)

where Dγ denotes a Lebesgue-type measure on the space of paths. Anal-

ogously, the solution of the Schrödinger equation, i.e. the wave function

ψ(t, x) evaluated at the time t in the point x ∈ Rd, should be given by the

integral over the space of paths γ : [0, t] → Rd such that γ(0) = x:

ψ(t, x) =

∫
e

i
~
St(γ)ψ(0, γ(0))Dγ . (1.6)

In other words, according to Feynman’s formulation, the time evolution of

a quantum system should be given by a “sum over all possible histories”.

Even if more than half a century has passed since Feynman’s original

paper [122], formulae (1.5) and (1.6) are still astonishing and have not

lost their fascination yet. Feynman’s approach creates a bridge between

the classical Lagrangian description of the physical world and the quantum

one, reintroducing in quantum mechanics the classical concept of trajec-

tory, which had been banned by the traditional formulation of the theory.

It allows, at least heuristically, to associate a quantum evolution to each

classical Lagrangian. Moreover it makes very intuitive the study of the

semiclassical limit of quantum mechanics, i.e. the study of the behavior of

the wave function when the Planck constant ~ is regarded as a small param-

eter which is allowed to converge to 0. In fact, when ~ becomes small, the

integrand e
i
~
St(γ) behaves as a strongly oscillatory function and, according

to an heuristic application of the stationary phase method (see chapter 4),

the main contribution to the integral should come from those paths which

make stationary the phase functional St. These, by Hamilton’s least action

principle, are exactly the classical orbits of the system.

An intuitive justification of, at this stage still mysterious, Feynman’s

formula can be given by means of Trotter product formula [279, 78, 79].

Under suitable assumption on the potential V (see [78, 79, 279, 235] for

more details), for instance if V is bounded, the evolution operator U(t) =

e−
i
~
Ht can be written in terms of a strong operator limit:

e−
i
~
Ht = lim

n→∞

(
e−

it
~nH0e−

it
~nV

)n
, (1.7)

where H0 = − ~
2

2m∆. In particular, by taking an initial datum ψ0 ∈ S(Rd),
the solution of the Schrödinger equation (1.4) with V = 0 can be written

as

e−
i
~
H0tψ0(x) =

(2πi~t
m

)− d
2

∫

Rd

eim
(x−y)2

2~t ψ0(y)dy, (1.8)
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and Eq. (1.7) gives

e−
i
~
Htψ0(x) = lim

n→∞

(2πi~t
mn

)−nd
2

∫

Rnd

e
i
~

∑n
j=1

(
m
2

(xj−xj−1)2

(t/n)2
−V (xj)

)
t
n

ψ0(x0)dx0 . . . dxn−1. (1.9)

If we now divide the time interval [0, t] into n equal parts of amplitude t/n,

and if for any path γ : [0, t] → Rd we consider its approximation by means

of a broken line path γn:

γn(s) := xj+
(xj+1 − xj)

t/n
(s−jt/n), s ∈ [jt/n, (j+1)t/n], j = 0 . . . n−1,

(1.10)

where xj := γ(jt/n), then the exponent in the integrand of Eq. (1.9) can

be regarded as the Riemann approximation of the action functional St
evaluated along the path γn. In other words, Eq. (1.6) can be regarded

as a intuitive way to write the limit (1.9).

However, as we have already discussed above, the intuitive power of

Feynman’s formula goes beyond a simple mnemonic tool to write a limit-

ing procedure. Indeed Feynman extended his approach to the description of

the dynamics of more general quantum systems, including the case of quan-

tum fields [124, 123, 125] and producing an heuristic calculus that, from a

physical point of view, works even in cases where rigorous arguments fail.
Despite the successfully predicting power of Feynman path integral,

it lacks of mathematical rigour. Feynman himself was conscious of this
problem:

[...] one feels like Cavalieri must have felt calculating the volume
of a pyramid before the invention of the calculus. [122]

The challenge to give meaning to Feynman’s heuristic calculus and to define

rigorously oscillatory integrals in infinite dimension, was left to mathemati-

cians.

1.1 Wiener’s and Feynman’s integration

When we try to interpret the heuristic integral (1.6) we have to face mainly

with two mathematical difficulties.

First of all one has to implement a non trivial integration theory on a

space of paths, that is on an infinite dimensional space. It is reasonable

to assume that the function space containing the “Feynman paths” has

a metric or at least a topological structure. A possible candidate is the
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space of paths with “finite kinetic energy”, that is the Hilbert space Ht

of absolutely continuous paths γ : [0, t] → Rd such that γ(t) = 0 and∫ t
0 |γ̇(s)|2ds < ∞ (γ̇ denoting the distributional derivative of the path γ)

endowed with the inner product

〈γ1, γ2〉 =

∫ t

0

γ̇1(s)γ̇2(s)ds. (1.11)

Ht will be called the Cameron-Martin space.

Another possible choice is the Banach space C([0, t],Rd) of continuous

paths ω : [0, t] → Rd such that ω(0) = 0, endowed with the sup-norm

‖ω‖ = sups∈[0,t] |ω(s)|. In the case where d = 1, this space will be denoted

by Ct.

In both cases the expression Dγ in Eq. (1.6), denoting a Lebesgue “flat”

measure is meaningless. A rather simple argument shows that a Lebesgue-

type measure cannot be defined on infinite dimensional Hilbert spaces.

Indeed the assumption of the existence of a σ-additive measure µ which

is invariant under rotations and translations and assigns a positive finite

measure to all bounded open sets, leads to a contradiction. By taking an

orthonormal system {ei}i∈N in an infinite dimensional Hilbert space H and

by considering the open balls Bi = {x ∈ H, ‖x− ei‖ < 1/2}, one has that

they are pairwise disjoint and their union is contained in the open ball

B(0, 2) = {x ∈ H, ‖x‖ < 2}. By the Euclidean invariance of the Lebesgue-

type measure µ one can deduce that µ(Bi) = a, 0 < a < ∞, for all i ∈ N.

By the σ-additivity one has

µ(B(0, 2)) ≥ µ(∪iBi) =
∑

i

µ(Bi) = ∞,

but, on the other hand µ(B(0, 2)) should be finite as B(0, 2) is bounded.

An analogous argument holds also for Banach spaces [140] and in particular

for the space Ct. In other words, the expression Dγ in formulae (1.5) and

(1.6) is not defined from a mathematical point of view and cannot be used

as “reference measure”, i.e. the measure with respect to which Feynman’s

measure has density ei
St
~ .

Integration theory on a space of continuous paths was already present

at Feynman’s time. In particular an example of a non trivial measure on

the space Ct had been already provided by N. Wiener [291] in his work

on Brownian motion, however there is no mention of Wiener integral in

Feynman’s paper.

The connection between Feynman’s idea and Brownian motion was

discovered for the first time by M. Kac [187, 188], who was inspired by
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Feynman’s lecture at Cornell University. Kac noted that by considering

the heat equation
{

∂
∂tu(t, x) = 1

2∆u(t, x) − V u(t, x)

u(0, x) = u0(x)
(1.12)

instead of Eq. (1.4), and by replacing in Feynman’s formula (in the simple

case V = 0 and ~ = m = 1) the oscillatory term eiSt(γ) = ei
∫ t
0

γ̇(s)2

2 ds with

the not oscillatory one e−
∫

t
0

γ̇(s)2

2 ds:

eiSt(γ)Dγ∫
eiSt(γ)Dγ

−→ e−St(γ)Dγ∫
e−St(γ)Dγ

it is possible to replace the heuristic expression (1.6) with a well defined in-

tegral on the space of continuous paths with respect to the Wiener measure

W :

u(t, x) =

∫

Ct

u0(ω(t) + x)dW (ω). (1.13)

In the case V 6= 0 Eq. (1.13) becomes:

u(t, x) =

∫

Ct

u0(ω(t) + x)e−
∫ t
0
V (ω(s)+x)dsdW (ω). (1.14)

In other words the solution of the heat equation admits a mathematically

rigorous path integral representation which is now called Feynman-Kac

formula.

We give here a brief description’s of Wiener’s measure and of Kac’s

result, in order to explain the underlying ideas and show not only the

similarities, but also the differences with Feynman’s case.

Wiener measure is a σ-additive, positive Gaussian probability measure

on the space C([0, t],Rd). It can be constructed in several ways (see for

instance [195, 263, 235] and section A.2 in the appendix). We have chosen

an intuitive approach that shows the analogies between Feynman’s and

Wiener’s integration.

In the following, for notational simplicity, we shall assume that d = 1,

but the whole discussion can be simply generalized to arbitrary dimension

d. Let us consider the cylindrical sets, i.e. the subsets of Ct of the form

A(t1, . . . tk; I1 . . . Ik) := {γ ∈ C([0, t],R) : γ(t1) ∈ I1, . . . , γ(tk) ∈ Ik},
(1.15)

where 0 ≤ t1 ≤ . . . tk ≤ t and I1, . . . , Ik are intervals of R.
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The Wiener measure of these sets is given by the following formula:

W (A(t1, . . . tk; I1 . . . Ik)) =
( 1

(2π)kt1(t2 − t1) . . . (tk − tk−1)

)1/2

∫

Ik

. . .

∫

I1

e
−∑k

j=1

(xj−xj−1)2

2(tj−tj−1) dx1 . . . dxk , (1.16)

where t0 ≡ 0 and x0 ≡ 0. The collection I of cylindrical sets is a semi-

algebra1 and W is additive on it. By the Caratheodory extension theorem

[83], W can be extended to a σ-additive measure on σ(I), the σ-algebra

generated by the cylindrical sets, which is equal to B(Ct), the Borel σ-

algebra on Ct.

Let us introduce now a “polygonal path” γ : [0, t] → R, such that

γ(tj) = xj and γ(s) for s ∈ [tj , tj+1] coincides with the constant velocity

path connecting xj with xj+1:

γ(s) =

k−1∑

j=0

χ[tj ,tj+1](s)
(
xj +

xj+1 − xj
tj+1 − tj

(s− tj)
)
, s ∈ [0, t],

where χ[tj ,tj+1] is the characteristic function of the interval [ti, ti+1] and

∆ti := ti+1 − ti is its amplitude. Let

S◦
t (γ) ≡

1

2

∫ t

0

|γ̇(s)|2ds (1.17)

be the free action, i.e. the time integral of the kinetic energy of the path,

that is

S◦
t (γ) ≡

1

2

k−1∑

j=0

∣∣∣∆xj
∆tj

∣∣∣
2

∆tj . (1.18)

Let us define

Dγ ≡ Z−1
∏

t∈{t1,...,tk}
dγ(t), (1.19)

with

Z ≡ ((2π)n∆tn−1 . . .∆t0)
1
2 , (1.20)

1A collection C of subsets of a set A is called a semi-algebra if

(1) ∅ ∈ C and A ∈ C
(2) if B,C ∈ C then B ∩ C ∈ C
(3) if B ∈ C, then A \ B is the finite disjoint union of subsets in C.
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and dγ(t) = dxj per t = tj . With these notations, the Wiener measure of

cylindrical sets can be written in terms of the following formula:

W (γt1 ∈ I1, . . . , γtk ∈ Ik) =

∫
e−S

◦
t (γ)Dγ. (1.21)

The right hand side has a meaning as soon as we restrict ourselves to cylin-

drical sets, as the infinite dimensional Wiener integration can be reduced

to a (finite dimensional) integration on Rk. In this case both the “normal-

ized Lebesgue measure” Dγ and the factor e−S
◦
t (γ) make sense. When the

measure is extended on the whole sigma algebra B(Ct), formula (1.21) has

to been interpreted as a finite dimensional approximation: the key point is

that, even if the single terms Dγ and e−S
◦
t (γ) lose a well defined meaning,

their combination is still meaningfull and it gives exactly Wiener Gaussian

measure.

If we now consider the heat equation (1.12) and, analogously to the

Schrödinger case, we write the corresponding heat semigroup in terms of

the Trotter product formula [279, 78, 79], we obtain:

e−Htu0(x) = lim
n→∞

(
e−

t
nH0e−

t
nV
)n

= lim
n→∞

(2πt

nm

)−nd
2

∫

Rnd

e
−∑n

j=1

(
(xj−xj−1)2

(t/n)2
−V (xj)

)
t
n

u0(x0)dx0 . . . dxn−1. (1.22)

Now the latter line can be recognized as the finite dimensional approxima-

tion of the Wiener integral (1.14).
The analogies between Feynman’s and Wiener’s integral end at this

stage because there is a deep difference between them: the presence of os-

cillations in the heuristic “Feynman measure” e
i
~
St(γ)Dγ, as M. Kac himself

writes:

The occurrence of i (which is essential for Quantum Mechanics) makes
manipulations with integrals like [formula (1.9)] extremely tricky.
[189]

The Wiener integration is a Lebesgue type integration, where the absolute

convergence is fundamental. On the other hand, physical intuition leads

us to stress the importance of the oscillatory behavior of the integrand in

Feynman’s formula, which describes the concept of coherent superposition

and of interference, which is typical of quantum phenomena. In principle

the convergence of the integral should be given by the cancellations due

to this oscillatory behavior and we should not expect to implement an

integration theory in the Lebesgue’s traditional way.
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This fact was clearly explained by Cameron in 1960 [64], who proved

that it is not possible to realize Feynman’s measure as a infinite dimensional

Gaussian measure with complex covariance (a complex version of Wiener

measure) as it would have infinite total variation. We give here a sketch of

Cameron’s argument as it helps us to understand the core of the problem:

the oscillations and the infinite dimensional setting. Cameron’s starting

point is Wiener measure on C([0, t],Rd) with a generic covariance σ ∈
R+. As we have seen above, it is completely determined by its value on

cylindrical sets (1.15). In the general case σ 6= 1 Eq. (1.16) becomes:

Wσ(A(t1, . . . tk; I1 . . . Ik)) =
( 1

(2π)kt1(t2 − t1) . . . (tk − tk−1)σk

)1/2

∫

I1×···×Ik

e
−∑k

j=1

(xj−xj−1)2

2σ(tj −tj−1) dx1 . . . dxk . (1.23)

Let us now assume that σ is a complex parameter and try to extend the

definition of Wσ to this case. If we try to compute the total variation2

|Wσ,k| of the “complex measure” Wσ , when restricted to the cylindrical

sets A(t1, . . . tk; I1 . . . Ik) with k fixed, we find out that it depends on both

σ and k in the following way:

|Wσ,k| =
(
|σ|Re(σ−1)

)−k/2
.

By letting now k → ∞ we can conclude that the total variation of the

measure Wσ , with σ ∈ C\R+, would be infinite. Furthermore, it is possible

to see that the complex measure Wσ would have infinite total variation

even on bounded sets3. In other words there is no σ-additive measure Wσ ,

with σ ∈ C \ R+, on Ct such that its value on cylindrical sets is given by

Eq. (1.23) and which allows the implementation of an integration theory in

the Lebesgue’s sense.

It is worthwhile to remark that, in the case σ = i, the Gaussian measure

with covariance σ cannot have finite total variation, even when it is defined

on a finite dimensional space. As an example we can consider the Fresnel

integral ∫

R

e
i
2x

2

dx. (1.24)

2We recall that the total variation of a complex Borel measure µ on a set A is given by

|µ| = sup
∑

i

|µ(Ai)|,

where the supremum is taken over all sequences {Ai} of pairwise disjoint Borel subsets
of A, such that ∪iAi = A.
3Even the Lebesgue measure on Rn has infinite total variation, but its total variation

on bounded pluri-intervals is finite.
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We cannot interpret Eq. (1.24) as an integral with respect to a complex

measure dµ := e
i
2x

2

dx, as its total variation would be infinite:

|µ| =

∫
|e i

2x
2 |dx =

∫
dx = ∞ .

The integral (1.24) has to be defined in an alternative way, for instance

as an improper Riemann integral, and its convergence is given by the can-

cellations due to the oscillatory behavior of the integrand, is such a way

that: ∫

R

e
i
2x

2

dx =
√

2πi.

We shall keep in mind this example when in the following chapters we will

construct Feynman’s integration.

1.2 The Feynman functional

Cameron’s result shows that it is impossible to realize Feynman integral as

an absolutely convergent (Lebesgue) integral with respect to a “mysterious”

σ-additive bounded variation Feynman complex measure µF , heuristically

given by:

µF (γ) =
e

i
~
Stdγ∫

e
i
~
Stdγ

, (1.25)

as the latter cannot exist. Feynman integration requires an alternative

approach.

Let us slightly change our point of view and recall that, by Riesz-Markov

theorem (see for instance [245], section IV.4), any complex finite regular

Borel measure µ on a locally compact space X can be seen as an element

of the dual of C∞(X), the space of continuous complex valued functions

vanishing at ∞, endowed with the sup-norm:

‖f‖ = sup
x∈X

|f(x)|, f ∈ C∞(X).

In this way, the integral of a function f ∈ C∞(X) with respect to a finite

measure µ can be represented as the action on f of the functional lµ ∈
C∞(X)∗ associated to µ:

∫

X

f(x)dµ(x) ≡ lµ(f). (1.26)

In Feynman’s case, as we have seen so far, the left hand side of Eq. (1.26)

is not defined, as Feynman’s measure does not exists, but one could try to
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make sense to the right hand side of Eq. (1.26), by slightly changing the

functional setting. In other words, one could try to realize the Feynman

integral as linear continuous functional on a sufficiently rich Banach algebra

of functions, different from C∞(X). In order to mirror the features of the

heuristic Feynman measure, such a functional should have some properties:

(1) It should behave in a simple way under “translations and rotations in

path space”, reflecting the fact that Dγ is a “flat” measure.

(2) It should satisfy a Fubini type theorem, concerning iterated integrations

in path space (allowing the construction, in physical applications, of a

one-parameter group of unitary operators).

(3) It should be approximated by finite dimensional oscillatory integrals,

allowing a sequential approach, close to Feynman’s original work.

(4) It should be related to probabilistic integrals with respect to the Wiener

measure, allowing an “analytic continuation approach to Feynman path

integrals from Wiener type integrals”.

(5) It should be sufficiently flexible to allow a rigorous mathematical im-

plementation of an infinite dimensional version of the stationary phase

method and the corresponding study of the semiclassical limit of quan-

tum mechanics.

Nowadays several implementations of this program can be found in the

physical and in the mathematical literature. One of the first techniques

which has been introduced and that was largely developed, also in con-

nection to quantum fields, is the analytic continuation of Wiener Gaus-

sian integrals [64, 235, 180, 282, 191, 108, 218, 230, 81, 277, 278]. The

starting point of this approach is the transformation of variable formula for

the Wiener integral with covariance σ:∫
f(ω)dWσ(ω) =

∫
f(
√
σω)dW (ω). (1.27)

As Cameron proved, the left hand side of Eq. (1.27) is not defined when σ

is complex. The leading idea of analytic continuation approach is to give

meaning to the right hand side of Eq. (1.27) in the case where σ = i for a

suitable class of functions f .

Another alternative approach is the realization of Feynman measure

as an infinite dimensional distribution. The idea was proposed by C. De

Witt-Morette [100]. Its rigorous mathematical realization has been more

recently undertaken in the framework of Hida calculus [163]. The latter

approach has given particularly interesting results in the applications to

Chern-Simons theory [15].
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Other possible approaches involve “complex Poisson measures”

[222, 60, 86, 207] and non standard analysis [12]. All these approaches

will be described in detail in chapter 6.

1.3 Infinite dimensional oscillatory integrals

In this book we shall describe the rigorous mathematical realization of

Feynman path integrals in terms of the infinite dimensional oscillatory

integrals.

The leading idea is the rigorous definition of an infinite dimensional

analogue of integral (1.24), in particular of expressions of this form:
∫

H
f(x)e

i
2~

‖x‖2

dx, (1.28)

where H is a real separable Hilbert space, ~ ∈ R+ a positive parameter,

f : H → C is a suitable function and e
i

2~
‖x‖2

plays the role of the oscillatory

factor, the density of an heuristic complex Gaussian measure.

The roots of this approach can be found in two papers by Ito in the 60’s

[172, 173] (see also [32] for a discussion of Ito’s work), but it was systematic

developed by Albeverio and Høegh-Krohn in the 70’s [16, 17] in terms of

infinite dimensional Fresnel integrals.

In Albeverio and Høegh-Krohn’s work, the integral (1.28) is defined by

dualization. By taking a function f which is the Fourier transform of a

complex bounded-variation measure µf on H

f(x) =

∫

H
ei〈x,y〉dµf (y), (1.29)

the infinite dimensional Fresnel integral of f is defined as:
∫

H
f(x)e

i
2~

‖x‖2

dx :=

∫

H
e−

i~

2 ‖x‖2

dµf (x). (1.30)

The integral on the right hand side of (1.30) is absolutely convergent and

well defined in Lebesgue’s sense. The class of functions f of the form (1.29),

endowed with a suitable norm, is a Banach algebra, the Fresnel algebra,

denoted with F(H). The application

IF : F(H) → C, f 7→
∫

H
f(x)e

i
2~

‖x‖2

dx,

is a linear continuous functional.
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In the application of this formalism to the Feynman path integral rep-

resentation of the solution of the Schrödinger equation, by assuming that

the potential V is of the following form

V (x) =
1

2
x · Ω2x+ V1(x) (1.31)

(where Ω2 is a positive definite symmetric d×d matrix and V1 is the Fourier

transform of a complex bounded variation measure on Rd), Albeverio and

Høegh-Krohn prove that the solution can be represented as an infinite di-

mensional Fresnel integral on the Cameron-Martin space (see Eq. (1.11)).

In [16] an infinite dimensional version of the stationary phase method

has been developed and applied to the semiclassical limit of quantum me-

chanics. Some of these results will be described in detail in the next chap-

ters.

The study of oscillatory integrals on infinite dimensional Hilbert spaces

was further implemented by D. Elworthy and A. Truman [114], S. Albeverio

and Z. Brzeźniak [7, 9]. In [114] a slightly different definition was proposed.

The integral (1.28) is defined as the limit of a sequence of finite dimensional

approximations. Each term of the sequence is a classical oscillatory integral

on a finite dimensional space, which is defined as an improper Riemann in-

tegral, by modifying a definition proposed by Hörmander [164, 165]. This

new definition of integral (1.28) can be recognized as the infinite dimen-

sional generalization of oscillatory integrals of the type (1.24).

The class of “integrable function” f is in principle different from the

Fresnel class F(H) considered by Albeverio and Høegh-Krohn, as the defi-

nition of the infinite dimensional Fresnel integrals and of the infinite dimen-

sional oscillatory integrals are different. However it is possible to prove that

any function f ∈ F(H) is integrable and its infinite dimensional oscillatory

integral, i.e. the limit of a sequence of finite dimensional approximations,

exists and is given by Eq. (1.30), that in this new setting has to be inter-

preted as a theorem instead of a definition.

It is worthwhile to point out that the definition of infinite dimensional

oscillatory integrals is rather flexible and allows not only to enlarge the

class of integrable functions [27] to sets larger than F(H), but also to study

several applications to quantum mechanics [26].

In this book I shall extensively describe both the theory and the appli-

cations, including the most recent ones.

• Chapter 2 contains the theory of finite and infinite dimensional oscilla-

tory integrals.
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• Chapter 3 describes the application of infinite dimensional oscillatory

integrals to the rigorous mathematical realization of the Feynman path

integral representation of the solution of the Schrödinger equation.

• Chapter 4 is devoted to the stationary phase method and its application

to the semiclassical limit of quantum mechanics.

• Chapter 5 shows that it is possible to generalize the definition of in-

finite dimensional oscillatory integrals in order to deal with complex-

valued phase functions. Such a functional is applied to the solution of a

stochastic Schrödinger equation appearing in the theory of continuous

quantum measurement: the Schrödinger-Belavkin equation. A math-

ematical definition and construction of the Feynman-Vernon influence

functional is also given.

• The last chapter is devoted to a brief description of some alternative

approaches to the mathematical definition of Feynman path integrals

and to their applications.
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Chapter 2

Infinite Dimensional Oscillatory

Integrals

2.1 Finite dimensional oscillatory integrals

The study of oscillatory integrals of the form
∫

Rn

e
i
~
Φ(x)f(x)dx, (2.1)

(where Φ : Rn → R is a smooth phase function, f : Rn → C is the function

which is integrated and ~ ∈ R \ {0}) is a classical topic of investigation,

largely developed in connection with several applications in mathematics,

such as the theory of Fourier integral operators [164, 165], and in physics

(such as in optics).

Well known examples of integrals of the above form are the Fresnel

integrals
∫
eix

2

dx, (2.2)

applied in the theory of wave diffraction [268] and the Airy integrals
∫
eix

3

dx, (2.3)

applied in the theory of rainbow.

In the mathematical literature, a particular interest has been devoted to

the study of the asymptotic behavior of integrals (2.1) when ~ is regarded

as a small parameter converging to 0. Originally introduced by Stokes and

Kelvin and successively developed by several mathematicians, in particular

van der Corput, the “stationary phase method” provides a powerful tool

to handle the asymptotics of (2.1) as ~ ↓ 0. According to it, the main

contribution to the asymptotic behavior of the integral should come from

those points xc ∈ Rn which belong to the critical manifold:

15
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C(Φ) := {x ∈ Rn, | Φ′(x) = 0}, (2.4)

that is the points which make stationary the phase function Φ.

Beautiful mathematical work on oscillatory integrals and the method of

stationary phase is connected with the mathematical classification of singu-

larities of algebraic and geometric structures (Coxeter indices, catastrophe

theory), see, e.g. [41, 44, 110]. We shall give more details on this topic in

chapter 4.

If the function f in Eq. (2.1) is summable, the integral (2.1) is well

defined as a convergent Lebesgue integral, but in several interesting cases,

as the examples (2.2) and (2.3) show, this condition is not satisfied. Indeed

for several applications it is convenient to introduce a definition of Eq. (2.1)

which allows to handle a general class of phases Φ and functions f . As in the

case of the convergence of some improper Riemann integrals, the sign of the

function which is integrated plays an important role. In particular, in the

convergence of oscillatory integrals, the cancellations due to the oscillatory

behavior of the integrand e
i
~
Φ(x) are fundamental and have to be taken into

account in proposing a definition of Eq. (2.1) which allows to handle not

only integrals of the form (2.2) and (2.3), but also expression as
∫
eix

2

xmdx, m ∈ N.

It is worthwhile to recall that this particular feature makes oscillatory

integrals the suitable mathematical tool describing the physical concept of

coherent superposition, that is of interference.

We give here a definition which is a generalization of the one proposed

in [114], which is due to Hörmander [164, 165], and propose a related, more

general definition of oscillatory integral in the Σ-sense.

Definition 2.1. Let Φ be a continuous real-valued function on Rn. The

oscillatory integral on Rn, with ~ ∈ R \ {0},
∫

Rn

e
i
~
Φ(x)f(x)dx,

is well defined if for each test function φ ∈ S(Rn), such that φ(0) = 1, the

limit of the sequence of absolutely convergent integrals

lim
ε↓0

∫

Rn

e
i
~
Φ(x)φ(εx)f(x)dx,

exists and is independent of φ. In this case the limit is denoted by
∫ o

Rn

e
i
~
Φ(x)f(x)dx.
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If the same holds only for φ such that φ(0) = 1 and φ ∈ Σ, for some

subset Σ of S(RN ), we say that the oscillatory integral exists in the Σ-sense

and we shall denote it by the same symbol.

Hörmander in his work on Fourier integral operators [164, 165] gives

a detailed treatment of oscillatory integrals and describes a large class of

integrable functions, called symbols.

Definition 2.2. A C∞ map f : Rn → C belongs to the space of symbols

SNλ (Rn), where N, λ are two real numbers and 0 < λ ≤ 1, if for each

α = (α1, . . . , αn) ∈ Nn0 there exists a constant Cα ∈ R such that
∣∣∣∣
dα1

dxα1
1

. . .
dαn

dxαn
n
f

∣∣∣∣ ≤ Cα(1 + |x|)N−λ|α|, |x| → ∞, (2.5)

where |α| = α1 + α2 + · · · + αn.

One can prove that SNλ is a Fréchet space under the topology defined

by taking as seminorms |f |α the best constants Cα in (2.5) (see [164]). The

space increases as N increases and λ decreases. If f ∈ SNλ and g ∈ SMλ ,

then fg ∈ SN+M
λ . We denote

⋃

N

SNλ ≡ S∞
λ .

It is quite simple to verify that SNλ , with λ = 1, includes for instance the

homogeneous polynomials of degree N . The following theorem shows that,

under rather general assumptions on the phase functions Φ, if f belong

to S∞
λ for some λ ∈ (0, 1], the oscillatory integral

∫ o
e

i
~
Φ(x)f(x)dx is well

defined.

Theorem 2.1. Let Φ be a real-valued C2 function on Rn with the critical

set C(Φ) (defined by (2.4)) being finite. Let us assume that for each N ∈ N

there exists a k ∈ N such that |x|N+1

|∇Φ(x)|k is bounded for |x| → ∞. Let f ∈ SMλ ,

with M,λ ∈ R, 0 < λ ≤ 1. Then the oscillatory integral
∫ o
e

i
~
Φ(x)f(x)dx

exists for each ~ ∈ R \ {0}.

Proof. We follow the method of Hörmander [164], see also [114, 7].

Let us assume that the phase function Φ(x) has l stationary points

c1, . . . , cl, that is:

∇Φ(ci) = 0, i = 1, . . . , l.

Let us choose a suitable partition of unity 1 =
∑l

i=0 χi, where χi, i =

1, . . . , l, are C∞
0 (Rn) functions constant equal to 1 in an open ball centered
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in the stationary point ci, respectively, and χ0 = 1−∑l
i=1 χi. Each of the

integrals

Ii(f) ≡
∫

Rn

e
i
~
Φ(x)χi(x)f(x)dx, i = 1, . . . , l,

is well defined in Lebesgue sense since fχi ∈ C0(Rn).

Let

I0 ≡
∫

Rn

e
i
~
Φ(x)χ0(x)f(x)dx.

To see that I0 is a well defined oscillatory integral, let us introduce the

operator L+ given by

L+g(x) = −i~ χ0(x)

|∇Φ(x)|2∇Φ(x)∇g(x),

while its adjoint in L2(Rn) is given by

Lf(x) = i~
χ0(x)

|∇Φ(x)|2∇Φ(x)∇f(x) + i~ div
( χ0(x)

|∇Φ(x)|2∇Φ(x)
)
f(x).

Let us choose φ ∈ S(Rn), such that φ(0) = 1. It is easy to see that if

f ∈ SMλ then fε, defined as fε(x) := φ(εx)f(x), belongs to SM+1
λ ∩ S(Rn),

for any ε > 0. By iterated application of the Stokes formula, we have:
∫

Rn

e
i
~
Φ(x)φ(εx)f(x)χ0(x)dx =

∫

Rn

L+(e
i
~
Φ(x))φ(εx)f(x)dx

=

∫

Rn

e
i
~
Φ(x)Lfε(x)dx. (2.6)

By iterating the procedure k times, for k sufficiently large, one obtains an

absolutely convergent integral and it is possible to pass to the limit ε → 0

by the Lebesgue dominated convergence theorem.

Considering
∑l
i=0 Ii(f) we have, by the existence result proved for I0

and the additivity property of oscillatory integrals, that
∫ o

Rn e
i
~
Φ(x)f(x)dx

is well defined and equal to
∑l
i=0 Ii(f). �

Remark 2.1. If C(Φ) has countably many non accumulating points

{xic}i∈N, the same method yields
∫ o

Rn e
i
~
Φ(x)f(x)dx =

∑∞
i=0 Ii(f) provided

this sum converges.

There are partial extensions of the above construction in the case of

critical points which form a submanifold in Rn [110], or are degenerate

[41], see also [97].

In particular we have proved the existence for f ∈ S∞
λ , 0 < λ ≤ 1, of

the oscillatory integrals
∫
eix

M

f(x)dx, with M arbitrary. For M = 2 one

has the Fresnel integral of [16, 17], for M = 3 one has integrals called, for

n = 1, Airy integrals [165].
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2.2 The Parseval type equality

This section is devoted to the study of the Fresnel integrals, a particular

class of oscillatory integrals with quadratic phase function:
∫ o

Rn

e
i
~
‖x‖2

f(x)dx. (2.7)

We shall see that in this case it is possible to identify a subclass of integrable

functions f , such that the corresponding Fresnel integral can be explicitly

computed in terms of a Parseval type equality. This property is particular

important because, as we shall see below, it allows the generalization of the

definition to an infinite dimensional setting.

In the following we shall denote by H a (finite or infinite dimensional)

real separable Hilbert space. The norm will be denoted by ‖ ‖ and the

inner product with 〈 , 〉. If the dimension of H is finite, dim(H) = n, we

shall identify it with Rn.

Let us consider the space M(H) of complex bounded variation measures

on H endowed with the total variation norm [254]:

‖µ‖ = sup
∑

i

|µ(Ai)|,

where the supremum is taken over all sequences {Ai} of pairwise disjoint

Borel subsets B(H) of H, such that ∪iAi = H. M(H) is a Banach alge-

bra [254], where the product of two measures µ ∗ ν is by definition their

convolution:

µ ∗ ν(A) =

∫

H
µ(A− x)dν(x), µ, ν ∈ M(H), A ∈ B(H)

and the unit element is the Dirac measure δ0.

Let us denote with F(H) the space of functions f : H → C which are the

Fourier transforms of complex bounded variation measures µf ∈ M(H):

f(x) = µ̂f (x) :=

∫

H
ei〈y,x〉dµf (y), µf ∈ M(H), x ∈ H.

F(H) is a Banach algebra of functions, the Fresnel algebra, where the norm

is the total variation of the corresponding measure:

‖f‖ := ‖µf‖, f = µ̂f ,

the multiplication is the pointwise one

fg(x) = f(x)g(x),
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and the unity is the constant function

f(x) = 1 ∀x ∈ H.

A complete characterizations of the functions belonging to F(H) is not

easy. The elements in F(H) are bounded uniformly continuous functions

on H [254], and the following inequality holds:

|f |∞ ≤ ‖f‖, f ∈ F(H),

where |f |∞ denotes the sup-norm. Moreover, since each µ ∈ M(H) is a

finite linear complex combination of positive measures, every f ∈ F(H) is

a corresponding linear combination of functions of positives type1 [211].

In the finite dimensional case H = Rn, one has the inclusion S(Rn) ⊂
F(Rn).

For the applications that will follow, it is convenient to introduce a

particular definition of finite dimensional Fresnel integrals, which differs

from the general definition 2.1 for the presence of a normalization constant.

Definition 2.3. A function f : Rn → C is called Fresnel integrable if for

each φ ∈ S(Rn) such that φ(0) = 1 the limit

lim
ε→0

(2πi~)−n/2
∫
e

i
2~

〈x,x〉f(x)φ(εx)dx (2.8)

exists and is independent of φ. In this case the limit is called the Fresnel

integral of f and denoted by

∫̃
e

i
2~

〈x,x〉f(x)dx. (2.9)

The factor (2πi~)−n/2 in the definition of the Fresnel integral plays the role

of a normalization constant. Indeed if f = 1, it is easy to verify that

∫̃
e

i
2~

〈x,x〉f(x)dx = 1.

The description of the full class of Fresnel integrable functions is still

an open problem, but the following theorem shows that it includes F(Rn).
1A function f : H → C is called positive definite if for any x1, . . . xn ∈ H and for any
c1, . . . cn ∈ C, the following inequality holds

n∑

j,k=1

cjf(xj − xk)c̄k ≥ 0.



March 27, 2009 10:32 World Scientific Book - 9in x 6in MathematicalFeynman

Infinite Dimensional Oscillatory Integrals 21

Theorem 2.2. Let L : Rn → Rn be a self-adjoint linear operator such that

I−L is invertible (I being the identity operator on Rn) and let f ∈ F(Rn).
Then the Fresnel integral of the function

x 7→ e−
i
2~

〈x,Lx〉f(x), x ∈ Rn

is well defined and is given by the following Parseval-type equality:

∫̃
e

i
2~

〈x,(I−L)x〉f(x)dx

= e−
πi
2 Ind(I−L)| det(I − L)|−1/2

∫

Rn

e−
i~

2 〈x,(I−L)−1x〉dµf (x), (2.10)

where Ind(I − L) is the index of the operator I − L, that is the number of

negative eigenvalues.

Proof. We present here the proof first presented in [114].

Let φ ∈ S(Rn) and ε > 0 and let us consider the integral

(2πi~)−n/2
∫

Rn

e
i
2~

〈x,(I−L)x〉f(x)φ(εx)dx . (2.11)

We claim that for any f ∈ F(Rn) and g ∈ S(Rn), the following holds:

(2πi~)−n/2
∫

Rn

e
i

2~
〈x,(I−L)x〉f(x)g(x)dx

= e−
πi
2 Ind(I−L)| det(I−L)|−1/2

∫

Rn×Rn

e−
i~

2 〈x,(I−L)−1x〉g̃(x−y)dµf (y)dx.

(2.12)

By Eq. (2.12) the integral (2.11) is equal to

(2πi~)−n/2

∫

Rn

e
i
2~

〈x,(I−L)x〉
f(x)φ(εx)dx

= e
− πi

2
Ind(I−L)| det(I − L)|−1/2

∫

Rn×Rn

e
− i~

2
〈x,(I−L)−1x〉

ε
−n
φ̃(
x− y

ε
)dµf (y)dx

= e
− πi

2
Ind(I−L)| det(I − L)|−1/2

∫

Rn×Rn

e
− i~

2
〈y+εx,(I−L)−1(y+εx)〉

φ̃(x)dµf (y)dx .

By letting ε ↓ 0, taking into account that
∫
φ̃(x)dx = 1, we get Eq. (2.10).

Let us now prove Eq. (2.12). First of all, let us assume that f = 1.
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(1) If I −L is positive definite, by a change of variable Eq. (2.12) is equiv-

alent to

(2πi~)−n/2
∫

Rn

e
i
2~

〈x,x〉g(x)dx =

∫

Rn

e−
i~

2 〈x,x〉g̃(x)dx.

Indeed, as (2πi~)−n/2e
i

2~
〈x,x〉 is a bounded continuous function, it has

a Fourier transform in the sense of tempered distributions

(2πi~)−n/2
∫

Rn

e
i

2~
〈x,x〉ei〈x,y〉dx = e−

i~

2 〈y,y〉.

(2) If I − L is negative definite, Ind(I − L) = n, the result follows by

replacing ~ with −~ and from the fact that

(−2πi~)−n/2 = (2πi~)−n/2e−
πin
2 .

(3) For general I −L, it is possible to decompose Rn as the product of the

positive and negative eigenspaces, i.e.

Rn = E+ ×E−,

and analogously I −L is the product of its positive and negative parts

I − L = (I − L)+ × (I − L)−,

where (I − L)+ : E+ → E+ and (I − L)− : E+ → E−, dim(E−) =

Ind(I − L). The result follows from the points (1) and (2) in the case

of a function g : E+ ×E− → C of the form

g(x+, x−) = g+(x+)g−(x−), g+ : E+ → C, g− : E− → C.
(2.13)

The same can be deduced for g that are finite linear combinations of

factorisable functions of the form (2.13). For general g it is sufficient

to note that S(E+) × S(E−) is dense in S(Rn) and the result follows

by a continuity argument.

Let us now prove Eq. (2.12) for f ∈ F(Rn) and g ∈ S(Rn). Let us denote

with Irs, with r + s = n, the linear operator on Rn having r eigenvalues

equal to −1 and s eigenvalues equal to +1. By substituting in the left hand

side of Eq. (2.12) f(x) =
∫
ei〈x,y〉dµf (y) and by applying Fubini theorem,

we get:

(2πi~)−n/2
∫

Rn

e
i

2~
〈x,Irsx〉f(x)g(x)dx

= (2πi~)−n/2
∫

Rn

dµf (y)

∫

Rn

e
i
2~

〈x,Irsx〉ei〈x,y〉g(x)dx.
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By a change of variable the latter is equal to

(2πi~)−n/2
∫

Rn

dµf (y)e
− i~

2 〈y,Irsy〉
∫

Rn

e
i
2~

〈x,Irsx〉g(x− Irs~y)dx

= e−
iπr
2

∫

Rn

dµf (y)

∫

Rn

g̃(x− y)e−
i~

2 〈x,Irsx〉dx.

By a change of scale the latter equality is equivalent to

(2πi~)−n/2
∫

Rn

e
i

2~
〈x,(I−L)x〉f(x)g(x)dx

= e−
πi
2 Ind(I−L)| det(I−L)|−1/2

∫

Rn×Rn

e−
i~

2 〈x,(I−L)−1x〉g̃(x−y)dµf (y)dx.
�

2.3 Generalized Fresnel integrals

In the present section, following [30], we shall generalize the result of the

previous section to more general phase functions Φ, in particular those given

by an even polynomial P (x) in the variables x1, . . . , xn:

P (x) = A2M (x, . . . , x) +A2M−1(x, . . . , x) + . . .+A1(x) +A0, (2.14)

where Ak are kth-order covariant tensors on Rn:

Ak : Rn × Rn × . . .× Rn︸ ︷︷ ︸
k−times

→ R

and the leading term, namely A2M (x, . . . , x), is a 2Mth-order completely

symmetric positive covariant tensor on Rn.

By theorem 2.1 the generalized Fresnel integral
∫ o

Rn

e
i
~
P (x)f(x)dx (2.15)

is well defined for P of the form (2.14) and f belonging to the class of

symbols (see definition 2.2).

In the case where ~ ∈ C with Im(~) < 0 and if Φ is of the form (2.14),

then the generalized Fresnel integral (2.15) also exists, even in Lebesgue

sense, as an analytic function in ~, as easily seen by the fact that the

integrand is bounded by |f | exp( Im(~)
|~|2 Φ).

The key tool for the generalization of Parseval-type equality (2.10) is

an estimate of the Fourier transform of the function x 7→ e
i
~
P (x), x ∈ Rn.
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Lemma 2.1. Let P : Rn → R be given by (2.14) and let ~ ∈ C, with

Im(~) ≤ 0. Then the Fourier transform of the distribution e
i
~
P (x):

F̃ (k) =

∫

Rn

eik·xe
i
~
P (x)dx, ~ ∈ R \ {0} (2.16)

is an entire bounded function and admits in the case where ~ ∈ R the

following representation:

F̃ (k) = einπ/4M
∫

Rn

eie
iπ/4Mk·xe

i
~
P (eiπ/4Mx)dx, ~ > 0, (2.17)

or

F̃ (k) = e−inπ/4M
∫

Rn

eie
−iπ/4Mk·xe

i
~
P (e−iπ/4Mx)dx, ~ < 0. (2.18)

Remark 2.2. The integral on the right hand side of (2.17) is absolutely

convergent as

e
i
~
P (eiπ/4Mx)=e−

1
~
A2M (x,...,x)e

i
~
(A2M−1(e

iπ/4Mx,...,eiπ/4Mx)+...+A1(xe
iπ/4M )+A0).

A similar calculation shows the absolute convergence of the integral on the

right hand side of (2.18).

Proof. [Proof of lemma 2.1] The proof is divided into three steps.

(1) Let us prove first of all formulas (2.17) and (2.18) by using the analyt-

icity of eikz+
i
~
P (z), z ∈ C, and a change of integration contour.

Let us denote D the region of the complex plane:

D ⊂ C, D ≡ {z ∈ C | Im(z) < 0}

Let us assume ~ is a complex variable belonging to the region D̄ \ {0}.
Let us introduce the polar coordinates in Rn:

∫

Rn

eik·xe
i
~
P (x)dx

=

∫

Sn−1

(∫ +∞

0

ei|k|rfk(φ1,...,φn−1)e
i
~
P(φ1,...,φn−1)(r)rn−1dr

)
dΩn−1

(2.19)

where instead of n Cartesian coordinates we use n − 1 angular co-

ordinates (φ1, . . . , φn−1) and the variable r = |x|. Sn−1 denotes the

(n − 1)-dimensional spherical surface, dΩn−1 is the measure on it,
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P(φ1,...,φn−1)(r) is a 2Mth order polynomial in the variable r with coeffi-

cients depending on the n−1 angular variables (φ1, . . . , φn−1), namely:

P (x) = r2MA2M

( x
|x| , . . . ,

x

|x|
)

+ r2M−1A2M−1

( x
|x| , . . . ,

x

|x|
)

+ . . .

+ . . .+ rA1

( x
|x|
)

+A0

= a2M (φ1, . . . , φn−1)r
2M + a2M−1(φ1, . . . , φn−1)r

2M−1

+ . . .+ a1(φ1, . . . , φn−1)r + a0

= P(φ1,...,φn−1)(r)

where a2M (φ1, . . . , φn−1) > 0 for all (φ1, . . . , φn−1) ∈ Sn−1. The func-

tion fk : Sn−1 → [−1, 1] is defined by

k

|k|
x

|x| = fk(φ1, . . . , φn−1) .

Let us focus on the integral
∫ +∞

0

ei|k|rfk(φ1,...,φn−1)e
i
~
P(φ1,...,φn−1)(r)rn−1dr, (2.20)

which can be interpreted as the Fourier transform of the distribution

on the real line

F (r) = Θ(r)rn−1e
i
~
P(φ1,...,φn−1)(r),

with Θ(r) = 1 for r ≥ 0 and Θ(r) = 0 for r < 0. Let us introduce the no-

tation k′ ≡ |k|fk(φ1, . . . , φn−1), aj ≡ aj(φ1, . . . , φn−1), j = 0, . . . , 2M ,

P ′(r) =
∑2M
j=0 ajr

j and ~ ∈ C, ~ = |~|eiφ, with −π ≤ φ ≤ 0.

Let us consider the complex plane and set z = ρeiθ. If Im(~) < 0

the integral (2.20) is absolutely convergent, while if ~ ∈ R\{0} it needs

a regularization. If ~ ∈ R, ~ > 0 we have
∫ +∞

0

eik
′re

i
~
P ′(r)rn−1dr = lim

ε↓0

∫

z=ρeiε

eik
′ze

i
~
P ′(z)zn−1dz

while if ~ < 0
∫ +∞

0

eik
′re

i
~
P ′(r)rn−1dr = lim

ε↓0

∫

z=ρe−iε

eik
′ze

i
~
P ′(z)zn−1dz . (2.21)

We deal first of all with the case ~ ∈ R, ~ > 0 ( the case ~ < 0 can be

handled in a completely similar way). Let

γ1(R) = {z = ρeiθ ∈ C | 0 ≤ ρ ≤ R, θ = ε},
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γ2(R) = {z = ρeiθ ∈ C | ρ = R, ε ≤ θ ≤ π/4M},

γ3(R) = {z = ρeiθ ∈ C | 0 ≤ ρ ≤ R, θ = π/4M}.
From the analyticity of the integrand and the Cauchy theorem we have

∫

γ1(R)∪γ2(R)∪γ3(R)

eik
′ze

i
~
P ′(z)zn−1dz = 0.

In particular:

∣∣∣
∫

γ2(R)

eik
′ze

i
~
P ′(z)zn−1dz

∣∣∣ = Rn
∣∣∣
∫ π/4M

ε

eik
′Reiθ

e
i
~
P ′(Reiθ)einθdθ

∣∣∣

≤ Rn
∫ π/4M

ε

e−k
′R sin(θ)e−

1
~

∑2M
j=1 ajR

j sin(jθ)dθ

≤ Rn
∫ π/4M

ε

e−k
′′Rθe−a2M

4M
~π R

2M θe−
∑2M−1

j=1 a′jR
jθdθ,

where k′′, a′k for k = 1, . . . , 2M − 1 are suitable constants. We have

used the fact that if α ∈ [0, π/2] then 2
πα ≤ sin(α) ≤ α. The latter

integral can be explicitly computed and gives:

R
n
(e−ε(a2M

4M
~π

R2M +k′′R+
∑2M−1

j=1 a′
jRj )−e−

π
4M

(a2M
4M
~π

R2M+k′′R+
∑2M−1

j=1 a′
jRj)

a2M
4M
~π
R2M +k′′R+

∑2M−1
j=1 a′jR

j

)
,

which converges to 0 as R→ ∞. We get
∫

z=ρeiε

eik
′ze

i
~
P ′(z)zn−1dz =

∫

z=ρei(π/4M)

eik
′ze

i
~
P ′(z)zn−1dz.

By taking the limit as ε ↓ 0 of both sides one gets:
∫ +∞

0

e
ik′r

e
i
~

P ′(r)
r

n−1
dr = e

inπ/4M

∫ +∞

0

e
ikρeiπ/4M

e
i
~

P ′(reiπ/4M )
ρ

n−1
dρ .

By substituting into (2.19) we get the final result:

F̃ (k) =

∫

Rn

eik·xe
i
~
P (x)dx = einπ/4M

∫

Rn

eie
iπ/4Mk·xe

i
~
P (eiπ/4Mx)dx.

(2.22)

In the case ~ < 0 an analogous reasoning gives:

F̃ (k) =

∫

Rn

eik·xe
i
~
P (x)dx = e−inπ/4M

∫

Rn

eie
−iπ/4Mk·xe

i
~
P (e−iπ/4Mx)dx.

(2.23)

(2) The analyticity of F̃ (k) is trivial in the case Im(~) < 0, and follows

from equations (2.22) and (2.23) when ~ ∈ R \ {0}.
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(3) Let us now prove that F̃

F̃ (k) =

∫

Rn

eikxe
i
~
P (x)dx

is bounded as a function of k by studying its asymptotic behavior as

|k| → ∞.

Let us focus on the case ~ ∈ R \ {0} (in the case Im(~) < 0 |F̃ | is

trivially bounded by
∫

Rn

|e i
~
P (x)|dx =

∫

Rn

e
Im(~)

|~|2 P (x)
dx < +∞.

Let us assume for notational simplicity that ~ = 1, the general

case can be handled in a completely similar way. In order to study∫
RN eikxeiP (x)dx one has to introduce a suitable regularization. Cho-

sen ψ ∈ S(Rn), such that ψ(0) = 1 we have

eiP (x)ψ(εx) → eiP (x), in S ′(Rn) as ε→ 0,

F̃ (k) = lim
ε→0

∫

Rn

eikxeiP (x)ψ(εx)dx.

Let us consider first of all the case n = 1 and P (x) = x2M/2M . The

unique real stationary point of the phase function Φ(x) = kx+x2M/2M

is ck = (−k) 1
2M−1 . Let χ1 be a positive C∞ function such that χ1(x) =

1 if |x − ck| ≤ 1/2 , χ1(x) = 0 if |x − ck| ≥ 1 and 0 ≤ χ1(x) ≤ 1 if

1/2 ≤ |x− ck| ≤ 1. Let χ0 ≡ 1−χ1. Then F̃ (k) = I1(k)+ I0(k), where

I0(k) = lim
ε→0

∫
eikxeix

2M/2Mχ0(x)ψ(εx)dx,

I1(k) =

∫
eikxeix

2M/2Mχ1(x)dx.

For the study of the boundedness of |F̃ (k)| as |k| → ∞ it is enough

to look at I0, since one has, by the choice of χ1, that |I1| ≤ 2. By

repeating the same reasoning used in the proof of theorem 2.1, I0 can

be computed by means of Stokes formula:

lim
ε→0

∫
eikxeix

2M/2Mχ0(x)ψ(εx)dx = i lim
ε→0

ε

∫
eikxei

x2M

2M
χ0(x)ψ

′(εx)

k + x2M−1
dx

+ i lim
ε→0

∫
eikxeix

2M/2M d

dx

( χ0(x)

k + x2M−1

)
ψ(εx)dx.
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Both integrals are absolutely convergent and, by dominated conver-

gence, we can take the limit ε→ 0, so that

I0(k) = i

∫
eikxeix

2M/2M d

dx

( χ0(x)

k + x2M−1

)
dx

= i

∫
eikxeix

2M/2M
( χ′

0(x)

k + x2M−1

)
dx

− i

∫
eikxeix

2M/2M
( (2M − 1)χ0(x)x

2M−2

(k + x2M−1)2

)
dx.

Thus:

|I0(k)| ≤ sup |χ′
0|

∫ ck−1/2

ck−1

∣∣∣ 1

k + x2M−1

∣∣∣dx+ sup |χ′
0|

∫ ck+1

ck+1/2

∣∣∣ 1

k + x2M−1

∣∣∣dx

+ (2M − 1)

∫ ck−1/2

−∞

∣∣∣ x2M−2

(k + x2M−1)2

∣∣∣dx+ (2M − 1)

∫ +∞

ck+1/2

∣∣∣ x2M−2

(k + x2M−1)2

∣∣∣dx .

By a change of variables it is possible to see that both integrals remain

bounded as |k| → ∞ (see [30] for more details) By such considerations

we can deduce that |F̃ (k)| is bounded as |k| → ∞.

A similar reasoning holds also in the case n = 1 and P (x) =∑2M
i=1 aix

i is a generic polynomial. Indeed for |k| sufficiently large the

derivative of the phase function Φ′(x) = k + P ′(x) has only one sim-

ple real root, denoted by ck. One can repeat the same reasoning valid

for the case P (x) = x2M/2M and prove that for |k| → ∞ one has

|
∫
eikx+iP (x)dx| ≤ C ( where C is a function of the coefficients ai of P

at most with polynomial growth).

The general case Rn can also be essentially reduced to the one-

dimensional case. Indeed let us consider a generic vector k ∈ Rn,

k = |k|u1, and study the behavior of F̃ (k) as |k| → ∞. By choosing as

orthonormal base u1, . . . , un of Rn, where u1 = k/|k|, we have

F̃ (k) = lim
ε→0

∫

Rn−1

eiQ(x2,...,xn)ψ(εx2) · · ·ψ(εxn)

(∫

R

ei|k|x1eiPx2,...,xn (x1)ψ(εx1)dx1

)
dx2 . . . dxn (2.24)

where ψ ∈ S(R), ψ(0) = 1; xi = x · ui, Px2,...,xn(x1) is the polynomial

in the variable x1 with coefficients depending on powers of the remain-

ing n − 1 variables x2, . . . , xn, obtained by considering in the initial

polynomial P (x1, x2, . . . , xn) all the terms containing some power of

x1. The polynomial Q in the n − 1 variables x2, . . . , xn is given by
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P (x1, x2, . . . , xn) − Px2,...,xn(x1).

Let us set

Iε(k, x2, . . . , xn) ≡
∫

R

ei|k|x1eiPx2,...,xn (x1)ψ(εx1)dx1.

By the previous considerations we know that, for each ε ≥ 0,

|Iε(k, x2, . . . , xn)| is bounded by a function of G(x2, . . . , xn) of poly-

nomial growth. By the same reasoning as in the proof of theorem

2.1 we can deduce that the oscillatory integral (2.24) is a well defined

bounded function of k.
�

Remark 2.3. A representation similar to (2.17) holds also in the more

general case ~ ∈ C, Im(~) < 0, ~ 6= 0. By setting ~ ≡ |~|eiφ, φ ∈ [−π, 0]

one has:

F̃ (k) =

∫

Rn

eik·xe
i
~
P (x)dx

= ein(π/4M+φ/2M)

∫

Rn

eie
i(π/4M+φ/2M)k·xe

i
~
P (ei(π/4M+φ/2M)x)dx. (2.25)

By mimicking the proof of equation (2.17), one can prove in the case

~ > 0 the following result (a similar one holds also in the case ~ < 0):

Theorem 2.3. Let us denote by ΛM the subset of the complex plane

ΛM = {z ∈ C | 0 < arg(z) < π/4M} ⊂ C, (2.26)

and let Λ̄M be its closure. Let f : Rn → C be a Borel function defined for

all y of the form y = λx, where λ ∈ Λ̄M and x ∈ Rn, with the following

properties:

(1) the function λ 7→ f(λx) is analytic in ΛM and continuous in Λ̄M for

each x ∈ Rn, |x| = 1,

(2) for all x ∈ Rn and all θ ∈ (0, π/4M)

|f(eiθx)| ≤ AG(x),

where A ∈ R and G : Rn → R is a positive function satisfying bound

(a) or (b) respectively:

(a) if P is as in the general case defined by (2.14)

G(x) ≤ eB|x|2M−1

, B > 0 ,

(b) if P is homogeneous, i.e. P (x) = A2M (x, . . . , x),

G(x) ≤ e
sin(2Mθ)

~
A2M (x,x,...,x)g(|x|),

where g(t) = O(t−(n+δ)), δ > 0, as t → ∞.
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Then the limit of regularized integrals:

lim
ε↓0

∫
e

i
~
P (xeiε)f(xeiε)dx, 0 < ε < π/4M, ~ > 0

is given by:

einπ/4M
∫

Rn

e
i
~
P (eiπ/4Mx)f(eiπ/4Mx)dx . (2.27)

The latter integral is absolutely convergent and it is understood in Lebesgue

sense.

The class of functions satisfying conditions (1) and (2) in theorem 2.3 in-

cludes for instance the polynomials of any degree and the exponentials.

In the case f ∈ SNλ for some N, λ, one is tempted to interpret expression

(2.27) as an explicit formula for the evaluation of the generalized Fresnel

integral
∫
e

i
~
P (x)f(x)dx, ~ > 0, whose existence is assured by theorem 2.1.

This is, however, not necessarily true for all f ∈ S∞
λ satisfying (1) and

(2). Indeed the definition 2.1 of oscillatory integral requires that the limit

of the sequence of regularized integrals exists and is independent on the

regularization. The identity

lim
ε→0

∫

Rn

e
i
~
P (x)f(x)ψ(εx)dx = einπ/4M

∫

Rn

e
i
~
P (eiπ/4Mx)f(eiπ/4Mx)dx,

can be proved only by choosing regularizing functions ψ ∈ S(Rn) with

ψ(0) = 1 and ψ in the class Σ consisting of all ψ ∈ S(Rn) which satisfy

assumption (1) of theorem 2.3 and are such that |ψ(eiθx)| is bounded as

|x| → ∞ for each θ ∈ (0, π/4M). In fact we will prove that expression (2.27)

coincides with the oscillatory integral (2.15), i.e. one can take Σ = S(RN ),

by imposing stronger assumptions on the function f . First of all we show

that the representation (2.17) (resp. (2.18)) for the Fourier transform of

e
i
~
P (x) allows a generalization of equation (2.10). Let us denote by D̄ ⊂ C

the lower semiplane in the complex plane

D̄ ≡ {z ∈ C | Im(z) ≤ 0} . (2.28)

Theorem 2.4. Let f ∈ F(Rn), f = µ̂f . Then the generalized Fresnel

integral

I(f) ≡
∫

Rn

e
i
~
P (x)f(x)dx, ~ ∈ D̄ \ {0}

is well defined and it is given by the formula of Parseval’s type:
∫

Rn

e
i
~
P (x)f(x)dx =

∫

Rn

F̃ (k)µf (dk), (2.29)
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where F̃ (k) is given by (2.25) (see lemma 2.1 and remark 2.3)

F̃ (k) =

∫

Rn

eikxe
i
~
P (x)dx.

The integral on the right hand side of (2.29) is absolutely convergent (hence

it can be understood in Lebesgue sense).

Proof. Let us choose a test function ψ ∈ S(Rn), such that ψ(0) = 1 and

let us compute the limit

I(f) ≡ lim
ε↓0

∫

Rn

e
i
~
P (x)ψ(εx)f(x)dx.

By hypothesis f(x) =
∫

Rn e
ikxµf (dk), x ∈ RN , and substituting in the

previous expression we get:

I(f) = lim
ε↓0

∫

Rn

e
i
~
P (x)ψ(εx)

(∫

Rn

eikxµf (dk)
)
dx.

By Fubini theorem (which applies for any ε > 0 since the integrand is

bounded by |ψ(εx)| which is dx-integrable, and µf is a bounded measure)

the right hand side is

= lim
ε↓0

∫

Rn

(∫

Rn

e
i
~
P (x)ψ(εx)eikxdx

)
µf (dk)

=
1

(2π)n
lim
ε↓0

∫

Rn

∫

Rn

F̃ (k − αε)ψ̃(α)dαµf (dk) (2.30)

(here we have used the fact that the integral with respect to x is the Fourier

transform of e
iP (x)

~ ψ(εx) and the inverse Fourier transform of a product is

a convolution). Now we can pass to the limit using the Lebesgue bounded

convergence theorem and get the desired result:

lim
ε↓0

∫

Rn

e
i
~
P (x)ψ(εx)f(x)dx =

∫

Rn

F̃ (k)µf (dk),

where we have used that
∫
ψ̃(α)dα = (2π)nψ(0) and lemma 2.1, which

assures the boundedness of F̃ (k). �

Corollary 2.1. Let ~ = |~|eiφ, φ ∈ [−π, 0], ~ 6= 0, f ∈ F(Rn), f = µ̂f be

such that ∀x ∈ Rn

∫

Rn

e−kx sin(π/4M+φ/2M)|µf |(dk) ≤ AG(x), (2.31)

where A ∈ R and G : Rn → R is a positive function satisfying bound (1) or

(2) respectively:
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(1) if P is defined by (2.14),

G(x) ≤ eB|x|2M−1

, B > 0 ,

(2) if P is homogeneous, i.e. P (x) = A2M (x, . . . , x):

G(x) ≤ e
1
~
A2M (x,x,...,x)g(|x|),

where g(t) = O(t−(n+δ)), δ > 0, as t→ ∞.

Then f extends to an analytic function on Cn and its generalized Fresnel

integral (2.15) is well defined and it is given by
∫

Rn

e
i
~
P (x)f(x)dx

= ein(π/4M+φ/2M)

∫

Rn

e
i
~
P (ei(π/4M+φ/2M)x)f(ei(π/4M+φ/2M)x)dx.

Proof. By bound (2.31) it follows that the Laplace transform fL : Cn →
C, fL(z) =

∫
Rn e

kzµf (dk), of µf is a well defined entire function such that,

for x ∈ Rn, fL(ix) = f(x). By theorem 2.4 the generalized Fresnel integral

can be computed by means of the Parseval type equality
∫

Rn

e
i
~
P (x)f(x)dx =

∫

Rn

F̃ (k)µf (dk)

= ein(π/4M+φ/2M)

∫

Rn

(∫

Rn

eikxe
i(π/4M+φ/2M)

e
i
~
P (ei(π/4M+φ/2M)x)dx

)
µf (dk)

By Fubini theorem, which applies given the assumptions on the measure

µf , this is equal to

ein(π/4M+φ/2M)

∫

Rn

e
i
~
P (ei(π/4M+φ/2M)x)

∫

Rn

eikxe
i(π/4M+φ/2M)

µf (dk)dx

= ein(π/4M+φ/2M)

∫

Rn

e
i
~
P (ei(π/4M+φ/2M)x)fL(iei(π/4M+φ/2M)x)dx

= ein(π/4M+φ/2M)

∫

Rn

e
i
~
P (ei(π/4M+φ/2M)x)f(ei(π/4M+φ/2M)x)dx

and the conclusion follows. �

2.4 Infinite dimensional oscillatory integrals

The definition 2.3 of the (finite dimensional) Fresnel integral can be gen-

eralized to the case the integration is performed on an infinite dimensional

real separable Hilbert space (H, 〈 , 〉). An infinite dimensional oscillatory
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integral is defined as the limit of a sequence of finite dimensional approx-

imations. This approach was proposed in [114] and further developed in

[7] in connection with the study of an infinite dimensional version of the

stationary phase method. It is also related to previous work by K. Ito

[172, 173] and S. Albeverio and R. Høegh-Krohn [16, 17].

Definition 2.4. A Borel measurable function f : H → C is called Fresnel

integrable if for each sequence {Pn}n∈N of projectors onto n-dimensional

subspaces of H, such that

• Pn ≤ Pn+1 (i.e. Pn(H) ⊂ Pn+1(H)),

• Pn → I strongly as n→ ∞ (I being the identity operator in H),

the finite dimensional approximations of the oscillatory integral of f , suit-

ably normalized
∫ ◦

PnH
e

i
2~

‖Pnx‖2

f(Pnx)d(Pnx)
(∫ ◦

PnH
e

i
2~

‖Pnx‖2

d(Pnx)
)−1

,

are well defined (in the sense of definition 2.1) and the limit

lim
n→∞

∫ ◦

PnH
e

i
2~

‖Pnx‖2

f(Pnx)d(Pnx)
(∫ ◦

PnH
e

i
2~

‖Pnx‖2

d(Pnx)
)−1

,

exists and is independent on the sequence {Pn}.
In this case the limit is called the infinite dimensional oscillatory integral

of f and is denoted by
∫̃

H
e

i
2~

‖x‖2

f(x)dx.

Analogously to definition 2.3, also in the definition 2.4 of the infinite di-

mensional oscillatory integral a normalization constant
(∫ ◦

PnH
e

i
2~

‖Pnx‖2

d(Pnx)
)−1

= (2πi~)−n/2

is present. Indeed if f : H → C is the identity function, i.e. f(x) = 1

∀x ∈ H, it is simple to verify that
∫̃

H
e

i
2~

‖x‖2

f(x)dx = 1.

Moreover the presence of the normalization constant makes definition

2.4 the direct generalization of definition 2.3. Indeed if f : H → C is a

finite based function depending on a finite number of variables, i.e. if f(x) =

f(Pnx) for a finite dimensional projection operator Pn in H, it is possible to
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see that the infinite dimensional oscillatory integral of f on H coincides with

the finite dimensional Fresnel integral on the finite dimensional subspace

Pn(H) of the restriction fn of the function f on Pn(H):

fn : PnH → C, fn(x) := f(Pnx), x ∈ Pn(H),

∫̃

H
e

i
2~

‖x‖2

f(x)dx =

∫̃

Pn(H)

e
i
2~

‖x‖2

fn(x)dx.

The “concrete” description of the class of all Fresnel integrable functions

is still an open problem of harmonic analysis, even when dim(H) <∞ (as

already discussed in sections 2.1, 2.2 and 2.3). However, analogously to the

finite dimensional case, it is possible to prove that this class includes F(H),

the Banach algebra of functions that are Fourier transform of bounded vari-

ation measures on H, and a Parseval-type formula analogous to Eq. (2.10)

holds. In order that all the terms on the right hand side of Eq. (2.10)

make sense even in an infinite dimensional setting, we have to impose some

conditions to the operator L.

In the following we shall consider a self-adjoint trace class operator

L : H → H, such that I−L is invertible. As L is compact, it has a complete

set of eigenvectors, with eigenvalues of finite multiplicity and with 0 as their

only possible limit point. As I − L is invertible by assumption, the index

of (I − L), i.e. the number of negatives eigenvalues, counted with their

multiplicity, is finite. The following lemma is taken from [114].

Lemma 2.2. Let {Pn}n∈N be a sequence of of projectors onto n-

dimensional subspaces of H, convergent strongly to the identity when n →
∞. For any compact self-adjoint operator L the following holds:

lim
n→∞

Ind(I − PnLPn) = Ind(I − L) . (2.32)

Proof. Let Ind(I−L) = p and let λ1, . . . , λp be the eigenvalues of L that

are greater than 1, with corresponding orthonormal vectors e1, . . . , ep. We

have

〈ei, (I − L)ei〉 = 1 − λi < 0,

and by the strong convergence of the sequence {Pn}n∈N to the identity,

lim
n
〈Pnei, (I − L)Pnei〉 = 1 − λi.

In particular for sufficiently large n we have

〈Pnei, (I − L)Pnei〉 < 0.
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As 〈Pnei, (In − PnLPn)Pnei〉 = 〈Pnei, (I − L)Pnei〉 (In being the identity

operator on PnH), it is possible to conclude that the vectors Pne1, . . . , Pnep
lie in a subspace of PnH in which (In − PnLPn) is negative definite. Since

Pne1, . . . , Pnep are linearly independent for sufficiently large n, as

lim
n
〈Pnei, Pnej〉 = δij ,

we can conclude that

limnInd(In − PnLPn) ≥ Ind(I − L).

In order to prove the converse inequality, it is sufficient to note that, if Vn is

the subspace of PnH spanned by the negative eigenvectors of In − PnLPn,

then for v ∈ Vn we have

〈v, (I − L)v〉 = 〈Pnv, (I − L)Pnv〉 = 〈v, (In − PnLPn)v〉 < 0.

This gives, for sufficiently large n,

Ind(I − L) ≥ Ind(In − PnLPn). �

For a self-adjoint trace class operator L : H → H, it is possible to define

the Fredholm determinant of the operator I −L [262], given by the infinite

product of its eigenvalues

Πn(1 − λn).

It is denoted with det(I − L) and given by

det(I − L) = |det(I − L)|e−πi Ind (I−L)

where |det(I − L)| is its absolute value and Ind((I − L)) is the number of

negative eigenvalues of the operator (I−L), counted with their multiplicity.

We can now state the fundamental theorem.

Theorem 2.5. Let L : H → H be a self-adjoint trace class operator such

that (I−L) is invertible (I being the identity operator in H). Let us assume

that f ∈ F(H). Then the function g : H → C given by

g(x) = e−
i

2~
(x,Lx)f(x), x ∈ H

is Fresnel integrable and the corresponding infinite dimensional oscillatory

integral is given by the following Parseval-type formula:
∫̃

H
e

i
2~

〈x,(I−L)x〉f(x)dx = (det(I − L))−1/2

∫

H
e−

i~

2 〈x,(I−L)−1x〉dµf (x)

(2.33)

where

det(I − L) = |det(I − L)|e−πi Ind (I−L)

is the Fredholm determinant of the operator (I − L).
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Proof. Given a sequence {Pn}n∈N of projectors onto n-dimensional sub-

spaces of H, such that Pn ≤ Pn+1 and Pn → I strongly as n→ ∞ (I being

the identity operator in H), the finite dimensional approximations of the

infinite dimensional oscillatory integral
∫̃
He

i
2~

〈x,(I−L)x〉f(x)dx are equal to
∫ ◦

PnH
e

i
2~

‖Pnx‖2

e−
i
2~

〈Pnx,LPnx〉fn(Pnx)d(Pnx)
(∫ ◦

PnH
e

i
2~

‖Pnx‖2

d(Pnx)
)−1

,

(2.34)

where fn : PnH → C is given by

fn(x) := f(Pnx), x ∈ PnH.
The function fn belongs to F(PnH), indeed for x ∈ PnH we have:

fn(x) =

∫

H
ei〈y,x〉dµf (y) =

∫

H
ei〈Pny,Pnx〉dµf (y) =

∫

H
ei〈y,Pnx〉dµf,n(y)

where µf,n given by
∫

H
g(y)dµf,n(y) =

∫

H
g(Pny)dµf (y)

is the restriction of the measure µf on PnH. It can be expressed in terms

of a bounded variation measure µ̄f,n, given by
∫

PnH
g(y)dµ̄f,n(y) =

∫

H
g(Pny)dµf (y), g : PnH → C.

Let Ln : PnH → PnH be the operator on PnH given by Ln := PnLPn. As

(I−L) is invertible, it is easy to see that for n sufficiently large the operator

(In−Ln) on PnH (In being the identity operator in PnH) is invertible. By

Parseval’s formula (2.10) the expression (2.34) is equal to

(det(In − Ln))
−1/2

∫

PnH
e−

i~

2 〈Pnx,(In−Ln)−1Pnx〉dµ̄f,n(Pnx)

= (det(In − Ln))
−1/2

∫

H
e−

i~

2 〈Pnx,(I−Ln)−1Pnx〉dµf (x) . (2.35)

By letting n → ∞, Ln → L in trace norm and expression (2.35) converges

to the right hand side of (2.33). �

A fundamental property of infinite dimensional oscillatory integrals is

the covariance under translations of vectors belonging to H, more precisely

the following holds [114]:

Theorem 2.6. Let a ∈ H and f ∈ F(H). Let us define fa : H → C by

fa(x) := f(x+ a). Then the function g : H → C, given by

g(x) := e
i
~
〈a,x〉fa(x), x ∈ H (2.36)
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is Fresnel integrable and the corresponding infinite dimensional oscillatory

integral is given by
∫̃

H
e

i
2~

〈x,x〉e
i
~
〈a,x〉fa(x)dx = e−

i
2~

‖a‖2

∫̃

H
e

i
2~

〈x,x〉f(x)dx. (2.37)

Proof. It is easy to verify that the function g belongs to F(H), indeed

it is the Fourier transform of the measure µg , whose action on a Borel

bounded function h : H → C is given by:∫

H
h(x)dµg(x) =

∫

H×H
h(x+ y)δa/~(x)ei〈y,a〉dµf (y).

By theorem 2.5, we have:
∫̃

H
e

i
2~

〈x,x〉e
i
~
〈a,x〉fa(x)dx

=

∫

H×H
e−

i~

2 〈x+y,x+y〉δa/~(x)ei〈y,a〉dµf (y)

= e−
i
2~

‖a‖2

∫̃

H
e−

i~

2 〈y,y〉dµf (y)

= e−
i
2~

‖a‖2

∫̃

H
e

i
2~

〈x,x〉f(x)dx.
�

The Parseval type equality (2.33) allows also the proof of the following

Fubini theorem [7]:

Theorem 2.7. Let T : H → H, T := I−L with L self-adjoint trace class,

a linear invertible operator. Let H = Y +Z be the direct sum of two closed

subspaces, with Z being finite dimensional. Assume that

〈Ty, z〉 = 0 ∀y ∈ Y, z ∈ Z.

Let

T1y = (PY ◦ T )(y), y ∈ Y,

T2z = (PZ ◦ T )(z), z ∈ Z,

where PY and PZ are respectively orthogonal projections onto Y and Z.

Assume that both T1 and T2 are isomorphisms of Y and Z, respectively.

Then, if f ∈ F(H):
∫̃

H
e

i
2~

〈x,Tx〉f(x)dx = CT

∫̃

Z

e
i

2~
〈z,T2z〉

∫̃

Y

e
i

2~
〈y,T1y〉f(y + z)dydz, (2.38)

with

CT = (detT )−1/2(detT1)
1/2(detT2)

1/2 .
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Proof. For the proof of Eq. (2.38) it is convenient to introduce a different

notation. Let us define the bilinear form (( , )) on H×H:

((x1, x2)) = 〈x1, Tx2〉.
Since f ∈ F(H), there exists a bounded variation measure µ ∈ M(H) such

that

f(x) =

∫

H
ei〈Tx,ξ〉dµ(ξ) =

∫

H
ei((x,ξ))dµ(ξ).

The measure µ is given by:
∫

H
h(x)dµ(x) =

∫

H
h(T−1x)dµf (x), f(x) =

∫

H
ei〈x,ξ〉dµf (ξ).

By Parseval type equality (2.33), we have
∫̃

H
e

i
2~

〈x,Tx〉f(x)dx = (detT )−1/2

∫

H
e−

i~

2 ((x,x))dµ(x).

By considering y+ z, η+ ξ ∈ Y ⊕Z, we have that the function fz : Y → C,

given by

fz(y) = f(y + z)

is of the form

fz(y) =

∫

Y

ei((y,η))dµz(η),

indeed

f(y + z) =

∫

H
ei〈T (y+z),η+ζ〉dµ(η + ζ)

=

∫

H
ei〈Ty,η〉ei〈Tz,ζ〉dµ(η + ζ)

=

∫

Y

ei〈Ty,η〉dµz(η) =

∫

Y

ei((y,η))dµz(η).

The measure µz is defined by
∫

Y

h(η)dµz(η) =

∫

H
h(η)ei〈Tz,ζ〉dµ(η + ζ),

for any Borel bounded function h : Y → C.

Since

((y, y)) = 〈y, T1y〉, ((z, z)) = 〈z, T2z〉, y ∈ Y, z ∈ Z,

and
∫̃

Y

e
i

2~
〈y,T1y〉f(y + z)dy = (det T1)

−1/2

∫

Y

e−
i~

2 ((y,y))dµz(y), (2.39)
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we have that the function I : Z → C given by

I(z) :=

∫̃

Y

e
i
2~

〈y,T1y〉f(y + z)dy

is of the form I(z) =
∫
Z e

i((z,ζ))dµ̃(ζ), with µ̃ ∈ M(Z). Indeed

(det T1)
−1/2

∫

Y

e−
i~

2 ((y,y))dµz(y)

= (det T1)
−1/2

∫

H
e−

i~

2 ((η,η))ei((z,ζ))dµ(η + ζ)

=

∫

Z

ei((z,ζ))dµ̃(ζ)

with µ̃ defined by
∫

Z

h(z)µ̃(z) = (detT1)
−1/2

∫

H
h(z)e−

i~

2 ((η,η))dµ(η + ζ),

for any Borel bounded function h : Z → C.

Analogously to Eq. (2.39) we have

∫̃

Z

e
i

2~
〈z,T2z〉I(z)dz = (detT2)

−1/2

∫

Z

e−
i~

2 ((z,z))dµ̃(z),

and by a sequence of calculations we have

∫̃

Z

e
i
2~

〈z,T2z〉
∫̃

Y

e
i
2~

〈y,T1y〉f(y + z)dydz

= (detT2)
−1/2(det T1)

−1/2

∫

H
e−

i~

2 ((ζ,ζ))e−
i~

2 ((η,η))dµ(η + ζ)

= (detT2)
−1/2(det T1)

−1/2

∫

H
e−

i~

2 ((ζ+η,ζ+η))dµ(η + ζ)

= (detT2)
−1/2(det T1)

−1/2(det T )1/2
∫̃

H
e

i
2~

〈x,Tx〉f(x)dx.
�

As we have already remarked above, the normalization constant in the

definition 2.4 plays a crucial role. Other alternative definitions of infinite

dimensional oscillatory integrals can be considered. They can be obtained

by introducing in the finite dimensional approximations different normal-

ization constants.

Given a a self-adjoint invertible operator B on H (we do not impose any

assumption on its trace), we can consider the definition of the normalized

infinite dimensional oscillatory integral with respect to B.
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Definition 2.5. A Borel function f : H → C is called F~

B integrable if for

each sequence {Pn}n∈N of projectors onto n-dimensional subspaces of H,

such that Pn ≤ Pn+1 and Pn → I strongly as n→ ∞ (I being the identity

operator in H) the finite dimensional approximations
∫̃

PnH
e

i
2~

〈Pnx,BPnx〉f(Pnx)d(Pnx),

are well defined (in the sense of definition 2.3) and the limit

lim
n→∞

(detPnBPn)
1
2

∫̃

PnH
e

i
2~

〈Pnx,BPnx〉f(Pnx)d(Pnx) (2.40)

exists and is independent on the sequence {Pn}.
In this case the limit is called the normalized oscillatory integral of f with

respect to B and is denoted by
∫̃ B

H
e

i
2~

〈x,Bx〉f(x)dx.

Again, given a function f ∈ F(H), it is possible to prove that f is F~

B

integrable and the corresponding normalized infinite dimensional oscillatory

integral can be computed by means of a formula similar to (2.33):

Theorem 2.8. Let us assume that f ∈ F(H). Then f is F~

B integrable and

the corresponding normalized oscillatory integral is given by the following

Parseval-type formula:
∫̃ B

H
e

i
2~

〈x,Bx〉f(x)dx =

∫

H
e−

i~

2 〈x,B−1x〉dµf (x). (2.41)

Proof. The proof is completely similar to the proof of theorem 2.5 and

we left the details to the reader. �

Remark 2.4. Formula (2.41) has already been discussed in the first part

of [17].

The difference between definitions 2.4 and 2.5 is the normalization con-

stant. In fact definition 2.5 can be seen as a generalization of definition 2.4,

which can be obtained by setting B = I , the identity operator.

The integral
∫̃ B
H e

i
2~

〈x,Bx〉f(x)dx is called “normalized” because if we

substitute into Eq. (2.41) the function f = 1, we have
∫̃ B

H
e

i
2~

〈x,Bx〉f(x)dx = 1.
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The importance of the normalization constant in the finite dimensional

approximations is highlighted by theorems 2.5 and 2.8. Indeed theorem 2.8

makes sense even if the operator L := I −B is not trace class (in that case

the Fredholm determinant det(I −B) cannot be defined).

In fact it is possible to introduce different normalization constants in the

finite dimensional approximations and the properties of the corresponding

infinite dimensional oscillatory integrals are related to the trace properties

of the operator associated to the quadratic part of the phase function [9].

More precisely, for any p ∈ N, let us consider the Schatten class Tp(H) of

bounded linear operators L in H such that

‖L‖p = (Tr(L+L)p/2)1/p

is finite. (Tp(H), ‖ · ‖p) is a Banach space (see [262]). For any p ∈ N,

p ≥ 2 and L ∈ Tp(H) one defines the regularized Fredholm determinant

det(p) : I + Tp(H) → R:

det
(p)

(I + L) = det
(
(I + L) exp

p−1∑

j=1

(−1)j

j
Lj
)
, L ∈ Tp(H),

where det denotes the usual Fredholm determinant, which is well defined

as it is possible to prove that the operator (I +L) exp
∑p−1

j=1
(−1)j

j Lj − I is

trace class [262]. In particular det(2) is called Carleman determinant.

For p ∈ N, p ≥ 2, L ∈ T1(H), let us define the normalized quadratic

form on H :

Np(L)(x) = (x, Lx) − i~Tr

p−1∑

j=1

Lj

j
, x ∈ H. (2.42)

Again, for p ∈ N, p ≥ 2, let us define the class p normalized oscillatory

integral:

Definition 2.6. Let p ∈ N, p ≥ 2, L a bounded linear operator in H,

f : H → C a Borel measurable function. The class p normalized oscillatory

integral of the function f with respect to the operator L is well defined if

for each sequence {Pn}n∈N of projectors onto n-dimensional subspaces of

H, such that Pn ≤ Pn+1 and Pn → I strongly as n → ∞ (I being the

identity operator in H) the finite dimensional approximations
∫̃ ◦

PnH
e

i
2~

‖x‖2

e−
i
2~
Np(PnLPn)(Pnx)f(Pnx)d(Pnx), (2.43)

are well defined and the limit

lim
n→∞

∫̃ ◦

PnH
e

i
2~

‖x‖2

e−
i
2~
Np(PnLPn)(Pnx)f(Pnx)d(Pnx) (2.44)
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exists and is independent on the sequence {Pn}.
In this case the limit is denoted by

Ip,L(f) =

∫̃ p

H
e

i
2~

‖x‖2

e−
i

2~
〈x,Lx〉f(x)dx.

If L is not a trace class operator, then the quadratic form (2.42) is

not well defined. Nevertheless expression (2.43) still makes sense thanks

to the fact that all the functions under the integral are restricted to finite

dimensional subspaces. Moreover the limit (2.44) can make sense, as the

following result shows [9].

Theorem 2.9. Let us assume that f ∈ F(H) and let L be a self-adjoint

operator such that L ∈ Tp(H) and det(p)(I − L) 6= 0 . Then the class-p

normalized oscillatory integral of the function f with respect to the operator

L exists and is given by the following Parseval-type formula:
∫̃ p

H
e

i
2~

‖x‖2

e−
i

2~
〈x,Lx〉f(x)dx = [det

(p)
(I − L)]−1/2

∫

H
e−

i~

2 〈x,(I−L)−1x〉dµf (x).

(2.45)

Proof. See [9]. �

2.5 Polynomial phase functions

As we have seen in the previous section, the possible generalizations of the

definition of finite dimensional oscillatory integrals to an infinite dimen-

sional Hilbert space H
∫̃

H
e

i
~
Φ(x)dx

concerns only quadratic phase functions Φ : H → C of the form Φ(x) =

〈x, x〉/2 or, more generally Φ(x) = 〈x,Bx〉/2, with B : H → H a linear

operator satisfying suitable assumptions.

As one can understand by a careful reading of theorem 2.5 and anal-

ogously theorems 2.8 and 2.9), the key tool allowing the extension of the

results of section 2.2 is the Parseval type equality (2.10). Indeed given a

function f ∈ F(Rn), its Fresnel integral is given by:
∫̃
e

i
2~

〈x,(I−L)x〉f(x)dx = (det(I − L))−1/2

∫

Rn

e−
i~

2 〈x,(I−L)−1x〉dµf (x),

(2.46)

with L : Rn → Rn self-adjoint and I − L invertible.
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Equation (2.46) admits a generalization on an infinite dimensional

Hilbert space H because, even if the left hand side loses any meaning when

n→ ∞, the right hand side can have a well defined meaning also when Rn

is replaced with H, provided the operator L satisfies suitable assumptions

(as the existence of the inverse and of the Fredholm determinant of the

operator I − L).

In the case where the quadratic phase function is replaced with an higher

degree polynomial function, as in section 2.3, the situation becomes more

involved. Theorem 2.4 generalizes a Parseval type equality to the case of

oscillatory integrals of the form:
∫ o

Rn

e
i
~
P (x)f(x)dx, f ∈ F(Rn),

where P : Rn → R is a 2M degree polynomial with positive leading coeffi-

cient2. More precisely the following formula holds:
∫

Rn

e
i
~
P (x)f(x)dx =

∫

Rn

F̃ (k)µf (dk), (2.47)

with the function F̃ : Rn → C is a smooth function, represented by an

absolutely convergent integral

F̃ (k) = einπ/4M
∫

Rn

eie
iπ/4Mkxe

i
~
P (eiπ/4Mx)dx. (2.48)

The generalization of formulae (2.47) and (2.48) to the infinite dimensional

case is not straitforward, since neither of them makes sense in the limit

n→ ∞.

The quadratic phase functions are much simpler to deal with, because

when the polynomial P is of the form

P (x) =
1

2
〈x, x〉,

the function F̃ , i.e. the Fourier transform of the imaginary exponential of

the phase function, can be explicitly computed:

F̃ (k) = (2πi~)−n/2
∫

Rn

eikxe
i
2~

〈x,x〉dx = e−
i~

2 〈x,x〉. (2.49)

If the left hand side of Eq. (2.49) loses any meaning in the limit n → ∞
because of the non convergence of the constant (2πi~)−n/2 and the non

existence of the Lebesgue measure dx, the right hand side is still meaningful,

even when x belongs to an infinite dimensional Hilbert space.
2An analogous result is obtained in the case where the leading coefficient is negative.
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In the following we shall present the case of a polynomial phase func-

tion with quartic growth, where an infinite dimensional generalization of

Parseval type equality (2.47) is allowed.

Let us deal first of all with the finite dimensional case, i.e. dim(H) = n.

Let A : H×H×H×H → R be a completely symmetric and positive fourth

order covariant tensor on H. After the introduction of an orthonormal basis

in H, the elements x ∈ H can be identified with n−ple of real numbers,

i.e. x = (x1, . . . , xn), and the action of the tensor A on the 4-ple (x, x, x, x)

is represented by an homogeneous fourth order polynomial in the variables

x1, . . . , xn:

P (x) = A(x, x, x, x) =
∑

j,k,l,m

aj,k,l,mxjxkxlxm (2.50)

with aj,k,l,m ∈ R.

We are going to define the following generalized Fresnel integral:
∫̃
e

i
2~
x·(I−B)xe

−iλ
~
P (x)f(x)dx (2.51)

where I, B are n× n matrices, I being the identity, λ ∈ R, f ∈ F(Rn) and

~ > 0.

Lemma 2.3. [27] Let P : Rn → R be given by (2.50). Then the Fourier

transform of the distribution e
i

2~
x·(I−B)x

(2πi~)n/2 e
−iλ

~
P (x):

F̃ (k) =

∫

Rn

eik·x
e

i
2~
x·(I−B)x

(2πi~)n/2
e

−iλ
~
P (x)dx (2.52)

is a bounded complex-valued entire function on Rn admitting, if A is strictly

positive, the following representations

F̃ (k) =




einπ/8

∫
Rn e

ieiπ/8k·x e
ieiπ/4

2~
x·(I−B)x

(2πi~)N/2 e
λ
~
P (x)dx λ < 0

e−inπ/8
∫

Rn e
ie−iπ/8k·x e

ie−iπ/4

2~
x·(I−B)x

(2πi~)n/2 e−
λ
~
P (x)dx λ > 0 .

(2.53)

Moreover, for general A ≥ 0, if λ ≤ 0 and (I − B) is symmetric strictly

positive then F̃ (k) can also be represented by

F̃ (k) =

∫

Rn

eie
iπ/4k·x e

− 1
2~
x·(I−B)x

(2π~)n/2
e

iλ
~
P (x)dx = E[eie

iπ/4k·xe
iλ
~
P (x)e

1
2~
x·Bx]

(2.54)

where E denotes the expectation value with respect to the centered Gaussian

measure on Rn with covariance operator ~I.
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Proof. Representation (2.53) and the boundedness of F̃ follow from

lemma 2.1, where a more general case is handled. From the representa-

tions (2.53) and (2.54) the analyticity of F̃ (k), k ∈ C follows immediately.

Let us now prove representation (2.54) for the Fourier transform

F̃ (k) =

∫

Rn

eik·x
e

i
2~
x·(I−B)x

(2πi~)n/2
e

−iλ
~
P (x)dx,

by mimicking the same procedure used in the proof of lemma 2.1. Without

loss of generality we can assume that the quadratic form x·(I−B)x is equal

to x ·x, as it can always be reduced to this form by a change of coordinates.

Let us compute the n−dimensional integral defining F̃ (k) by introducing

the polar coordinates in Rn:
∫

Rn

eik·x
e

i
2~
x·x

(2πi~)n/2
e

−iλ
~
P (x)dx

=

∫

Sn−1

(∫ +∞

0

ei|k|rf(φ1,...,φn−1)
e

i
2~
r2

(2πi~)n/2
e

−iλ
~
P (r)rn−1dr

)
dΩn−1 (2.55)

where instead of n Cartesian coordinates we use n − 1 angular coor-

dinates (φ1, . . . , φn−1) and the variable r = |x|. Sn−1 denotes the

(n − 1)-dimensional spherical surface, dΩn−1 is the Haar measure on it,

f(φ1, . . . , φn−1) = (k · x)/|k|r, P (r) is a fourth order polynomial in the

variable r with coefficients depending on the n − 1 angular variables

(φ1, . . . , φn−1), namely:

P (r) = r4A
( x
|x| ,

x

|x| ,
x

|x| ,
x

|x|
)

= r4a(φ1, . . . , φn−1), (2.56)

where a(φ1, . . . , φn−1) > 0 for all (φ1, . . . , φn−1) ∈ Sn−1. Let us focus on

the integral
∫ +∞

0

ei|k|rf(φ1,...,φn−1)
e

i
2~
r2

(2πi~)n/2
e

−iλ
~
P (r)rn−1dr.

This can be interpreted as the Fourier transform of the distribution on the

real line

F (r) = θ(r)rn−1 e
i

2~
r2

(2πi~)n/2
e

−iλ
~
P (r),

with θ(r) = 1 if r ≥ 0 and θ(r) = 0 otherwise, λ < 0 and P (r) = ar4,

a > 0:
∫ +∞

0

eikr
e

i
2~
r2

(2πi~)n/2
e

−iλ
~
P (r)rn−1dr. (2.57)
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Let us consider the complex plane and set z = reiθ . We have
∫ +∞

0

eikr
e

i
2~
r2

(2πi~)n/2
e

−iλ
~
P (r)rn−1dr

= lim
ε↓0

∫

z=ρeiε

eikz
e

i
2~
z2

(2πi~)n/2
e

−iλ
~
P (z)zn−1dz

= lim
ε↓0

lim
R→+∞

∫ R

0

eikρe
iε e

i
2~
ρ2e2iε

(2πi~)n/2
e

−iλ
~
P (ρeiε)ρn−1eniεdρ .

Given:
γ1(R) = {z ∈ C | 0 ≤ ρ ≤ R, θ = ε}
γ2(R) = {z ∈ C | ρ = R, ε ≤ θ ≤ π/4− ε}
γ3(R) = {z ∈ C | 0 ≤ ρ ≤ R, θ = π/4 − ε}

with ε > 0 small, from the analyticity of the integrand and the Cauchy

theorem we have∫

γ1(R)∪γ2(R)∪γ3(R)

eikz
e

i
2~
z2

(2πi~)n/2
e

−iλ
~
P (z)zn−1dz = 0.

In particular:

∣∣∣
∫

γ2(R)

eikz
e

i
2~
z2

(2πi~)n/2
e

−iλ
~
P (z)zn−1dz

∣∣∣

= Rn
∣∣∣
∫ π/4−ε

ε

eikRe
iθ e

iei2θ

2~
R2

(2πi~)n/2
e

−iλ
~
P (Reiθ)einθdθ

∣∣∣

≤ Rn
∫ π/4−ε

ε

e−kR sin(θ) e
− sin(2θ)

2~
R2

(2π~)n/2
e

λ
~
(aR4 sin(4θ))dθ

≤ Rn
∫ π/8

ε

e−k
′Rθ e

−2θ
π~

R2

(2π~)n/2
e

λ
~
(aR4 8

π )θdθ

+Rne
λ
~
2aR4

∫ π/4−ε

π/8

e−k
′Rθ e

−2θ
π~

R2

(2π~)n/2
e

λ
~
(−aR4 8

π )θdθ

=
Rn

(2π~)n/2

{(e( 8aλ
π~

R4− 2
π~
R2−k′R)π/8 − e(

8aλ
π~

R4− 2
π~
R2−k′R)ε

( 8aλ
π~
R4 − 2

π~
R2 − k′R)

)

+
(e 8εaλ

π~
R4

e(−
2

π~
R2−k′R)(π/4−ε) − e

aλ
~
R4

e(−
2

π~
)R2−k′R)π/8

(−8aλ
π~

R4 − 2
π~
R2 + −k′R)

)}
(2.58)

where k′ ∈ R is a suitable constant. We have used the fact that if α ∈
[0, π/2] then 2

πα ≤ sin(α) ≤ α, while if α ∈ [π/2, π] then sin(α) ≥ 2 − 2
πα.

From the last line one can deduce that
∣∣∣
∫

γ2(R)

eikz
e

i
2~
z2

(2πi~)n/2
e

−iλ
~
P (z)zn−1dz

∣∣∣→ 0, R → ∞,
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so that

∫

z=ρeiε

eikz
e

i
2~
z2

(2πi~)n/2
e

−iλ
~
P (z)zn−1dz

=

∫

z=ρei(π/4−ε)

eikz
e

i
2~
z2

(2πi~)n/2
e

−iλ
~
P (z)zn−1dz.

By taking the limit as ε ↓ 0 of both sides one gets:

∫ +∞

0

eikr
e

i
2~
r2

(2πi~)n/2
e

−iλ
~
P (r)rn−1dr

=

∫ +∞

0

eikρe
iπ/4 e

−ρ2

2~

(2π~)n/2
e

−iλ
~
P (ρeiπ/4)ρn−1dρ (2.59)

By substituting into (2.55) we get the final result:

∫

Rn

eik·x
e

i
2~
x·x

(2πi~)n/2
e

−iλ
~
P (x)dx

=

∫

Rn

eie
iπ/4k·x e

−x·x
2~

(2π~)n/2
e

−iλ
~
P (xeiπ/4)dx

= E[eie
iπ/4k·xe

−iλ
~
P (xeiπ/4)] .

�

Remark 2.5. A careful reading of this proof shows that the second part

of the statement, that is representation (2.54), is valid if and only if the

degree of P is 4, but cannot be generalized to polynomial functions of higher

(even) degree. In fact the proof is based on the analyticity of the integrand

and on a deformation of the contour of integration into a region of the

complex plane in which the real part of the leading term of the polynomial,

that is Re(−iλaz4), is negative, where λ < 0, a > 0. By setting z = ρeiθ

one can immediately verify that this condition is satisfied if and only if

0 ≤ θ ≤ π/4. By considering a polynomial of higher even degree 2M this

condition becomes 0 ≤ θ ≤ π/2M and if M > 2 the angle θ = π/4 is

no longer included. This angle is fundamental as the oscillatory function

e
i

2~
z2

(2πi~)1/2 evaluated in z = ρeiπ/4 gives e−iπ/4 e
−ρ2

2~

(2π~)1/2 , that is the density of

the normal distribution with mean zero and variance ~2, multiplied by the

factor e−iπ/4. These considerations also show the necessity of considering

λ ≤ 0.
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Remark 2.6. We note that to have λ = 0 is equivalent to take P = 0. In

this case one has immediately:

∫

Rn

eik·x
e

i
2~
x·x

(2πi~)n/2
dx

=

∫

Rn

eik·xe
iπ/4 e

−x·x
2~

(2π~)n/2
dx = E[eik·xe

iπ/4

] = e
−i~

2 k·k . (2.60)

These results can now be applied to the definition of a generalized Fresnel

integral of the following form

I(f) ≡
∫̃
e

i
2~
x·(I−B)xe

−iλ
~
P (x)f(x)dx . (2.61)

Theorem 2.10. (“Parseval equality”) Let f ∈ F(Rn), f = µ̂f . Then the

generalized Fresnel integral (2.61) is well defined and it is given by:
∫̃
e

i
2~
x·(I−B)xe

−iλ
~
P (x)f(x)dx =

∫
F̃ (k)µf (dk), (2.62)

where F̃ (k) is given by Eq. (2.53) if A in (2.50) is strictly positive, or by

Eq. (2.54) if A ≥ 0, λ ≤ 0 and (I − B) is symmetric strictly positive. The

integral on the right hand side of (2.62) is absolutely convergent (hence it

can be understood in Lebesgue sense).

Proof. The proof is completely analogous to the proof of theorem 2.4.�

Corollary 2.2. Let (I − B) be symmetric and strictly positive, λ ≤ 0 and

f ∈ F(Rn), f = µ̂f , such that ∀x ∈ Rn the integral
∫
e−

√
2

2 kx|µf |(dk) is

convergent and the positive function g : Rn → R, defined by

g(x) = e
1
2~
x·Bx

∫
e−

√
2

2 kx|µf |(dk), x ∈ Rn

is summable with respect to the centered Gaussian measure on Rn with

covariance ~I.
Then f extends to an analytic function on Cn and the corresponding

generalized Fresnel integral is well defined and it is given by
∫̃

Rn

e
i
2~
x·(I−B)x

(2πi~)n/2
e

−iλ
~
P (x)f(x)dx = E[e

iλ
~
P (x)e

1
2~
x·Bxf(eiπ/4x)]. (2.63)

Proof. By the assumption on the measure µf , it follows that its Laplace

transform fL : Cn → C,

fL(z) =

∫

Rn

ekzµf (dk),
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is a well defined entire function such that fL(ix) = f(x), x ∈ Rn. By

theorem 2.10 the generalized Fresnel integral can be computed by means of

Parseval equality

∫̃

Rn

e
i

2~
x·(I−B)x

(2πi~)n/2
e

−iλ
~
P (x)f(x)dx =

∫

Rn

F̃ (k)µf (dk)

=

∫

Rn

E[eikxe
iπ/4

e
1
2~
x·Bxe

iλ
~
P (x)]µf (dk).

By Fubini theorem, which applies given the assumptions on the measure

µf , this is equal to

E[e
1
2~
x·Bxe

iλ
~
P (x)

∫

Rn

eikxe
iπ/4

µf (dk)] = E[e
1
2~
x·Bxe

iλ
~
P (x)fL(ieiπ/4x)]

= E[e
1
2~
x·Bxe

iλ
~
P (x)f(eiπ/4x)] (2.64)

and the conclusion follows. �

Remark 2.7. The latter theorem shows that, under suitable assumptions

on the function f , the generalized Fresnel integral (2.61) can be explicitly

computed by means of a Gaussian integral. By mimicking the proof of

lemma 2.3 one can be tempted to generalize Eq. (2.63) to a larger class of

functions, that are analytic in a suitable region of Cn, but do not belong

to F(Rn). In fact this is not possible, as the definition 2.1 of oscillatory

integral requires that the limit of the sequence of regularized integrals exists

and is independent of the regularization. Let us consider the subset of the

complex plane

Λ = {z ∈ C | 0 < arg(z) < π/4} ⊂ C, (2.65)

and let Λ̄ be its closure. The identity

lim
ε→0

∫ ∫

Rn

e
i
2~
x·(I−B)x

(2πi~)n/2
e

−iλ
~
P (x)f(x)ψ(εx)dx = E[e

1
2~
x·Bxe

iλ
~
P (x)f(eiπ/4x)]

(with (I−B) symmetric strictly positive and λ ≤ 0) can only be proved by

choosing a regularizing function ψ ∈ S, ψ(0) = 1, such that the function

z 7→ ψ(zx) is analytic for z ∈ Λ and continuous for z ∈ Λ̄ for each x ∈ Rn.
Moreover one has to assume that |ψ(eiθx)| is bounded as |x| → ∞ for each

θ ∈ (0, π/4).

We can now generalize these results to the case the generalized Fresnel

integral is defined on a real separable infinite dimensional Hilbert space

(H, 〈 , 〉, ‖ ‖).
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Let us consider the abstract Wiener space built on H (see [149, 211]

and appendix). Indeed, let ν be the finitely additive cylinder measure on

H, defined by its characteristic functional ν̂(x) = e−
~

2 ‖x‖
2

. Let | | be a

“measurable” norm on H, that is | | is such that for every ε > 0 there exist

a finite-dimensional projection Pε : H → H, such that for all P ⊥ Pε one

has

ν({x ∈ H| |P (x)| > ε}) < ε,

where P and Pε are called orthogonal (P ⊥ Pε) if their ranges are orthogonal

in (H, 〈 , 〉). One can easily verify that | | is weaker than ‖ ‖. Denoted by

B the completion of H in the | |-norm and by i the continuous inclusion of

H in B, one can prove that µ ≡ ν ◦ i−1 is a countably additive Gaussian

measure on the Borel subsets of B (see theorems A.2 and A.3). The triple

(i,H,B) is called abstract Wiener space.

Given y ∈ B∗ one can easily verify that the restriction of y to H is

continuous on H, so that one can identify B∗ as a subset of H. Moreover

B∗ is dense in H and we have the dense continuous inclusions B∗ ⊂ H ⊂ B.

Each element y ∈ B∗ can be regarded as a random variable n(y) on (B, µ). A

direct computation shows that n(y) is normally distributed, with covariance

|y|2 (see theorem A.2 and Eq. (A.4)). The density of B∗ in H and Eq. (A.4)

allow the extension of the map n : B∗ → L2(B, µ) to the whole space H
(the extended map will be denoted with the same symbol with an abuse of

notation).

Given an orthogonal projection P in H, with

P (x) =

n∑

i=1

〈ei, x〉ei

for some orthonormal e1, . . . , en ∈ H, the stochastic extension P̃ of P on B
is defined by

P̃ ( · ) =

n∑

i=1

n(ei)( · )ei.

Analogously, given a function f : H → B1, where (B1, | |B1) is another real

separable Banach space, the stochastic extension f̃ of f to B exists if the

functions f ◦ P̃ : B → B1 converges to f̃ in probability with respect to µ as

P converges strongly to the identity in H.

Let A : H×H×H×H → R be a completely symmetric positive covariant

tensor operator on H such that the map V : H → R+,

x 7→ V (x) ≡ A(x, x, x, x), x ∈ H,
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is continuous in the measurable norm | |. As a consequence V is continuous

in the Hilbert norm ‖ ‖, moreover it can be extended by continuity to a

random variable V̄ on B, with V̄ |H = V . By theorem A.4, the stochastic

extension Ṽ of V exists and coincides with V̄ : B → R µ−a.e. Moreover for

any increasing sequence of n−dimensional projectors Pn in H, the family

of bounded random variables on (B, µ)

ei
λ
~
V ◦P̃n( · ) ≡ ei

λ
~
V n( · )

converges µ−a.e. to

ei
λ
~
V̄ ( · ).

Furthermore for any h ∈ H the sequence of random variables

n∑

i=1

hin(ei), hi = 〈ei, h〉

converges in L2(B, µ), and by subsequences almost everywhere, to the ran-

dom variable n(h). Analogously, given a self-adjoint trace class operator

B : H → H, the quadratic form on H×H:

x ∈ H 7→ 〈x,Bx〉

can be extended to a random variable on B, denoted again by 〈 · , B · 〉 (see

appendix).

Let us assume that the largest eigenvalue of B is strictly less than 1

(or, in other words, that the operator (I − B) is strictly positive) and let

y ∈ H. Then one can prove (see theorem A.5) that the sequence of random

variables fn : B → R

fn( · ) = e
∑n

i=1 yin(ei)( · )e
1
2~

∑n
i=1 bi([n(ei)( · )]2 ,

where yi = 〈y, ei〉, converges µ−a.e. as n goes to ∞ to the random variable

f( · ) = en(y)( · )e
1
2~

〈 · ,B · 〉

and that
∫
fndµ→

∫
fdµ = (det(I −B))−1/2e

~

2 〈y,(I−B)−1y〉. (2.66)

In this setting it is possible to prove the following result:

Lemma 2.4. Let B : H → H be a self adjoint and trace class operator such

that I−B is strictly positive, let k ∈ H and λ ≤ 0. Then for any increasing
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sequence Pn of projectors onto n-dimensional subspaces of H such that Pn ↑
I strongly as n→ ∞, the following sequence of finite dimensional integrals:

Fn(k) ≡ (2πi~)−n/2
∫

PnH
ei〈Pnk,Pnx〉e

i
2~

〈Pnx,(I−B)Pnx〉e−i
λ
~
V (Pnx)d(Pnx)

converges, as n→ ∞, to the Gaussian integral on B:

F (k) ≡ E[ein(k)( · )eiπ/4

e
1
2~

〈 · ,B · 〉ei
λ
~
V̄ ( · )] (2.67)

( E being the expectation with respect to µ on B).

Proof. By lemma 2.3 and Eq. (2.54) one has

(2πi~)−n/2
∫

PnH
ei〈Pnk,Pnx〉e

i
2~

〈Pnx,(I−B)Pnx〉e−i
λ
~
V (Pnx)d(Pnx) =

(2π~)−n/2
∫

PnH
ei〈Pnk,Pnx〉eiπ/4

e−
1
2~

〈Pnx,Pnx〉e
1
2~

〈Pnx,BPnx〉ei
λ
~
V (Pnx)d(Pnx) .

Let us introduce an orthonormal base {ei} of H such that Pn is the projector

onto the span of the first n vectors. Each element Pnx ∈ PnH can be

represented as an n−ple of real numbers (x1, . . . , xn), where xi = 〈x, ei〉.
The latter integral can be written in the following form:

(2π~)−n/2
∫

Rn

ei
∑n

i=1 kixie
iπ/4

e−
1
2~

∑n
i=1 x

2
i e

1
2~

∑n
i,j=1 Bijxixj

ei
λ
~

∑n
ij,k,h=1 Aijkhxixjxkxhdx1 . . . dxn

where Bij = 〈ei, Bej〉 and Aijkh = A(ei, ej , ek, eh).

On the other hand, this coincides with the Gaussian integral on (B, µ):

E[ei
∑n

i=1 kin(ei)( · )eiπ/4

e
1
2~

∑n
i,j=1〈ei,Bej〉n(ei)( · )n(ej )( · )e

λ
~
V ◦P̃n( · )].

By Lebesgue’s dominated convergence theorem (which holds because of the

assumption on the strict positivity of the operator I −B) this converges as

n→ ∞ to

E[ein(k)( · )eiπ/4

e
1
2~

〈 · ,B · 〉ei
λ
~
V̄ ( · )]

and the conclusion follows. �

The above result allows the following generalization of theorem 2.10 to

the infinite dimensional case.

Theorem 2.11. [27, 25] Let B : H → H be self-adjoint trace class, (I−B)

strictly positive, λ ≤ 0 and f ∈ F(H), f ≡ µ̂f , and let us assume that the

bounded variation measure µf satisfies the following condition:
∫

H
e

~

4 〈k,(I−B)−1k〉|µf |(dk) < +∞. (2.68)
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Then the infinite dimensional oscillatory integral

∫̃

H
e

i
2~

〈x,(I−B)x〉e−i
λ
~
A(x,x,x,x)f(x)dx (2.69)

exists and is given by:
∫

H
E[ein(k)( · )eiπ/4

e
1
2~

〈 · ,B · 〉ei
λ
~
V̄ ( · )]µf (dk).

Proof. By definition, choosing an increasing sequence of finite dimen-

sional projectors Pn on H, with Pn ↑ I strongly as n → ∞, the oscillatory

integral (2.69) is given by:

lim
n→∞

(2πi~)−n/2
∫

PnH
e

i
2~

〈Pnx,(I−B)Pnx〉e−i
λ
~
A(Pnx,Pnx,Pnx,Pnx)f(Pnx)dPnx.

(2.70)

Let fn : PnH → C be the function defined by

fn(y) ≡ f(y), y ∈ PnH.

One can easily verify that fn ∈ F(PnH), fn = µ̂nf , where µnf is the bounded

variation measure on PnH defined by

µnf (I) = µf (P
−1
n I),

I being a Borel subset of PnH, indeed:

fn(y) = f(y) =

∫

H
ei〈y,k〉µf (dk)

=

∫

H
ei〈Pny,Pnk〉µf (dk) =

∫

PnH
ei〈y,Pnk〉µnf (dPnk) (2.71)

where y = Pny. By theorem 2.10 the limit (2.70) is equal to

lim
n→∞

∫

PnH
Gn(Pnk)µ

n
f (dPnk), (2.72)

where Gn : PnH → C is given by:

Gn(Pnk) = (2π~)−n/2
∫

PnH
ei〈Pnk,Pnx〉eiπ/4

e−
1
2~

〈Pnx,(I−B)Pnx〉

ei
λ
~
A(Pnx,Pnx,Pnx,Pnx)dPnx.

This, on the other hand (see the proof of lemma 2.4) is equal to

E[ein(Pnk)( · )eiπ/4

e
1
2~

∑n
i,j=1 Bijn(ei)( · )n(ej )( · )ei

λ
~
V n( · )],
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where V n = V ◦ P̃n. By substituting the latter expression into (2.72) we

have

lim
n→∞

∫

PnH
E[ein(Pnk)( · )eiπ/4

e
1
2~

∑n
i,j=1 Bijn(ei)( · )n(ej)( · )

e
i λ

~
V n( · )]µn

f (dPnk)

= lim
n→∞

∫

H
E[ein(Pnk)( · )eiπ/4

e
1
2~

∑n
i,j=1 Bijn(ei)( · )n(ej)( · )

e
i λ

~
V n( · )]µf (dk)

= lim
n→∞

∫

H
Fn(k)µf (dk) .

By lemma 2.4 and the dominated convergence theorem, applicable to the

integral with respect to µf , due to assumption (2.68), we then get
∫

H
F (k)µf (dk) =

∫

H
E[ein(k)( · )eiπ/4

e
1
2~

〈 · ,B · 〉ei
λ
~
V̄ ( · )]µf (dk),

and the conclusion follows. �

Also corollary 2.2 can be generalized to the infinite dimensional case.

Indeed due to the assumption (2.68) the function f on the real Hilbert

space H can be extended to those vectors y ∈ HC in the complex Hilbert

space HC of the form y = zx, x ∈ H, z ∈ C, as the integral
∫

H
eiz〈x,k〉µf (dk)

is absolutely convergent. Moreover the latter can be uniquely extended to

a random variable on B, denoted again by f , by

fz( · ) ≡ f(z · ) ≡
∫

H
eizn(k)( · )µf (dk). (2.73)

Moreover the random variable

e
1
2~

〈 · ,B · 〉fz( · )

belongs to L1(B, µ) if Im(z)2 ≤ 1/2.

Theorem 2.12. [27] Let B : H → H be self-adjoint trace class, I − B

strictly positive, λ ≤ 0 and f ∈ F(H) be the Fourier transform of a bounded

variation measure µf satisfying assumption (2.68).

Then the infinite dimensional oscillatory integral (2.69) is well defined

and it is given by:

∫̃

H
e

i
2~

〈x,(I−B)x〉e−i
λ
~
A(x,x,x,x)f(x)dx = E[ei

λ
~
V̄ ( · )e

1
2~

〈 · ,B · 〉f(eiπ/4 · )]

(2.74)
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Proof. By theorem 2.11 the infinite dimensional oscillatory integral

(2.69) can be computed by means of the Parseval-type formula:

∫̃

H
e

i
2~

〈x,(I−B)x〉e−i
λ
~
A(x,x,x,x)f(x)dx

=

∫

H
E[ein(k)( · )eiπ/4

e
1
2~

〈 · ,B · 〉ei
λ
~
V̄ ( · )]µf (dk) (2.75)

By Fubini theorem, which can be applied under the assumption (2.68), the

integral on the right hand side of (2.75) is equal to

E[ei
λ
~
V̄ ( · )e

1
2~

〈 · ,B · 〉
∫

H
ein(k)( · )eiπ/4

µf (dk)]

= E[ei
λ
~
V̄ ( · )e

1
2~

〈 · ,B · 〉fe
iπ/4

( · )] = E[ei
λ
~
V̄ ( · )e

1
2~

〈 · ,B · 〉f(eiπ/4 · )] .

The integral on the right hand side is absolutely convergent as |eiλ
~
V̄ | =

1 and e
1
2~

〈 · ,B · 〉fe
iπ/4 ∈ L1(B, µ) as Im(eiπ/4) = 1/

√
2 (see Fernique’s

theorem in [211]). �

Remark 2.8. In the simpler case λ = 0, under the above assumptions

on the function f and the operator B, the infinite dimensional oscillatory

integral (given by (2.74) with V = 0) can also be explicitly computed by

means of the absolutely convergent integrals:
∫̃

H
e

i
2~

〈x,(I−B)x〉f(x)dx =
1√

det(I −B)

∫

H
e−

i~

2 〈k,(I−B)−1k〉µf (dk) . (2.76)

In fact, by means of different methods (see section 2.4), Eq. (2.76) can

be proved even without the assumption on the positivity of the operator

(I −B) (it is sufficient that (I −B) is invertible).

Remark 2.9. So far we have proved, under suitable assumptions on the

function f : H → C and the operator B, that if λ ≤ 0 the infinite dimen-

sional generalized Fresnel integral (2.69)

IF (λ) ≡
∫̃

H
e

i
2~

〈x,(I−B)x〉e−i
λ
~
A(x,x,x,x)f(x)dx

on the Hilbert space H is exactly equal to a Gaussian integral on B:

IG(λ) ≡
∫

H
E[ein(k)( · )eiπ/4

e
1
2~

〈 · ,B · 〉ei
λ
~
V̄ ( · )]µf (dk)

(theorem 2.11), and to

IA(λ) ≡ E[ei
λ
~
V̄ ( · )e

1
2~

〈 · ,B · 〉f(eiπ/4 · )]
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(theorem 2.12). One can easily verify that IG and IA are analytic functions

of the complex variable λ in the region of the complex λ plane {Im(λ) >

0}, while they are continuous in {Im(λ) = 0} and coincide with IF in

{Im(λ) = 0, Re(λ) ≤ 0}.

The generalization of these techniques to infinite dimensional oscillatory

integrals with polynomial phase function of higher degree is not straight-

forward. Some partial result concerning particular complex phase function

of higher arbitrary degree has been obtained in [34].
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Chapter 3

Feynman Path Integrals and the

Schrödinger Equation

3.1 The anharmonic oscillator with a bounded anharmonic

potential

Let us consider the Schrödinger equation in L2(Rd)

i~
∂

∂t
ψ = Hψ (3.1)

with initial datum ψ|t=0 = ψ0 ∈ L2(Rd) and quantum mechanical Hamil-

tonian, given on the smooth vectors ψ ∈ S(Rd) by

Hψ(x) = − ~2

2m
∆ψ(x) +

1

2
xΩ2xψ(x) + V (x)ψ(x), x ∈ Rd,

where m > 0 is the mass, Ω2 ≥ 0 is a positive d × d matrix, and V is a

bounded continuous real function on Rd. In the following we shall put for

notational simplicity m ≡ 1, but the whole discussion can be repeated for

arbitrary values of the mass parameter.

Let us denote by H0 the harmonic oscillator Hamiltonian, given on

ψ ∈ S(Rd) by

H0ψ(x) = −~2

2
∆ψ(x) +

1

2
xΩ2xψ(x), x ∈ Rd.

Both H0 and H are self-adjoint operators on L2(Rd), on the natural domain

of definition of H0, which can be easily described by writing the vectors

ψ ∈ L2(Rd) as linear combination of Hermite functions (see [245, 246]).

H and H0 generate unitary groups in L2(Rd), denoted by U(t) = e−
i
~
Ht

and U0(t) = e−
i
~
H0t. The solution of the Schrödinger equation (3.1) with

initial datum ψ|t=0 = ψ0 ∈ L2(Rd), is given by

ψ(t, x) = (e−
i
~
Htψ0)(x). (3.2)

57
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In the following we shall show how the Feynman path integral represen-

tation for the solution (3.2)

ψ(t, x) =

∫

γ(t)=x

e
i
~
St(γ)ψ0(γ(0))dγ, (3.3)

can be mathematically realized in terms of a well defined infinite dimen-

sional oscillatory integral on a suitable Hilbert space of paths:

ψ(t, x) =

∫

γ(t)=0

e
i
~

∫
t
0

(
γ̇(s)2/2−γ(s)Ω2γ(s)/2−V (γ(s)+x)

)
dsψ0(γ(0) + x)dγ,

(3.4)

where we performed the formal change of variable γ 7→ γ + x in order to

deal with the homogeneous condition γ(t) = 0, which is preserved by linear

combinations.

For notational simplicity, in the following we shall put m = 1, but the

whole discussion can be easily generalized to the case of arbitrary values of

the mass parameter.

Let us consider the Cameron-Martin space Ht, that is the Sobolev space

of absolutely continuous functions γ : [0, t] → Rd, such that γ(t) = 0, and

with square integrable weak derivative γ̇:
∫ t

0

|γ̇(s)|2ds <∞,

endowed with the inner product

〈γ1, γ2〉 =

∫ t

0

γ̇1(s) · γ̇2(s)ds.

(This space was already introduced in (1.11) in the introduction). From a

physical point of view, Ht represents a space of Feynman paths with finite

kinetic energy.

Let us consider the linear operator L : Ht → Ht given by

(Lγ)(s) :=

∫ t

s

ds′
∫ s′

0

(Ω2γ)(s′′)ds′′. (3.5)

One can easily verify that

〈γ1, Lγ2〉 =

∫ t

0

γ1(s)Ω
2γ2(s)ds,

and conclude that L is self-adjoint on Ht and positive:

〈γ, Lγ〉 =

∫ t

0

γ(s)Ω2γ(s)ds ≥ 0, ∀γ ∈ Ht.
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Let us now investigate the conditions for the existence of the inverse of

the operator I − L.

Lemma 3.1. Let Ωj , with j = 1, . . . , d, be the eigenvalues of the matrix Ω.

If

t 6=
(
n+

1

2

) π
Ωj
, n ∈ N, j = 1, . . . , d,

then the operator I − L is invertible and its inverse is given by:

(I − L)−1γ(s) = γ(s) − Ω

∫ t

s

sin[Ω(s− s′)]γ(s′)ds′

+ sin[Ω(t− s)]

∫ t

0

(cosΩt)−1Ω cos(Ωs′)γ(s′)ds′. (3.6)

Proof. By equation (3.5), given a vector η ∈ Ht, the vector γ ∈ Ht is of

the form

η = (I − L)γ ⇐⇒ γ = (I − L)−1η

if it satisfies the integral equation:

η(s) = γ(s) −
∫ t

s

ds′
∫ s′

0

(Ω2γ)(s′′)ds′′. (3.7)

If η is sufficiently smooth, by differentiating twice, (3.7) is equivalent to the

differential equation:

γ̈(s) + Ω2γ(s) = η̈(s)

with conditions γ(t) = 0 and γ̇(0) = η̇(0). By standard technique the

solution is given by

(I − L)−1η(s) = η(s) − Ω

∫ t

s

sin[Ω(s− s′)]η(s′)ds′

+ sin[Ω(t− s)]

∫ t

0

(cosΩt)−1Ω cos(Ωs′)η(s′)ds′. (3.8)

It is easy to verify that the latter formula is valid for general η ∈ Ht, and

the conclusion follows. �

The following lemma gives a characterization of the spectrum of L [114].

Lemma 3.2. Under the assumptions of lemma 3.1, the self-adjoint opera-

tor L : Ht → Ht given by Eq. (3.5) is trace class and

Ind(I − L) =

d∑

j=1

[Ωjt
π

+
1

2

]
,
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where [ · ] denotes the integer part and Ω1, . . . ,Ωd are the eigenvalues of the

matrix Ω, counted with their multiplicity.

Moreover the Fredholm determinant of I − L is given by:

det(I − L) = det(cos(Ωt)).

Proof. We follow here the method by Elworthy and Truman [114]. Let

us assume, without loss of generality, that the matrix Ω is diagonal.

Because of the self-adjointness and the positivity of L, we look for eigen-

values of the form p2, with p ∈ R. The real positive number p2 is an

eigenvalue of L, if there exists a γ ∈ Ht such that

Lγ = p2γ,

∫ t

s

ds′
∫ s′

0

(Ω2γ)(s′′)ds′′ = p2γ(s).

By differentiating twice, we obtain the differential equation

p2γ̈(s) + Ω2γ(s) = 0,

with the conditions γ(t) = 0 and γ̇(0) = 0. The solutions are given by the

vectors

γ(s) = (γ1(s), . . . , γd(s)),

where γj(s) = Aj sin[Ωj(s− φj)/p], for constant Aj , φj , j = 1, . . . , d, satis-

fying the conditions:

Ωjφj/p =
(
mj +

1

2

)
π, mj ∈ Z,

Ωjt/p =
(
nj +

1

2

)
π, nj ∈ Z.

The only possible values for p are of the form

p =
Ωjt(

nj + 1
2

)
π
, nj ∈ Z.

Since
∑∞

n=0(n+ 1
2 )−2 <∞, one can conclude that the operatorL : Ht → Ht

is trace class.

For the calculation of the index of the operator I − L, we have to take

into account the eigenvalues of the operator L of the form

p2 =
Ωjt(

nj + 1
2

)
π
,
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with p > 1, that is

nj = 0, 1, . . . ,
[Ωjt
π

− 1

2

]
,

[ ] denoting the integer part. They correspond to the following eigenvectors

γnj (s) =
(
0, 0, . . . , 0, cos

[(
nj +

1

2

)sπ
t

]
, 0, . . . , 0

)
,

where the jth entry being non-zero.

The proof of the second part of the lemma follows from the equality:

cos(x) =

∞∏

n=0

[
1 − x2

(
n+ 1

2

)2
π2

]
.

�

The next lemma gives sufficient conditions for the definition of the in-

finite dimensional oscillatory integral (3.4) and the application of theorem

2.5.

Lemma 3.3. Let ψ0, V ∈ F(Rd). Then the function f : Ht → C, given by

f(γ) = e−
i
~

∫
t
0
V (γ(s)+x)dsψ0(γ(0) + x), γ ∈ Ht

belongs to F(Ht).

Proof. We give here the proof in the case where d = 1 in order to simplify

the notation, but the whole reasoning can be easily extended to the case of

general dimension d.

Let us denote by γτ , τ ∈ [0, t], the vector in H defined by:

γτ (s) = t− τ ∨ s, s ∈ [0, t].

One can easily verify that for an γ ∈ Ht

〈γτ , γ〉 = γ(τ).

If ψ0 = µ̂0, with µ0 ∈ M(R), we have:

ψ0(γ(0) + x) =

∫

R

eik(γ(0)+x)dµ0(k)

=

∫

R

ei〈γ,kγ0〉eikxdµ0(k) (3.9)

=

∫

R

∫

H
ei〈γ,η〉δkγ0(dη)e

ikxdµ0(k). (3.10)

Analogously, if V ∈ F(R), V = µ̂V , with µv ∈ M(R), we have
∫ t

0

V (γ(s) + x)ds =

∫ t

0

∫

R

eik(γ(s)+x)dµv(k)ds

=

∫ t

0

∫

R

∫

H
ei〈γ,η〉δkγs(dη)e

ikxdµv(k)ds. (3.11)



March 27, 2009 10:32 World Scientific Book - 9in x 6in MathematicalFeynman

62 Mathematical Feynman Path Integrals and Applications

It follows that both functions on Ht, i.e. γ 7→ ψ0(γ(0) + x) and γ 7→∫ t
0 V (γ(s) + x)ds, belong to F(Ht). As F(Ht) is a Banach algebra by

pointwise multiplications (see section 2.2), it is possible to conclude that

also the function

γ 7→ e−
i
~

∫
t
0
V (γ(s)+x)dsψ0(γ(0) + x), γ ∈ Ht,

is an element of F(Ht). �

The Parseval type equality for infinite dimensional oscillatory integrals (the-

orem 2.5) and the previous lemmas allow us to define and compute the

Feynman path integral representation for the solution of the Schrödinger

equation with the harmonic oscillator Hamiltonian:
{
i~ ∂
∂tψ(t, x) = −~

2

2 ∆ψ(t, x) + 1
2xΩ

2xψ(t, x)

ψ(0, x) = ψ0(x)
(3.12)

that is:

ψ(t, x) =

∫

γ(t)=0

e
i
2~

∫
t
0

(
γ̇(s)2−(γ(s)+x)Ω2(γ(s)+x)

)
dsψ0(γ(0) + x)dγ, (3.13)

Theorem 3.1. Let ψ0 ∈ S(Rd) and t 6=
(
n+ 1

2

)
π
Ωj

, n ∈ N. Then the solu-

tion of the Schrödinger equation (3.12) is given by the infinite dimensional

oscillatory integral on the Cameron-Martin space

ψ(t, x) =

∫̃

Ht

e
i
2~

∫
t
0
γ̇(s)2dse−

i
2~

∫
t
0
(γ(s)+x)Ω2(γ(s)+x)dsψ0(γ(0) + x)dγ

=

∫̃

Ht

e
i
2~

〈γ,(I−L)γ〉e−
i

2~
xΩ2xte−

i
~

∫ t
0
γ(s)Ω2xdsψ0(γ(0) + x)dγ . (3.14)

Proof. We give here the proof in the case where d = 1 in order to simplify

the notation, but the whole reasoning can be easily extended to the case of

general dimension d.

First of all we can see that the function on f : Ht → C given by

f(γ) := e−
i
2~

∫
t
0
(γ(s)+x)Ω2(γ(s)+x)dsψ0(γ(0) + x), γ ∈ Ht

is Fresnel integrable. Indeed it is of the form

f(γ) = e−
i

2~
〈γ,Lγ〉g(γ), γ ∈ Ht,

with L : Ht → Ht is the self-adjoint operator (3.5), that by lemmas 3.1 and

3.2 is trace class with I − L being invertible, and g : Ht → C, given by

g(γ) = e−
i

2~
xΩ2xte−

i
~

∫ t
0
γ(s)Ω2xdsψ0(γ(0) + x), γ ∈ Ht
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belongs to F(Ht). Indeed, as S(Rd) ⊂ F(Rd), by lemma 3.3 the func-

tion γ 7→ ψ0(γ(0) + x) belongs to F(Ht). Moreover the function γ 7→
e−

i
~

∫
t
0
γ(s)Ω2xds is of the form

e−
i
~

∫
t
0
γ(s)Ω2xds =

∫

Ht

ei〈γ,η〉δηx(dη), γ ∈ Ht,

where ηx is the vector of Ht given by

ηx(s) =
Ω2x

~

(s2
2

− t2

2

)
, s ∈ [0, t].

By theorem 2.5 the infinite dimensional oscillatory integral

∫̃

Ht

e
i
2~

〈γ,(I−L)γ〉e−
i

2~
xΩ2xte−

i
~

∫
t
0
γ(s)Ω2xdsψ0(γ(0) + x)dγ

is well defined and is given by

det(I − L)−1/2

∫

Ht

e−
i~

2 〈γ,(I−L)−1γ〉dµg(γ),

with g = µ̂g . By lemmas 3.1 and 3.2, and some calculations we have that

the latter expressing is equal to:
√

Ω

2πi sin(Ωt)

∫

R

e
i
2~

(
xΩcot(Ωt)x+yΩcot(Ωt)y−2xΩ sin(Ωt)−1y

)
ψ0(y)dy, (3.15)

that is the solution of the Schrödinger equation (3.12) with initial datum

ψ0 ∈ S(R). �

Remark 3.1. By diagonalizing the symmetric matrix Ω, Eq. (3.15) can be

generalized to arbitrary dimension d and becomes
√

det
( Ω

2πi sin(Ωt)

)∫

Rd

e
i

2~

(
xΩcot(Ωt)x+yΩ cot(Ωt)y−2xΩ sin(Ωt)−1y

)
ψ0(y)dy.

We can now state the main result of the present section. The proof is taken

by [114] and is based on a technique present in [263].

Theorem 3.2. Let ψ0, V ∈ F(Rd) and t 6=
(
n + 1

2

)
π
Ωj

, n ∈ N. Then the

solution of the Schrödinger equation
{
i~ ∂
∂tψ(t, x) = −~

2

2 ∆ψ(t, x) + 1
2xΩ

2xψ(t, x) + V (x)ψ(t, x)

ψ(0, x) = ψ0(x)
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is given by the infinite dimensional oscillatory integral on the Cameron-

Martin space

∫̃

Ht

e
i

2~

∫ t
0
γ̇(s)2dse−

i
2~

∫ t
0
(γ(s)+x)Ω2(γ(s)+x)dse−

i
~

∫ t
0
V (γ(s)+x)dsψ0(γ(0)+x)dγ

=

∫̃

Ht

e
i

2~
〈γ,(I−L)γ〉e−

i
2~
xΩ2xte−

i
~

∫
t
0
γ(s)Ω2xdse−

i
~

∫
t
0
V (γ(s)+x)dsψ0(γ(0)+x)dγ.

(3.16)

Proof. By lemma 3.3 and by repeating the reasoning in the proofs of

theorem 3.1, the function on Ht

γ 7→ e−
i
2~

∫ t
0
(γ(s)+x)Ω2(γ(s)+x)dse−

i
~

∫ t
0
V (γ(s)+x)dsψ0(γ(0) + x), γ ∈ Ht

is Fresnel integrable.

For u ∈ [0, t] let µu(V, x), ν
t
u(V, x), λ

t
u(x) be the measures on Ht, whose

Fourier transforms when evaluated at γ ∈ Ht are respectively V (x+ γ(u)),

e−
i
~

∫
t
u
V (x+γ(s))ds, and e−

i
~

∫
t
u
xΩ2γ(s)ds. We shall use the following notation

µu ≡ µu(V, x),

νtu ≡ νtu(V, x), (3.17)

λtu ≡ λtu(x). (3.18)

Moreover, for ψ0 ∈ F(Rd), we shall denote with µψ0 the measure on Ht

whose Fourier transform is the function γ 7→ ψ0(γ(0) + x).

If {µu : a ≤ u ≤ b} is a family in M(Ht), we shall let
∫ b
a µudu denote

the measure on Ht defined by:

f 7→
∫ b

a

∫

Ht

f(γ)µu(dγ)du, f ∈ C0(Ht)

whenever it exists. Since for any continuous path γ we have

exp
(
− i

~

∫ t

0

V (γ(s) + x)ds
)

= 1 − i

~

∫ t

0

V (γ(u) + x) exp
(
− i

~

∫ t

u

V (γ(s) + x)ds
)
du,

we get

νt0 = δ0 −
i

~

∫ t

0

(µu ∗ νtu)du, (3.19)

where δ0 is the Dirac measure at 0 ∈ Ht.
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We set for t > 0 and x ∈ Rd

U(t)ψ0(x) =

∫̃

Ht

e
i
2~

∫ t
0
|γ̇(s)|2ds− i

2~

∫ t
0
(γ(s)+x)Ω2(γ(s)+x)ds

e−
i
~

∫ t
0
V (γ(s)+x)dsψ0(γ(0) + x)dγ, (3.20)

and

U0(t)ψ0(x) =

∫̃

Ht

e
i
2~

∫
t
0
|γ̇(s)|2ds− i

2~

∫
t
0
(γ(s)+x)Ω2(γ(s)+x)ds

ψ0(γ(0) + x)dγ. (3.21)

By Parseval-type equality (theorem 2.5), we have

U(t)ψ0(x) = e−i
t
2~
xΩ2x(det(I−L))−1/2

∫

Ht

e−
i~

2 〈γ,(I−L)−1γ〉λt0∗νt0∗µψ0(dγ).

By applying Eq. (3.19) we obtain:

U(t)ψ0(x) = C(t)

∫

Ht

e−
i~

2 〈γ,(I−L)−1γ〉λt0 ∗ µψ0(dγ)

− i

~
C(t)

∫ t

0

∫

Ht

e−
i~

2 〈γ,(I−L)−1γ〉λt0 ∗ µu ∗ νtu ∗ µψ0(dγ)du,

where C(t) = e−i
t
2~
xΩ2x(det(I − L))−1/2. By applying the Parseval-type

equality (2.33) in the other direction we get

U(t)ψ0(x) = U0(t)ψ0(x) −
i

~
e−i

t
2~
xΩ2x

∫ t

0

∫̃

Ht

e
i
2~

∫
t
0
|γ̇(s)|2ds− i

2~

∫
t
0
γ(s)Ω2γ(s)dse−

i
~

∫
t
0
xΩ2γ(s)ds

V (γ(u) + x)e−
i
~

∫ t
u
V (γ(s)+x)dsψ0(γ(0) + x)dγdu . (3.22)

Denoting by Hr,s the Cameron-Martin space of paths γ : [r, s] → Rd,

we have Ht ≡ H0,t = H0,u ⊕ Hu,t, indeed each γ ∈ Ht can uniquely be

associated to a couple (γ1, γ2), with γ1 ∈ H0,u and γ2 ∈ Hu,t, γ(s) =

γ2(s) for s ∈ [u, t] and γ(s) = γ1(s) + γ2(u) for s ∈ [0, u). By means

of these notations and by Fubini’s theorem for oscillatory integrals (see
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theorem 2.7), Eq. (3.22) can be written in the following form:

U(t)ψ0(x) = U0(t)ψ0(x) −
i

~

∫ t

0

∫̃

Hu,t

e
i
2~

∫
t
u
|γ̇2(s)|2ds

e−
i

2~

∫ t
u
(γ2(s)+x)Ω

2(γ2(s)+x)dse−
i
~

∫ t
u
V (γ2(s)+x)dsV (γ2(u) + x)

(∫̃

H0,u

e
i

2~

∫
u
0

|γ̇1(s)|2ds− i
2~

∫
u
0

(γ1(s)+γ2(u)+x)Ω2(γ1(s)+γ2(u)+x)ds

ψ0(γ1(0) + γ2(u) + x)dγ1

)
dγ2du,

and by Eqs. (3.20) and (3.21) the latter is equal to

U(t)ψ0(x) = U0(t)ψ0(x) −
i

~

∫ t

0

U(t− u)V U0(u)ψ0(x)du. (3.23)

For ψ ∈ S(R), by theorem 3.1, the function U0(t)ψ0(x) is the vector

e−
i
~
H0tψ0 ∈ L2(R) evaluated at the point x. By Eq. (3.23), the opera-

tor U(t) on L2(R) is obtained as the solution of an integral equation, whose

iterative solution is the convergent Dyson series [246] for e−
i
~
Ht (see also

[114, 17]). �

It is interesting to remark that, by choosing in the sequential definition

of the infinite dimensional oscillatory integral

∫̃

Ht

e
i

2~

∫ t
0
|γ̇(s)|2ds− i

~

∫ t
0
V (γ(s)+x)dsψ0(γ(0) + x)dγ

= lim
n→∞

∫ o
PnHt

e
i

2~

∫ t
0
|γ̇n(s)|2ds− i

~

∫ t
0
V (γn(s)+x)dsψ0(γn(0) + x)dγn

∫ o
PnHt

e
i
2~

∫ t
0
|γ̇n(s)|2dsdγn

, (3.24)

(with γn := Pnγ) a suitable sequence of finite dimensional projection oper-

ators {Pn}n∈N, it is possible to recover in the right hand side of Eq. (3.24),

an analogous of the Feynman formula (1.9) derived by the Trotter product

formula, i.e.

e−
i
~
Htψ0(x) = lim

n→∞

(2πi~t
mn

)−nd
2

∫

Rnd

e
i
~

∑n
j=1

(
m
2

(xj−xj−1)2

(t/n)2
−V (xj)

)
t
n

ψ0(x0)dx0 . . . dxn−1 . (3.25)

Let us consider indeed the polygonal path approximation [283]. For any

n ∈ N and γ ∈ Ht, let Pnγ be the piecewise linear polygonal approximation

of γ, that is:

Pnγ(s) = γj +
(
s− jt

n

)
(γj+1 − γj)

n

t
,

jt

n
≤ s ≤ (j + 1)t

n
,
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where j = 0, . . . , n − 1, γj := γ(jt/n). Clearly P 2
n = Pn, moreover for any

γ, η ∈ Ht

〈η, Pnγ〉 =
n−1∑

j=0

(ηj+1 − ηj)(γj+1 − γj)
n

t
= 〈Pnη, γ〉,

and we can conclude that the operators Pn are orthogonal projections.

Moreover the following holds:

Lemma 3.4. The sequence of operators {Pn}n∈N converges to the identity

I : Ht → Ht in the strong operator topology.

Proof. [283] Let us denote with U ⊂ Ht the set

U := {γ ∈ Ht, | lim
n→∞

‖Pnγ − γ‖ = 0},
and let us prove that U = Ht by showing that it is a closed subspace of Ht

containing its basis functions.

U is a subspace of Ht because Pn is linear, indeed given η, γ ∈ U ,

α, β ∈ R

‖Pn(αη + βγ) − (αη + βγ)‖ = ‖α(Pnη − η) + β(Pnγ − γ)‖
≤ |α|‖Pnη − η‖ + |β|‖Pnγ − γ‖ → 0, n→ ∞ .

U is closed, indeed given a sequence {γn} ⊂ U , with ‖γn − γ‖ → 0, the

limit vector γ belongs to U . Indeed

‖Pnγ − γ‖ ≤ ‖Pn(γ − γm)‖ + ‖γ − γm‖ + ‖Pnγm − γm‖ (3.26)

≤ 2‖γ − γm‖ + ‖Pnγm − γm‖ . (3.27)

Given ε > 0, ∃Nε > 0 such that ‖γ − γm‖ < ε/4 for m = Nε. There

exists also N(m, ε), such that ‖Pnγm − γm‖ < ε/2 for n > N(m, ε), and

consequently ‖Pnγ − γ‖ < ε.

The inclusion of a basis of Ht in U can be proved in the following way

[280].

Given γ ∈ Ht, let α0, αn, βn, with
∑∞

n=1 α
2
n + β2

n < ∞, be the Fourier

coefficients of γ̇ ∈ L2([0, t]) and let γ̇N , γN be the corresponding partial

sums, i.e.:

γ̇N (s) = α0 +

N∑

n=1

αn cos
2πns

t
+

N∑

n=1

βn sin
2πns

t
, s ∈ [0, t],

γN (s) = α0(s−t)+
N∑

n=1

αnt

2πn
sin

2πns

t
+

N∑

n=1

βnt

2πn

(
1−cos

2πns

t

)
, s ∈ [0, t].

One has

‖γN − γ‖ = ‖γ̇N − γ̇‖L2([0,t]) → 0, as N → ∞,

and it is quite simple to see that γN ∈ U for each N . �
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3.2 Time dependent potentials

The results of the previous section can be generalized to the case the po-

tential in the Schrödinger equation depends explicitly on the time variable

t [29].

Let us consider first of all a linearly forced harmonic oscillator. Let us

assume that the quantum mechanical Hamiltonian is given on the smooth

vectors ψ ∈ C0(Rd) by

Hψ(x) = −~2

2
∆ψ(x)+V (t, x)ψ(x), V (t, x) =

1

2
xΩ2x+f(t) ·x, x ∈ Rd,

(3.28)

where Ω is a positive symmetric constant d×d matrix with eigenvalues Ωj ,

j = 1 . . . d, and f : I ⊂ R → Rd is a continuous function (I being a closed

interval).

This potential is particularly interesting from a physical point of view

as it is used in simple models for a large class of processes, as the vibration-

relaxation of a diatomic molecule in gas kinetics and the interaction of a

particle with the field oscillators in quantum electrodynamics. Feynman

calculated heuristically the Green function for the Schrödinger equation

associated to (3.28) in his famous paper on the path integral formulation

of quantum mechanics [122]. Our aim is to give meaning to the Feynman

path integral representation of the solution of Schrödinger equation

i~
d

dt
ψ = Hψ,

with H given by Eq. (3.28):

ψ(t, x) =

∫

γ(t)=x

e
i
2~

∫ t
0
|γ̇(s)|2ds− i

2~

∫ t
0
γ(s)Ω2γ(s)ds− i

~

∫ t
0
f(s)·γ(s)dsψ0(γ(0))dγ

(3.29)

in terms of a well defined infinite dimensional oscillatory integral on the

Cameron-Martin space Ht. We recall that a similar result has been obtained

in the case d = 1 by means of the white-noise approach [118].

Let L : Ht → Ht be the symmetric operator on Ht given by Eq. (3.5).

By lemmas 3.1 and 3.2, if

t 6=
(
n+

1

2

) π
Ωj
, n ∈ N, j = 1, . . . , d,

then L is trace class and (I − L) is invertible and its inverse is given by

Eq. (3.6).
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Let w, v be the vectors in Ht defined by:

w(s) ≡ Ω2x

2~
(s2 − t2), (3.30)

v(s) ≡ 1

~

∫ s

t

∫ s′

0

f(s′′)ds′′ds′ s ∈ [0, t] . (3.31)

With these notations heuristic expression (3.29) can be written in terms

of a well defined infinite dimensional oscillatory integrals, i.e.

ψ(t, x) =

∫

γ(t)=0

e
i
2~

∫ t
0
|γ̇(s)|2ds− i

2~

∫ t
0
(γ(s)+x)Ω2(γ(s)+x)ds

e−
i
~

∫
t
0
f(s)·(γ(s)+x)dsψ0(γ(0) + x)dγ = e−i

t
2~
xΩ2xe−i

x
~
·
∫

t
0
f(s)ds

∫̃

Ht

e
i

2~
〈γ,(I−L)γ〉ei〈v,γ〉ei〈w,γ〉ψ0(γ(0) + x)dγ. (3.32)

Under the assumption that ψ0 ∈ F(Rd), by lemma 3.3 the functional

on Ht given by

γ 7→ ψ0(γ(0) + x), γ ∈ Ht

belongs to F(Ht). Indeed if ψ0(x) =
∫

Rd e
ik·xdµ0(k), then

ψ0(γ(0) + x) =

∫

Ht

ei〈η,γ〉µψ0(dη),

where ∫

Ht

f(γ)dµψ0(γ) =

∫

Rd

eik·xf(kγ0)dµ0(k) (3.33)

and, for any k ∈ Rd, kγ0 is the element in Ht such that 〈kγ0, γ〉 = k · γ(0),

that is

kγ0(s) = k(t− s), s ∈ [0, t].

In this case the functional on Ht defined by

γ 7→ ei〈v,γ〉ei〈w,γ〉ψ0(γ(0) + x), γ ∈ Ht,

belongs to F(Ht) and the infinite dimensional oscillatory integral on the

right hand side of Eq. (3.32) on Ht can be explicitly computed by means

of the Parseval-type equality (theorem 2.5):

∫̃

Ht

e
i

2~
〈γ,(I−L)γ〉ei〈v,γ〉ei〈w,γ〉ψ0(γ(0) + x)dγ

= (det(I − L))−1/2

∫

Ht

e−
i~

2 〈γ,(I−L)−1γ〉δv ∗ δw ∗ µψ0(dγ)
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and we have

ψ(t, x) =
e−i

t
2~
xΩ2xe−i

x
~
·
∫ t
0
f(s)ds

√
det(cos(Ωt))

∫

Rd

eik·x

e−
i~

2 〈(v+w+kγ0),(I−L)−1(v+w+kγ0)〉dµ0(k).

If ψ0 ∈ S(Rd), we can proceed further and compute explicitly the Green

function G(0, t, x, y) for the Schrödinger equation:

ψ(t, x) =

∫

Rd

G(0, t, x, y)ψ0(y)dy,

where

G(0, t, x, y) = (2πi~)−d/2

√
det
( Ω

sin(Ωt)

)
e

iΩ sin(Ωt)−1

2~
(x cos(Ωt)x+y cos(Ωt)y−2xy)

e−
i
~
x sin(Ωt)−1

∫
t
0

sin(Ωs)f(s)ds− i
~
y(
∫

t
0

cos(Ωs)f(s)ds−cos(Ωt) sin(Ωt)−1
∫

t
0

sin(Ωs)f(s)ds)

e
i
~
Ω−1( 1

2 cos(Ωt) sin(Ωt)−1(
∫ t
0

sin(Ωs)f(s)ds)2−
∫ t
0

sin(Ωs)f(s)ds
∫ t
0

cos(Ωs)f(s)ds)

e
i
~
Ω−1

∫
t
0

cos(Ωs)f(s)
∫

t
s

sin(Ωs′)f(s′)ds′ds. (3.34)

One can easily verify by a direct computation that (3.34) is the Green’s

function for the Schrödinger equation with the time dependent Hamiltonian

(3.28).

Remark 3.2. Our result can be obtained even if the initial assumption

on the continuity of the function f : [0, t] → Rd is weakened, in fact it

is sufficient to assume that the function v in (3.30) belongs to Ht, that is∫ t
0
|
∫ s
0
f(s′)ds′|2ds <∞.

Let us consider now the Schrödinger equation with an harmonic-

oscillator Hamiltonian with a time-dependent frequency:

Hψ(x) = −~2

2
∆ψ(x) +

1

2
xΩ2(t)xψ(x), x ∈ Rd, ψ ∈ C2

0 (Rd), (3.35)

where Ω : [0, t] → L(Rd,Rd) is a continuous map from the time interval

[0, t] to the space of symmetric positive d× d matrices.

This problem has been analyzed by several authors (see for instance

[239, 202] and references therein) as an approximated description for the

vibration of complex physical systems, as well as an exact model for some

physical phenomena, as the motion of an ion in a Paul trap, quantum

mechanical description of highly cooled ions, the emergence of non classical

optical states of light owing to a time-dependent dielectric constant, or
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even in cosmology for the study of a three-dimensional isotropic harmonic

oscillator in a spatially flat universe such that gij = R(t)δij , with R(t)

being the scale factor at time t and i, j = 1, 2, 3 the indexes relative to the

spatial coordinates.

If d = 1 it is possible to solve the Schrödinger equation with Hamil-

tonian (3.35) (and also the corresponding classical equation of motion) by

adopting a suitable transformation of the time and space variables which

allows to map the solution of the time-independent harmonic oscillator to

the solution of the time-dependent one (see [247, 251, 250] and references

therein). Let us consider the classical equation of motion for the time-

dependent harmonic oscillator (3.35)

ü(s) + Ω2(s)u(s) = 0. (3.36)

Let u1 and u2 be two independent solutions of (3.36) such that u1(0) =

u̇2(0) = 0 and u2(0) = u̇1(0) = 1. Then it easy to prove that the Wronskian

w(u1, u2) = u1u̇2 − u̇1u2 is the constant function w = 1. Let us define the

function ξ := u2
1+u2

2. It is possible to prove that ξ(s) > 0 ∀s and it satisfies

the following differential equation:

2ξξ̈ − ξ̇2 + 4ξ2 − 4 = 0.

Moreover the function η : [0,∞] → R, given by

η(s) =

∫ s

0

ξ(τ)−1dτ

is well defined and strictly increasing. It is possible to verify that

u(s) = ξ(s)1/2(A cos(η(s)) +B sin(η(s))) (3.37)

is the general solution of the classical equation of motion (3.36). In other

words by rescaling the time variable s 7→ η(s) and the space variable x 7→
ξ−1/2x it is possible to map the solution of the equation of motion for the

time-independent harmonic oscillator ü(s) + u(s) = 0 into the solution of

(3.36). By another point of view, it is possible to find (see, for instance, [194]

for more details) a general canonical transformation (x, p, t) 7→ (X,P, τ),

given by




X = ξ(t)−1/2x
dτ(t)
dt = ξ(t)−1

P = dX
dτ = (ξ1/2ẋ− 1

2ξ
−1/2ξ̇x).

(3.38)

The Hamiltonian in the new variables is time independent

H(X,P, τ) =
1

2
(P 2 +X2).
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The generating function of the transformation (x, p, t) 7→ (X,P, τ) is given

by F (x, P, t) = ξ(t)−1/2xP+ ξ(t)−1ξ̇
4 x2 and the transformation is given more

explicitly as




p = ∂
∂xF (x, P, t)

X = ∂
∂P F (x, P, t)

H(X,P ; τ)τ̇ = H(x, p; t) + ∂
∂tF (x, P, t).

(3.39)

A similar result holds also in the quantum case. In fact by considering

the Schrödinger equations for the time-independent and time-dependent

harmonic oscillator respectively,

(
i~
∂

∂t
+

~2

2
∆ − 1

2
x2
)
φ(t, x) = 0, (3.40)

(
i~
∂

∂t
+

~2

2
∆ − 1

2
Ω2(t)x2

)
ψ(t, x) = 0, (3.41)

where φ(t, x) and ψ(t, x) are continuously differentiable with respect to t

and twice continuously differentiable with respect to x, it is possible to

prove the following [247]:

Theorem 3.3. Let φ(t, x) be a solution of (3.40). Then

ψ(t, x) = ξ(t)−1/4 exp[iξ̇(t)x2/4~ξ(t)]φ(η(t), ξ(t)−1/2x)

is a solution of (3.41).

In an analogous way, by denoting with KTI(t, 0;x, y) andKTD(t, 0;x, y) the

Green functions for the Schrödinger equations (3.40) and (3.41) respectively,

it is possible to prove that the following holds:

KTD(t, 0;x, y) = ξ(t)−1/4 exp[iξ̇(t)x2/4~ξ(t)]KTI(η(t), 0; ξ(t)−1/2x, y).

(3.42)

It is interesting to note that the “correction term”

ξ(t)−1/4 exp[iξ̇(t)x2/4~ξ(t)]

in theorem 3.3 can be interpreted in terms of the classical canonical trans-

formation (3.39) (see [194] for more details).

We can give a rigorous mathematical meaning to the Feynman path

integral representation of the solution of equation (3.41) by means of an

well defined infinite dimensional oscillatory integral on the Cameron-Martin

space Ht and prove formula (3.42). A similar result has been obtained in

the framework of the white-noise approach [150].
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Let us consider the following linear operator L : Ht → Ht:

(Lγ)(s) = −
∫ s

t

∫ r

0

Ω2(u)γ(u)dudr, γ ∈ Ht.

One can easily verify that L is self-adjoint and positive, as for any γ1, γ2 ∈
Ht one has:

〈γ1, Lγ2〉 =

∫ t

0

γ1(s)Ω
2(s)γ2(s)ds.

By using formula (3.37), it is possible to prove that, if t 6= η−1(π/2+nπ),

n ∈ N, the operator I − L is invertible and its inverse is given by:

(I − L)−1γ(s) =
[
− sin(η(t))

cos(η(t))
(

∫ t

0

ξ(s′)1/2 cos(η(s′))γ̈(s′)ds′

+ γ̇(0)) −
∫ s

t

ξ(s′)1/2 sin(η(s′))γ̈(s′)ds′
]
ξ(s)1/2 cos(η(s))

+
[ ∫ t

0

ξ(s′)1/2 cos(η(s′))γ̈(s′)ds′ + γ̇(0)

+

∫ s

t

ξ(s′)1/2 cos(η(s′))γ̈(s′)ds′
]
ξ(s)1/2 sin(η(s)), s ∈ [0, t]. (3.43)

The Fredholm determinant of the operator I − L can be computed by

exploiting the general relation between infinite dimensional determinants

of the form

det(I + εL), ε ∈ C, L is of trace class,

and finite dimensional determinants associated with the solution of a certain

Sturm-Liouville problem [5, 250]. According to [5], by using the fact that

v(s) = Lγ(s) is the unique solution of the problem:
{
v̈(s) = −Ω2(s)γ(s), s ∈ (0, t),

v̇(0) = 0, v(t) = 0
(3.44)

and by using the ellipticity of the problem (3.44), it is possible to prove that

the range of L is contained in H3((0, t); R), the Sobolev space of functions

belonging to L2((0, t); R), whose derivatives up to order 3 belong also to

L2((0, t); R), hence L is a trace class operator. Moreover by considering the

solution Kε of the initial value problem
{
K̈ε(s) + εΩ2(s)Kε(s) = 0,

K̇ε(0) = 0, Kε(0) = 1
(3.45)

one has

Kε(t) = det(I − εL).



March 27, 2009 10:32 World Scientific Book - 9in x 6in MathematicalFeynman

74 Mathematical Feynman Path Integrals and Applications

By substituting ε = 1 in (3.45) and by using formula (3.37) for the general

solution of the differential equation (3.36) one has:

det(I − L) = ξ(t)1/2 cos(η(t)). (3.46)

Let us consider now the vectors γ0, w ∈ Ht given by

γ0(s) = t− s,

w(s) =
x

~

∫ s

t

∫ u

0

Ω2(r)drdu, s ∈ [0, t]. (3.47)

With the notations introduced so far and by assuming that the initial vector

ψ0 belongs to F(R), so that ψ0 = µ̂0, the heuristic Feynman path integral

representation for the solution of the Schrödinger equation with the time-

dependent Hamiltonian (3.35)

ψ(t, x) = “

∫

{γ|γ(t)=0}
e

i
2~

∫
t
0
γ̇2(s)ds− i

2~

∫
t
0

Ω2(s)(γ(s)+x)2dsψ0(γ(0) + x)Dγ ”

can be rigorously realized as the infinite dimensional oscillatory integral on

the Cameron-Martin space Ht:

ψ(t, x) = e−
ix2

2~

∫ t
0

Ω2(s)dsIt, It =

∫̃

Ht

e
i

2~
〈γ,(I−L)γ〉ei〈w,γ〉µ̂ψ0(γ)dγ,

where µψ0 is given by formula (3.33). By Parseval-type equality It can be

explicitly computed and one has:

It = det(I − L)−1/2

∫

Ht

e
i

2~
〈γ,(I−L)−1γ〉δw ∗ µψ0(dγ). (3.48)

By assuming ψ0 ∈ S(R), we can proceed further and compute explicitly

the Green function of the problem, that is

ψ(t, x) =

∫

R

KTD(t, 0;x, y)ψ0(y)dy.

By substituting in (3.48) formulae (3.43) and (3.46), and performing a

simple calculation we obtain:

KTD(t, 0;x, y) = ξ(t)−1/4e
ix2

4~
ξ(t)−1 ξ̇(t) e

i
2~

( cos(η(t))
sin(η(t))

)(ξ(t)−1x2+y2)− 2ξ(t)−1/2xy
sin(η(t))

(2πi~ sin(η(t)))1/2
,

and by recalling the well known formula for the Green function

KTI(t, 0;x, y) of the Schrödinger equation with a time-independent har-

monic oscillator Hamiltonian (see, e.g., [263]):

KTI(t, 0;x, y) =
e

i
2~

( cos(t)
sin(t) (x2+y2)− 2xy

sin(t) )

(2πi~ sin(t))1/2
,
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one can verify directly formula (3.42).

Remark 3.3. The case where d > 1 is more complicated. In fact neither a

transformation formula analogous to (3.38) exists in general, nor a formula

analogous to (3.42) relating the Green function of the Schrödinger equa-

tion with a time-dependent harmonic oscillator potential with the Green

function of the Schrödinger equation with a time-independent harmonic os-

cillator potential (see for instance [251, 250] for some partial results in this

direction).

Let us finally consider a quantum mechanical Hamiltonian of the fol-

lowing form:

Hψ(x) = H0ψ(x) + V (t, x)ψ(x), ψ ∈ C2
0 (Rd), (3.49)

where H0 is of the type (3.28) or (3.35) and V : [0, t] × Rd → R satisfies

the following assumptions:

(1) for each s ∈ [0, t], the application V (s, · ) : Rd → R belongs to F(Rd),
i.e. V (s, x) =

∫
Rd e

ikxµs(dk), µs ∈ M(Rd);
(2) the application s ∈ [0, t] 7→ µs ∈ M(Rd) is continuous in the norm ‖ · ‖

of the Banach space M(Rd).

We remark that condition (1) implies that for each s ∈ [0, t], the function

V (s, · ) : Rd → R is bounded. Moreover by condition (2) one can easily ver-

ify that the application s ∈ [0, t] 7→ V (s, ·) ∈ C(Rd)∩L∞(Rd) in continuous

in the sup-norm.

Under these assumptions it is possible to prove that the application on

Ht, given by

γ 7→
∫ t

0

V (s, γ(s) + x)ds, γ ∈ Ht

belongs to F(Ht). More precisely it is the Fourier transform of the complex

bounded variation measure µv on the Cameron-Martin space Ht defined by:

µv(I) =

∫ t

0

∫

Rd

eikxχI(kγs)µs(dk)ds, I ∈ B(Ht),

where χI is the characteristic function of the Borel set I ⊂ Ht and, for any

k ∈ Rd, kγs is the element in Ht given by

kγs(s
′) = k(t− s), s′ ≤ s

kγs(s
′) = k(t− s′), s′ > s. (3.50)
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As a consequence also the application

γ 7→ e−
i
~

∫
t
0
V (s,γ(s)+x)ds, γ ∈ Ht,

belongs to F(Ht) (let us denote by νv the bounded variation measure on

Ht associated to it) and the infinite dimensional oscillatory integral associ-

ated with the Cameron-Martin space Ht giving the rigorous mathematical

realization of the Feynman path integral representation of the solution of

the Schrödinger equation with time dependent Hamiltonian (3.49) is well

defined. In the following we give some details of the case where the “free

Hamiltonian”H0 is given by (3.28), but the same reasoning can be repeated

in the case where H0 is given by (3.35). One has:

ψ(t, x) =

∫

γ(t)=0

e
i

2~

∫
t
0
|γ̇(s)|2ds− i

2~

∫
t
0
(γ(s)+x)Ω2(γ(s)+x)dse−

i
~

∫
t
0
f(s)·(γ(s)+x)ds

e−
i
~

∫ t
0
V (s,γ(s)+x)dsψ0(γ(0) + x)dγ = e−i

t
2~
xΩ2xe−i

x
~
·
∫ t
0
f(s)dsIt, (3.51)

where

It ≡
∫̃

Ht

e
i

2~
〈γ,(I−L)γ〉ei〈v,γ〉ei〈w,γ〉e−

i
~

∫ t
0
V (s,γ(s)+x)dsψ0(γ(0) + x)dγ

(3.52)

is well defined and can be explicitly computed using the Parseval type

equality (theorem 2.5):

It = (det(I − L))−1/2

∫

Ht

e−
i~

2 〈γ,(I−L)−1γ〉δv ∗ δw ∗ νv ∗ µψ0(dγ) . (3.53)

The detailed proof that the right hand side of (3.51) is the solution of the

Schrödinger equation with Hamiltonian (3.49) is completely similar to the

proof of theorem 3.2 and we refer to [29] for more details.

3.3 Phase space Feynman path integrals

Let us recall that Feynman’s original aim was to give a Lagrangian formula-

tion of quantum mechanics. On the other hand an Hamiltonian formulation

could be preferable from many points of view. For instance the discussion of

the approach from quantum mechanics to classical mechanics, i.e the study

of the behavior of physical quantities taking into account that ~ is small, is

more natural in an Hamiltonian setting (see for instance [7, 221, 220, 223]

and section 4.4 for a discussion of this behavior). In other words the “phase

space” rather then the “configuration space” is the natural framework of

classical mechanics.
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As a consequence one is tempted to propose a “phase space Feynman

path integral” representation for the solution of the Schrödinger equation,

that is an heuristic formula of the following form:

“ψ(t, x) = const

∫

q(t)=x

e
i
~
S(q,p)ψ0(q(0))dqdp”. (3.54)

Here the integral is meant on the space of paths q(s), p(s), s ∈ [0, t], in

the phase space of the system, where q(s)s∈[0,t] is the path in configuration

space and p(s)s∈[0,t] is the path in momentum space, and S is the action

functional in the Hamiltonian formulation:

S(q, p) =

∫ t

0

(q̇(s)p(s) −H(q(s), p(s)))ds,

(H being the classical Hamiltonian of the system).

An approach of phase space Feynman path integrals via analytic con-

tinuation of “phase space Wiener integrals” has been presented by I.

Daubechies and J. Klauder [90, 91, 88, 89]. Analytic continuation was

also used in other “path space” approaches, see [235, 180, 74] and refer-

ences therein.

Analogously to Feynman Lagrangian formula (1.6), a formal derivation

of its Hamiltonian version (3.54) can be given by means of Lie-Trotter

product formula [279, 78, 79]. Let us first recall here an abstract version

of it, which will be also used in the definition of the quantum dynamics.

Lemma 3.5. Let A and B be self-adjoint operators in a Hilbert space H
and let A+B be essentially self-adjoint on D(A) ∩D(B). Then

s− lim
n→∞

(eitA/neitB/n)n = ei(A+B)t, t ∈ R . (3.55)

Here s− lim is the strong operator limit1. For a proof and a discussion of

this lemma see e.g. [79, 245].

Let us now define the quantum Hamiltonian operator H on L2(Rd)
associated to a classical potential V depending both on position and on

momentum in the following way

H = − ~2

2m
∆x + V1(x) + V2(p).

1A sequence (An)n∈N of linear operators An : D ⊆ H → H with a common domain D
in a Hilbert space (H, ‖ · ‖) converges strongly to an operator A is for each ψ ∈ D, one
has limn→∞ ‖Anψ −Aψ‖ = 0.
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The operator V1 is defined as a self-adjoint operator on L2(Rd), with its

natural domain as a multiplication operator. V2 is the operator in L2(Rd)
with domain

D(V2(p)) = {ψ ∈ L2(Rd) | α→ V2(α)ψ̂(α) ∈ L2(Rd)},
where ψ̂ is the Fourier transform of ψ. It coincides with the operator defined

by functional calculus as V2(p), with p denoting the self-adjoint operator in

H given by p := −i~∇x, with its natural definition domain. The operator

V is then the sum, as a self-adjoint operator in L2(Rd), of the self-adjoint

operators V1 and V2. We assume that the functions V1 and V2 are such that

the corresponding operators have a common dense domain of essentially

self-adjointness D. This is the case, e.g., when V1 ∈ L2(Rd) + L∞(Rd), V2

is bounded measurable, and D = C∞
0 (Rd) or D = S(Rd).

In order to define the quantum dynamics by applying lemma 3.5, let us

assume that V1 and V2 are such that the operators − ~
2

2m∆+V2 and − ~
2

2m∆+

V1 + V2 are essentially self-adjoint on D. We denote by H the closure of

the latter operator. H (which we also write simply as − ~
2

2m∆ +V1 +V2), is

then the quantum Hamiltonian.

Let U(t)t∈R be the one-parameter group of unitary operators on L2(Rd)
generated by the self-adjoint operator H/~:

U(t) = e−
it
~
H = e−

it(p2/2m+V )
~ .

Given an initial vector ψ0 ∈ L2(Rd), the solution of the Cauchy problem{
d
dtψ = − i

~
Hψ

ψ(0, x) = ψ0(x)
(3.56)

is given by ψ(t) = e−
it(p2/2m+V )

~ ψ0.

By lemma 3.5 we have

e−
it(p2/2m+V )

~ = s− lim
n→∞

(
e−

iε(p2/2m+V2)
~ e−

iε(V1)
~

)n
, ε ≡ t

n

ψ(t) = e−
it(p2/2m+V )

~ ψ0 = lim
n→∞

(
e−

iε(p2/2m+V2)
~ e−

iεV1
~

)n
ψ0,

(see e.g. [78, 79, 246] for related uses of the Lie-Trotter formula).

Let us consider a smooth vector ψ0 ∈ C∞
0 (Rd). By shifting from the

position representation to the momentum representation and vice versa

and by assuming that V1 and V2 are continuous, we can write in the strong

L2(Rd)-sense, for all t > 0:

ψ(t, x) = lim
n→∞

∫

Rd

e−
iε(p2

n−1/2m+V2(pn−1))

~ ·

˜(
e−

iεV1
~

(
e−

iε(p2/2m+V2)
~ e−

iε(V1)
~

)n−1

ψ0

)
(pn−1)

ei
xpn−1

~

(2π~)d/2 dpn−1
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= lim
n→∞

∫

R2d

e−
iε(p2

n−1/2m+V2(pn−1))

~ e−
iεV1(xn−1)

~ ·

((
e−

iε(p2/2m+V2)
~ e−

iε(V1)
~

)n−1

ψ0

)
(xn−1)

ei
xpn−1

~

(2π~)d/2
e−i

xn−1pn−1
~

(2π~)d/2 dpn−1dxn−1

= lim
n→∞

( 1√
2π~

)2nd

·

∫
R2nd e

− iε
~

∑n−1
j=0

(
p2

j
2m +V1(xj)+V2(pj)−pj

(xj+1−xj )

ε

)
ψ0(x0)

∏n−1
j=0 dpjdxj ,

(3.57)

where2 xn ≡ x.

Now the latter expression suggests the following heuristic formula for

the limit

ψ(t, x) = const

∫

q(t)=x

e
i
~

( ∫
t
0
p(s)q̇(s)−H(q(s),p(s))ds

)
ψ0(q(0))dqdp, (3.58)

which can be seen phase space-Hamiltonian version of Feynman’s path in-

tegral (1.6). The aim of the present section is the rigorous mathematical

realization of the heuristic formula (3.58) in terms of a well defined infinite

dimensional oscillatory integral and to prove that, under suitable assump-

tions on the initial datum ψ0 and on the classical potential V , it gives a

representation of the solution of the Schrödinger equation.

Let us consider first of all Eq. (3.58) in the particular case of the free

particle, namely when the Hamiltonian is just the kinetic energy: H =

p2/2m. In this case we have heuristically

ψ(t, x) = const

∫

q(t)=x

e
i
~

∫
t
0
(p(s)q̇(s)−p(s)2/2m)dsψ0(q(0))dqdp (3.59)

From now on we will assume for notational simplicity that m = 1, but

the whole discussion can be generalized to arbitrary m.

Following [284, 285], let us introduce the Hilbert space Ht×Lt, namely

the space of paths in the d−dimensional phase space (q(s), p(s))s∈[0,t], such

that the path (q(s))s∈[0,t] belongs to the Cameron Martin space Ht, while

2The integrals in Eq. (3.57) are to be understood as limits as Λ ↑ Rd, n → ∞ in the
L2(R2nd) sense of the corresponding integrals over Λ2nd, with Λ bounded (see [235]).
Formula (3.57) holds first as a strong L2-limit, but then (possibly by subsequences) also
for Lebesgue almost everywhere in Rd. It also follows from this that Eq. (3.57) gives the
solution to the Cauchy problem (3.56).
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the path in the momentum space (p(s))s∈[0,t] belongs to Lt = L2([0, t],Rd).
Ht ×Lt is an Hilbert space with the natural inner product

〈q, p;Q,P 〉 =

∫ t

0

q̇(s)Q̇(s)ds+

∫ t

0

p(s)P (s)ds.

Let us introduce the following bilinear form:

[q, p;Q,P ]

=

∫ t

0

q̇(s)P (s)ds +

∫ t

0

p(s)Q̇(s)ds−
∫ t

0

p(s)P (s)ds = 〈q, p;A(Q,P )〉,

where A is the following operator in Ht ×Lt,:

A(Q,P )(s) =
( ∫ s

t

P (u)du, Q̇(s) − P (s)
)
. (3.60)

A is densely defined, e.g. on C1([0, t]; Rd) × C1([0, t]; Rd).
Moreover A is invertible with inverse given by

A−1(Q,P )(s) =
( ∫ s

t

P (u)du+Q(s), Q̇(s)
)

(3.61)

(on the range of A).

Let ψ0 ∈ F(Rd), it is easy to see that the functional on Ht × Lt given

by

(q, p) 7→ ψ0(q(0) + x), (q, p) ∈ Ht ×Lt,
belongs to F(Ht ×Lt):

ψ0(q(0) + x) =

∫

Ht×Lt

ei〈q,p;Q,P 〉dµ0(Q,P ).

Now expression (3.58) can be realized rigorously as the normalized oscilla-

tory integral with respect to the operator A (in the sense of definition 2.5)

on the Hilbert space Ht ×Lt:
∫̃ A

Ht×Lt

e
i
2~

〈q,p;A(q,p)〉ψ0(q(0) + x)dqdp, (3.62)

and by theorem 2.8 the normalized oscillatory integral is well defined and

can be computed by means of Parseval type equality (2.41):

∫̃ A

Ht×Lt

e
i
2~

〈q,p;A(q,p)〉ψ0(q(0)+x)dqdp =

∫

Ht×Lt

e−
i~

2~
〈q,p;A−1(q,p)〉dµ0(q, p).

By choosing a suitable sequence of finite dimensional projection oper-

ators {Pn} on Ht × Lt, it is possible to recover in the definition of the
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normalized oscillatory integral the expression (3.57), obtained by means of

the Lie-Trotter product formula.

Let us consider a sequence of partitions πn of the interval [0, t] into n

subintervals of amplitude ε ≡ t/n:

t0 = 0, t1 = ε, . . . , ti = iε, . . . , tn = nε = t.

To each πn we associate a projector Pn : Ht × Lt → Ht × Lt onto a finite

dimensional subspace of Ht ×Lt, namely the subspace of polygonal paths.

In other words each projector Pn acts on a phase space path (q, p) ∈ Ht×Lt
in the following way:

Pn(q, p)(s) =

(∑n
i=1 χ[ti−1,ti](s)

(
q(ti−1) + (q(ti)−q(ti−1)

ti−ti−1
(s− ti−1)

)
,
∑n
i=1 χ[ti−1,ti](s)pi

)
,

where

pi =

∫ ti
ti−1

p(s)ds

ti − ti−1
=

1

ε

∫ ti

ti−1

p(s)ds.

Analogously to lemma 3.4, it is possible to prove the following

Lemma 3.6. For each n ∈ N, Pn is a projector in Ht ×Lt. Moreover for

n→ ∞, Pn → I as a strong operator limit.

Proof.

• Pn is symmetric, indeed for all (Q,P ) ∈ Ht×Lt and all (q, p) ∈ Ht×Lt

〈Q,P ;Pn(q, p)〉 =

∫ t

0

Q̇(s)

n∑

i=1

χ[ti−1,ti](s)
(q(ti) − q(ti−1)

ti − ti−1
ds

+

∫ t

0

P (s)

n∑

i=1

χ[ti−1,ti](s)pids =

n∑

i=1

(q(ti) − q(ti−1)(Q(ti) −Q(ti−1)

ti − ti−1

+

n∑

i=1

∫ ti
ti−1

p(s)ds
∫ ti
ti−1

P (s)ds

ti − ti−1
= 〈Pn(Q,P ); q, p〉 (3.63)

• P 2
n = Pn, indeed

P
2
n(q, p)(s)

=
(∑n

i=1 χ[ti−1,ti](s)
(
q(ti−1) +

(q(ti)−q(ti−1)

ti−ti−1
(s− ti−1)

)
,
∑n

i=1 χ[ti−1,ti](s)pi

)

= Pn(q, p)(s)
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• ∀(q, p) ∈ Ht ×Lt, ‖Pn(q, p) − (q, p)‖ → 0 as n→ ∞:

Let us consider the subset K ⊆ Ht ×Lt,
K = {(q, p) ∈ Ht ×Lt : ‖Pn(q, p) − (q, p)‖ → 0 , n→ ∞}.

It is enough to prove that the closure of K is Ht×Lt. To prove this, it is

sufficient to show that K is a closed subspace of Ht×Lt and contains a

dense subset of Ht×Lt. This follows from the density of the piecewise

linear paths in Ht (see lemma 3.4 and [283]) and the density of the

piecewise constant paths in Lt.
�

By means of these results and under the assumption that ψ0 ∈ F(Rd), it

is possible to prove that the infinite dimensional oscillatory integral (3.62)

coincides with the limit (3.57), which can be taken for Lebesgue almost

every x ∈ Rd.

Theorem 3.4. Let the function (q, p) → ψ0(x + q(0)), ψ0 ∈ L2(Rd), be

Fresnel integrable3 with respect to A (with A defined by (3.60)). Then the

phase space Feynman path integral, namely the limit

lim
n→∞

√
det(PnAPn)

(2πi~)nd

∫

Pn(Ht×Lt)

e
i

2~
〈Pn(q,p),APn(q,p)〉ψ0(x+ q(0))dPn(q, p)

(3.64)

coincides with the limit (3.57), namely with the solution of the Schrödinger

equation with a free Hamiltonian.

Proof. The result follows by direct computation, by showing that the

two limits (3.57) and (3.64) coincide. Indeed (3.64) is a pointwise limit by

hypothesis. On the other hand (3.57) is a limit in the L2 sense, hence,

passing if necessary to a subsequence, it is also a pointwise limit. �

Remark 3.4. The latter result is equivalent to the “traditional” formula-

tion of the Feynman path integral in the configuration space. Indeed it can

be obtained by means of Fubini theorem and an integration with respect

to the momentum variables:

lim
n→∞

( 1√
2π~

)2nd
∫

R2nd

e
− iε

~

∑n−1
j=0

(
p2

j
2m −pj

(xj+1−xj )

ε

)
ψ0(x0)

n−1∏

j=0

dpjdxj

= lim
n→∞

( 1√
2πi~

)nd ∫

Rnd

e−
iε
~

∑n−1
j=0 m

(xj+1−xj )2

2ε2 ψ0(x0)

n−1∏

j=0

dxj . (3.65)

3This condition is satisfied if for instance ψ0 ∈ F(Rd).



March 27, 2009 10:32 World Scientific Book - 9in x 6in MathematicalFeynman

Feynman Path Integrals and the Schrödinger Equation 83

The latter expression yields the Feynman functional on the configuration

space, i.e. heuristically

const

∫
e
∫

t
0
L(q(s),q̇(s))dsdq,

(L being the classical Lagrangian density).

Even if the integration with respect to the momentum variables might

seem to be superfluous, it is very useful when we introduce a potential

depending explicitly on the momentum variables, as the following theorem

shows.

Theorem 3.5. Let us consider a semibounded potential V depending explic-

itly on the momentum: V = V (p) and the corresponding quantum mechan-

ical Hamiltonian H = −~
2

2 ∆ + V (p). Let us assume H is an essentially

self-adjoint operator on L2(Rd). Let the functional on the Hilbert space

Ht ×Lt, given by

(q, p) 7→ e−
i
~

∫
t
0
V (p(s))dsψ0(x+ q(0)), (q, p) ∈ Ht ×Lt

be Fresnel integrable with respect to the operator A, with A defined by (3.60).

Then the solution to the Schrödinger equation
{

d
dtψ = − i

~
Hψ

ψ(0, x) = ψ0(x), ψ0 ∈ S(Rd)
(3.66)

is given by the phase space path integral

lim
n→∞

(2πi~)−nd(det(PnAPn))1/2
∫

Pn(Ht×Lt)

e
i

2~
〈Pn(q,p),APn(q,p)〉

e−
i
~

∫
t
0
V (Pn(p(s)))dsψ0(x + q(0))dPn(q, p) .

Proof. We can proceed in a completely analogous way as in the proof of

theorem 3.4, therefore we shall omit the details. �

We can now handle the case of a classical potential V depending both on

position Q and on momentum P of the form V = V (Q,P ) = V1(Q)+V2(P )

(the general case presents problems due to the non commutativity of the

quantized expression of Q and P ). For a different approach with more

general Hamiltonians see [265]).

Let us consider an initial wave function ψ0 ∈ F(Rd) and let us assume

that V1 ∈ F(Rd) and the function on Lt given by

p(s)s∈[0,t] → e−
i
~

∫ t
0
V2(p(s))ds
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belongs to F(Lt). Then it is easy to see that the functional f : Ht×Lt → C

f(q, p) = ψ0(x + q(0))e−
i
~

∫
t
0
V (q(s)+x,p(s))ds,

belongs to F(Ht×Lt), i.e. f = µ̂f , µf ∈ M(Ht×Lt). Indeed f(q, p) is the

product of two functions: the first, say f1, depends only on the first variable

q, while the second f2 depends only on the variable p, more precisely

f1(q) = ψ0(x+ q(0))e−
i
~

∫
t
0
V1(q(s)+x)ds, f2(p) = e−

i
~

∫
t
0
V2(p(s))ds.

Under the given hypothesis on V1 and ψ0, f1 belongs to F(Ht) (see lemma

3.3). For f2 one must pay more attention: indeed the same proof given

for f1 does not work, as f2 is defined on a different Hilbert space and

we have to require explicitly that e−
i
~

∫
t
0
V2(p(s))ds ∈ F(Lt). This holds

for instance if V2 is linear, i.e. V2(p) = a · p, a ∈ Rd, or if the function

p(s)s∈[0,t] →
∫ t
0 V2(p(s))ds ∈ F(Lt).

Now if f1 = µ̂f1 ∈ F(Ht), f1 can be extended to a function, denoted

again by f1, in F(Ht × Lt): it is the Fourier transform of the product

measure on Ht × Lt of µf1(dq) and δ0(dp). The same holds for f2 = µ̂f2 :

f2 = ̂(δ0(dq)µf2 (dp)).

Finally, as F(Ht × Lt) is a Banach algebra, the product of two ele-

ments f1f2 is again an element of F(Ht × Lt): more precisely it is the

Fourier transform of the convolution of the two measures in M(Ht × Lt)
corresponding to f1 and f2 respectively.

By applying theorem 2.8, the phase space Feynman path integral of the

function f is well defined and can be computed in terms of a Parseval type

equality:

∫̃ A

Ht×Lt

e
i
2~

〈(q,p),A(q,p)〉f(q, p)dqdp =

∫

Ht×Lt

e−
i~

2 〈(q,p),A−1(q,p)〉dµf (q, p).

The next theorem shows that the above oscillatory integral

∫̃ A

Ht×Lt

e
i

2~
〈(q,p),A(q,p)〉e−

i
~

∫ t
0
V1(q(s)+x)dse−

i
~

∫ t
0
V2(p(s))dsψ0(x+ q(0))dqdp

(3.67)

gives the solution to the Schrödinger equation (3.56).

Theorem 3.6. Let us consider the following Hamiltonian

H(Q;P ) =
P 2

2
+ V1(Q) + V2(P )

in L2(Rd) and the corresponding Schrödinger equation
{

d
dtψ = − i

~
Hψ

ψ(0, x) = ψ0(x), x ∈ Rd .
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Let us suppose that V1, ψ0 ∈ F(Rd) and
∫ t
0 V2(p(s))ds ∈ F(Lt). Then the

solution to the Cauchy problem (3.56) is given by the phase space Feynman

path integral (3.67).

Proof. As in the proof of theorem 3.2, we follow the technique proposed

by Elworthy and Truman in [114].

For 0 ≤ u ≤ t let µu(V1, x) ≡ µu, ν
t
u(V1, x) ≡ νtu, η

t
u(V2) ≡ ηtu and

µ0(ψ) be the measures on Ht × Lt, whose Fourier transforms when eval-

uated at (q, p) ∈ Ht × Lt are V1(x + q(u)), exp
(
− i

~

∫ t
u V1(x + q(s))ds

)
,

exp
(
− i

~

∫ t
u V2(p(s))ds

)
and ψ0(q(0) + x).

We set

U(t)ψ0(x)=

∫̃ A

Ht×Lt

e
i
2~

〈q,p;A(q,p)〉e−
i
~

∫
t
0
(V1(q(s)+x)+V2(p(s)))dsψ0(q(0)+x)dqdp

and

U0(t)ψ0(x) =

∫̃ A

Ht×Lt

e
i
2~

〈q,p;A(q,p)〉e−
i
~

∫ t
0
V2(p(s)))dsψ0(q(0) + x)dqdp.

By theorem 2.8 we have:

U(t)ψ0(x) =

∫

Ht×Lt

e
−i~

2 〈q,p;A−1(q,p)〉(ηt0 ∗ νt0 ∗ µ0(ψ))(dqdp). (3.68)

Now, if {µu : a ≤ u ≤ t} is a family in M(Ht × Lt), we shall let
∫ b
a
µudu

denote the measure on Ht ×Lt given by :

f →
∫ b

a

∫

Ht×Lt

f(q, p)dµu(q, p)du, f ∈ C0(Ht ×Lt),

whenever it exists.

Since for any continuous path q we have

exp
(
−
i

~

∫ t

0

V1(q(s) + x)ds
)

=1 −
i

~

∫ t

0

V1(q(u) + x)exp
(
−
i

~

∫ t

u

V1(q(s) + x)ds
)
du

the following relation holds

νt0 = δ0 −
i

~

∫ t

0

(µu ∗ νtu)du (3.69)

where δ0 is the Dirac measure at 0 ∈ Ht ×Lt.
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Applying this relation to (3.68) we obtain:

U(t)ψ0(x) =

∫

Ht×Lt

e
−i~

2 〈q,p;A−1(q,p)〉(ηt0 ∗ µ0(ψ))(dqdp)

− i

~

∫ t

0

∫

Ht×Lt

e
−i~

2 〈q,p;A−1(q,p)〉(ηt0 ∗ µu(V1, x) ∗ νtu ∗ µ0(ψ))(dqdp)du

= U0(t)ψ0(x) −
i

~

∫ t

0

∫̃ A

Ht×Lt

e
i

2~
〈q,p;A(q,p)〉e−

i
~

∫
t
u
V1(q(s)+x)ds

e−
i
~

∫ t
0
V2(p(s)))dsV1(q(u) + x)ψ0(q(0) + x)dqdpdu.

The conclusion follows by repeating the same procedure, as in the proof

of theorem 3.2. �

3.4 Magnetic field

Let us consider a charged quantum particle (with unitary charge and mass)

moving in the plane and submitted to the influence of a constant magnetic

field orthogonal to it. By choosing a system of Cartesian coordinates in

R3 such that the magnetic field ~B is directed along the x3−axis, i.e. ~B =

(0, 0, a), the Schrödinger equation describing the time evolution of the wave

function ψ ∈ L2(R2) is{
i~ ∂
∂tψ(t, x) = 1

2

((
i~ ∂
∂x1

+ ax2

)2
+
(
i~ ∂
∂x2

− ax1

)2)
ψ(t, x) + V0(x)ψ(t, x)

ψ(0, x) = ψ0(x), x = (x1, x2) ∈ R2, t > 0,
(3.70)

where a ∈ R and V0 is a scalar potential. Let us assume that the scalar

potential V0 is an element of F(R2). In this case it is possible to prove

(see for instance [263]) that the Cauchy problem (3.70) is well posed in the

sense that for any ψ0 ∈ L2(R2) there exists a unique continuous function

ψ : R → L2(R2), such that ψ(0) = ψ0 and the Schrödinger equation (3.70)

is satisfied in a mild form.

In [7] a Feynman path integral representation for the fundamental so-

lution G(t, x, y) of Eq. (3.70) is rigorously defined in terms of infinite di-

mensional oscillatory integrals on a suitable Hilbert space. Indeed let us

consider the space

Yt = {γ ∈ H1([0, t],R2) : γ(0) = γ(t) = 0},
endowed with the norm

‖γ‖2 :=

∫ t

0

(
|γ̇1(s) − aγ2(s)|2 + |γ̇2(s) + aγ1(s)|2

)
ds.
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It is not difficult to show that (Yt, ‖ ‖) is an Hilbert space.

The action functional S : Yt → R is given by

S(γ) =
1

2
‖γ‖2 − 1

2
a2〈γ, Lγ〉+ V (γ), (3.71)

where L : Yt → Yt is the linear self-adjoint operator defined by

〈γ, Lγ〉 =

∫ t

0

|γ(s)|2ds,

and V : Yt → R is given by

V (γ) =

∫ t

0

V0(γ(s))ds.

By reasoning as in the proof of lemma 3.2, it is possible to prove that L is

a trace class operator, its spectrum has the form

σ(L) = {0, λj =
( t

πj

)2

, j = 1, 2, . . . },

where each λj is of multiplicity 2, and consequently

det(I − a2L) =
( sin(at)

at

)2

.

Let βt,x,y be a solution of the following boundary value problem:
{
−β̈(s) + 2aCβ̇(s) = 0, 0 < s < t

β(0) = y β(t) = x
(3.72)

where C =

(
0 1

−1 0

)
. With these notations it is possible to prove that the

heuristic Feynman path integral representation (1.5) for the fundamental

solution of the Schrödinger equation (3.70)

G(t, x, y) =

∫

γ(0)=y,γ(t)=x

e
i
2~
S(γ)Dγ

can be rigorously mathematically realized as an infinite dimensional oscil-

latory integral on the Hilbert space (Yt, ‖ ‖). More precisely the following

holds:

Theorem 3.7. [7] If V0 ∈ F(R2) and if sin(at) 6= 0, the fundamental solu-

tion of the Schrödinger equation (3.70) is given by the infinite dimensional

oscillatory integral

G(t, x, y) = (2πit)−1e
i
~
S(βt,x,y)

∫̃

Yt

e
i
2~

(
‖γ‖2ds−a2〈γ,Lγ〉

)
e−

i
~
V (γ+βt,x,y)dγ.

Analogous results have been obtained in [9] in terms of class-2 normalized

integrals (see definition 2.6).
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3.5 Quartic potential

The examples we have seen so far have shown that infinite dimensional

oscillatory integrals are a flexible tool and provide a rigorous mathemati-

cal realization for a large class of Feynman path integrals representations.

However all the examples have a common problem, that is the restriction

on the class of classical potentials V which can be handled. Indeed, in order

to apply theorem 2.5 (or theorems 2.8 and 2.9), we have to assume that

the potential V describing the dynamics of the quantum particle is of the

type “harmonic oscillator plus a bounded perturbation which is the Fourier

transform of a measure”. This situation is rather unsatisfactory from a

physical point of view, as this class of potentials does not include several

interesting unbounded ones. There are some extensions of the theory to

unbounded potentials which are Laplace transforms of measures, such as

those with exponential growth at infinity [10, 210, 19], but even this class

does not include the functions with a generic polynomial growth at infinity.

In fact the problem for such polynomial potentials is not simple, as it has

been proved [293] that in one dimension, if the potential is time independent

and super-quadratic in the sense that

V (x) ≥ C(1 + |x|)2+ε, x → ∞,

where C > 0 and ε > 0, then, as a function of (t, x, y), the fundamental

solution G(t, 0, x, y) of the time dependent Schrödinger equation is nowhere

C1. In other words, we do not have even the hope to define in terms of a

functional integral an expression of the form

G(0, x; t, y) =

∫
e

i
~
St(γ)Dγ, ,

depending from the variables (t, x, y), that can be differentiated in order to

prove that it is a fundamental solution for the Schrödinger equation.

Even if the problem is not only technical, but rather fundamental, some

interesting results can be obtained in the case where the potential V has

a quartic polynomial growth at infinity, by means of the results of section

2.5.

Let us consider the Schrödinger equation in L2(Rd){
i~ ∂
∂tψ(t, x) = −~

2

2 ∆ψ(t, x) + V (x)ψ(t, x)

ψ(0, x) = ψ0(x)
(3.73)

where the potential V is of the following form:

V (x) =
1

2
xΩ2x+ λ|x|4, x ∈ Rd, (3.74)
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where Ω2 is a positive symmetric d×d matrix, and λ ∈ R is a real constant.

More generally, we can also consider a polynomial potential of the following

form

V (x) =
1

2
xΩ2x+ λC(x, x, x, x), x ∈ Rd, (3.75)

where C is a completely symmetric positive fourth order covariant tensor

on Rd. In the following we shall focus on expression (3.74) because of

notational simplicity, but all the reasoning can be repeated in the general

case of Eq. (3.75).

In the case where λ is positive, the quantum mechanical Hamiltonian

H : D(H) ⊂ L2(Rd) → L2(Rd) given on vector ψ ∈ C∞
0 (Rd) by

Hψ(x) = −∆

2
ψ(x) + V (x)ψ(x) (3.76)

is essentially self-adjoint [246] and determines uniquely the quantum dy-

namics. In the case where λ is strictly negative, i.e. when the potential V

represents a quartic (double well) polynomial potentials unbounded from

below, the quantum Hamiltonian is not essentially self-adjoint as one can

deduce by a limit point argument (see [246], theorem X.9) and the quantum

evolution is not uniquely determined.

In the following we shall present the results of [27, 25, 224] and show

that the infinite dimensional oscillatory integrals with polynomial phase

function studied in section 2.5 can provide a mathematical realization for

the Feynman path integral representation for the weak solution of the

Schrödinger equation (3.73) with potential V given by Eq. (3.74), i.e. the

matrix elements 〈φ, e− i
~
Htψ0〉, φ, ψ0 ∈ L2(Rd):∫

Rd

φ̄(x)

∫

γ(t)=x

e
i

2~

∫
t
0
γ̇2(s)ds− i

~

∫
t
0
γ(s)Ω2γ(s)ds− iλ

~

∫
t
0
|γ(s)|4dsψ0(γ(0))dγdx.

(3.77)

Let us consider the Cameron-Martin space4 Ht, that is the Hilbert space

of absolutely continuous paths γ : [0, t] → Rd, with γ(0) = 0 and inner

product

〈γ1, γ2〉 =

∫ t

0

γ̇1(s)γ̇2(s)ds.

The cylindrical Gaussian measure on Ht with covariance operator the iden-

tity extends to a σ-additive measure on the Wiener space Ct = {ω ∈
4With an abuse of notation we call here Cameron-Martin space the space of paths γ

belonging to the Sobolev space H1,2
(t)

([0, t],Rd) such that γ(0) = 0, while in the previous

sections with the same name we denoted the space of paths γ ∈ H1,2
(t)

([0, t],Rd) such that

γ(t) = 0.
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C([0, t]; Rd) | γ(0) = 0}: the Wiener measure W . (i,Ht, Ct) is an abstract

Wiener space (see the appendix for the definition and the main properties

of abstract Wiener spaces).

Let us consider moreover the Hilbert space H = Rd×Ht and the Banach

space B = Rd × Ct endowed with the product measure N(dx) ×W (dω),

N being the Gaussian measure on Rd with covariance equal to the d × d

identity matrix. (i,H,B) is an abstract Wiener space.

Let us consider the operator B : H → H given by:

(x, γ) 7→ (y, η) = B(x, γ), (x, γ) ∈ Rd ×Ht (3.78)

y = tΩ2x+ Ω2

∫ t

0

γ(s)ds,

η(s) = Ω2x
(
ts− s2

2

)
−
∫ s

0

∫ u

t

Ω2γ(r)drdu, s ∈ [0, t]. (3.79)

It is easy to verify that B : H → H is positive and symmetric, indeed

〈(y, η), B(x, γ)〉 =

∫ t

0

(η(s) + y)Ω2(γ(s) + x)ds, (y, η), (x, γ) ∈ H.

Let us introduce the fourth order tensor operator A : H×H×H×H → R
given by:

A((x1, γ1), (x2, γ2), (x3, γ3), (x4, γ4))

=

∫ t

0

(γ1(s) + x1)(γ2(s) + x2)(γ3(s) + x3)(γ4(s) + x4)ds, (3.80)

and the homogeneous fourth order polynomial function V4 : H → R given

by

V4(x, γ) = λA
(
(x, γ), (x, γ), (x, γ), (x, γ)

)
= λ

∫ t

0

|γ(s) + x|4ds.

Given two vectors φ, ψ0 ∈ L2(Rd) ∩ F(Rd), let us consider the function

f : H → C given by

f(x, γ) = (2πi~)d/2e−
i

2~
|x|2φ̄(x)ψ0(γ(t) + x), (x, γ) ∈ Rd ×Ht. (3.81)

By means of these notations, and by imposing suitable conditions on

the vectors φ, ψ0 as well as to the time variable t, expression (3.77) can be

realized as the following infinite dimensional oscillatory integral on H:
∫̃

H
e

i
2~

(|x|2+|γ|2)e−
i
2~

〈(x,γ),B(x,γ)〉e−
i
~
V4(x,γ)f(x, γ)dxdγ . (3.82)
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In the following we will denote by Ωi, i = 1, . . . , d, the eigenvalues of

the matrix Ω.

Lemma 3.7. The operator B : Ht → Ht given by Eq. (3.78) is trace class.

Moreover, if for each i = 1, . . . , d the following inequalities are satisfied

Ωit <
π

2
, 1 − Ωi tan(Ωit) > 0. (3.83)

then the operator (I −B) is strictly positive.

Proof. Let us study the spectrum of the self-adjoint operator B on H
given by (3.78). In order to avoid the use of too many indexes we will

assume d = 1, but our reasoning remains valid also in the case d > 1.

A positive real number cl and a vector (xl, γl) ∈ H are respectively an

eigenvalue and an eigenvector of B if and only if:{
tΩ2xl + Ω2

∫ t
0 γl(s)ds = clxl

Ω2xl(ts− s2

2 ) −
∫ s
0

∫
t Ω

2γl(r)drdu = clγl(s) .

By differentiating twice, the vector (xl, γl) ∈ H is a solution of the following

system:




tΩ2xl + Ω2
∫ t
0
γl(s)ds = clxl

clγ̈l(s) + Ω2γl(s) = −Ω2xl
γl(0) = 0

γ̇l(t) = 0 .

By a direct calculation one can verify that the latter system indeed admits

a (unique) solution if and only if cl satisfies the following equation

Ω√
cl

tan
Ωt√
cl

= 1 .

A graphical representation of the position of the solutions shows that the

operator B is trace class. Moreover if the conditions (3.83) are fulfilled the

maximum eigenvalue of B is strictly less than 1, so that (I −B) is positive

definite. �

Lemma 3.8. Let φ, ψ0 ∈ L2(Rd) ∩ F(Rd). Let µ0 be the complex bounded

variation measure on Rd such that µ̂0 = ψ0. Let µφ be the complex bounded

variation measure on Rd such that µ̂φ(x) = (2πi~)d/2e−
i
2~

|x|2φ̄(x).

Let us assume that t satisfies inequalities (3.83) and that the measures

µ0, µφ satisfy the following assumption:
∫

Rd

∫

Rd

e
~

4 (y−cos(Ωt)−1x)(1−Ω tan(Ωt))−1(y−cos(Ωt)−1x)

e
~

4 xΩ
−1 tan(Ωt)x|µ0|(dx)|µφ|(dy) <∞. (3.84)
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Then the function f : H → C, given by (3.81) is the Fourier transform of

a bounded variation measure µf on H satisfying
∫

H
e

~

4 〈(y,η),(I−B)−1(y,η)〉|µf |(dydη) <∞, (3.85)

(B being given by (3.78)).

Proof. By the assumptions on φ, one can easily verify that the function

(2πi~)d/2e−
i

2~
|x|2 φ̄(x) is the Fourier transform of the bounded variation

measure on Rd×Ht, which is the product measure µφ(dx)× δ0(dγ), where

δ0(dγ) is the measure on Ht concentrated on the vector 0 ∈ Ht. Analogously

the function (x, γ) 7→ ψ0(γ(t) + x) is the Fourier transform of the bounded

variation measure µψ on Rd ×Ht given by:
∫

Rd×Ht

f(x, γ)µψ(dxdγ) =

∫

Rd×Ht

f(x, xγ)δγt(dγ)µ0(dx),

where γt is the vector in Ht given by

γt(s) = s, s ∈ [0, t].

As F(Rd ×Ht) is a Banach algebra, the product

f(x, γ) := (2πi~)d/2e−
i
2~

|x|2φ̄(x)ψ(γ(t) + x)

still belongs to F(Rd ×Ht), in fact it is the Fourier transform of the con-

volution µf ≡ (µφ × δ0) ∗ µψ .

Let us now prove that the measure µf satisfies assumptions (2.68) of

theorem 2.11, that is (3.85), if µ0 and µφ satisfy (3.84).

By theorem A.5 in appendix, we have

e
~

4 〈(y,η),(I−B)−1(y,η)〉 =
√

det(I −B)F (y/
√

2, η/
√

2),

where the function F : H → C is given by the Gaussian integral

F (y, η) =

∫

Rd×Ct

e
√

~xy+
√

~n(η)(ω)e
1
2 〈(x,ω),B(x,ω)〉N(dx)W (dω).

By a direct computation and by Fubini theorem, F is equal to

F (y, η) = (2π)−
d
2

∫

Rd

e
√

~xye−x
(I−tΩ2)

2 x
(∫

Ct

e
√

~n(η)(ω)ex
∫ t
0

Ω2ω(s)ds

e
1
2

∫
t
0
ω(s)Ω2ω(s)dsW (dω)

)
dx

= (2π)−
d
2

∫

Rd

e
√

~xye−x
(I−tΩ2)

2 x
(∫

Ct

e
√

~n(η)(ω)en(vx)(ω)e
1
2 〈ω,Lω〉W (dω)

)
dx,

(3.86)



March 27, 2009 10:32 World Scientific Book - 9in x 6in MathematicalFeynman

Feynman Path Integrals and the Schrödinger Equation 93

where L : Ht → Ht is the operator given by

Lγ(s) = −
∫ s

0

∫ s′

t

Ω2γ(s′′)ds′′ds′

and vx ∈ Ht is the vector given by

vx(s) = Ω2x
(
ts− s2

2

)
.

One can easily verify that L is symmetric and trace class. Indeed by de-

noting by α2, γα respectively the eigenvalues and the eigenvectors of the

operator L, we have

α2γ̈α(s) + Ω2γα(s) = 0, s ∈ [0, t],

with the conditions

γα(0) = 0, γ̇α(t) = 0.

Without loss of generality we can assume Ω2 is diagonal with eigenvalues

Ω2
i , i = 1, . . . d. The components γα,i, i = 1, . . . d, of the eigenvector γα

corresponding to the eigenvalue α2 are equal to

γα,i(s) = Ai sin
Ωis

α
, s ∈ [0, t].

By imposing the condition γ̇(t) = 0, we have

Ωit/α = π/2 + niπ, ni ∈ Z.

The possible α2 are of the form

α2 =
Ω2
i t

2

(
ni + 1

2

)2

π2

, ni ∈ Z.

It follows that the operator I−L is positive definite if and only if Ωit < π/2

for all i = 1, . . . d. Moreover the Fredholm determinant of L can easily be

computed by means of the equality cosx =
∏(

1 − x2

π2(n+1/2)2

)
and it is

equal to det cosΩt.

By theorem A.5 in appendix, it possible to verify that the function

G : Rd → R given by

G(x) =

∫

Ct

e
√

~n(η)(ω)+n(vx)(ω)e
1
2 〈ω,Lω〉W (dω)

is equal to

1√
det cosΩt

e
1
2 〈

√
~η+vx,(I−L)−1(

√
~η+vx)〉,
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where (I − L)−1γ, for γ ∈ Ht sufficiently regular, is given by

(I − L)−1γ(s) = Ω−1

∫ s

0

sin[Ω(s− s′)]γ̈(s′)ds′ +
sin(Ωs)

Ω cos(Ωt)

[
γ̇(t)

−
∫ t

0

cos[Ω(t− s′)]γ̈(s′)ds′
]
.

Moreover by direct computation we see that

G(x) =
1√

det cosΩt
e

1
2 〈

√
~η,(I−L)−1

√
~η〉e

1
2x(−tΩ

2+Ω tanΩt)xe〈vx,(I−L)−1
√

~η〉.

By inserting this into (3.86), we have

F (y, η) =
(2π)−d/2√
det cosΩt

e
1
2 〈

√
~η,(I−L)−1

√
~η〉

∫

Rd

e
√

~xye−
1
2x(I−Ω tanΩt)xe〈vx,(I−L)−1

√
~η〉dx. (3.87)

By imposing Eq. (3.85), that is the condition
∫

H
F (y/

√
2, η/

√
2)d|µf |(y, η) <∞,

we get
∫

H×H
F ((x+ y)/

√
2, (γ + η)/

√
2)d|(µφ × δ0)|(y, η)d|µψ |(x, γ)

=

∫

Rd×Rd

F ((x + y)/
√

2, (xγt)/
√

2)d|µφ|(y)d|µ0|(x) <∞. (3.88)

By substituting into Eq. (3.87) we have

F ((x+ y)/
√

2, (xγt)/
√

2) =
(2π)−d/2√
det cosΩt

e
~

4 〈xγt,(I−L)−1xγt〉

∫

Rd

e
√

~

2 z(x+y)e−
1
2 z(I−Ω tanΩt)ze

√
~

2 〈vz ,(I−L)−1xγt〉dz

=
(2π)−d/2√
det cosΩt

e
~

4 x
sin(Ωt)

Ω cos(Ωt)
x

∫

Rd

e
√

~

2 z(y−cos(Ωt)−1x)e−
1
2 z(I−Ω tanΩt)zdz

=
(2π)−d/2√

det(cos Ωt− Ω sin Ωt)

· e ~

4 x
sin(Ωt)

Ω cos(Ωt)
xe

~

4 (y−cos(Ωt)−1x)(I−Ω tanΩt)−1(y−cos(Ωt)−1x).

By substituting in Eq. (3.88), we obtain condition (3.84). �
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Theorem 3.8. Let us assume that λ < 0 and that the time variable t

satisfies conditions (3.83). Let φ, ψ0 ∈ L2(Rd) ∩ F(Rd), with µ̂0 = ψ0

and µ̂φ(x) = (2πi~)d/2e−
i

2~
|x|2φ̄(x). Assume in addition that the measures

µ0, µφ ∈ M(Rd) satisfy the assumption (3.84).

Then the function f : H → C, given by (3.81) is the Fourier transform

of a bounded variation measure µf on H satisfying (3.85) and the infinite

dimensional oscillatory integral (3.82) is well defined and is given by:

∫

Rd×Ht

(∫

Rd×Ct

eie
iπ/4(x·y+

√
~n(γ)(ω))e

1
2~

∫ t
0
(
√

~ω(s)+x)Ω2(
√

~ω(s)+x)ds

e−i
λ
~

∫ t
0
|
√

~ω(s)+x|4dsW (dω)
e−

|x|2
2~

(2π~)d/2
dx
)
µf (dydγ). (3.89)

This is also equal to

(i)d/2
∫

Rd×Ct

e
1
2~

∫ t
0
(
√

~ω(s)+x)Ω2(
√

~ω(s)+x)ds

e−i
λ
~

∫
t
0
|
√

~ω(s)+x|4dsφ̄(eiπ/4x)ψ0(e
iπ/4

√
~ω(t) + eiπ/4x)W (dω)dx. (3.90)

Proof. By lemma 3.7, the operator B : H → H given by (3.78) is

bounded symmetric and trace class. Moreover if assumptions (3.83) are

satisfied, I −B is positive definite.

By lemma 3.8 the function f : H → C, given by (3.81) is the Fourier

transform of a bounded variation measure µf on H satisfying assumptions

(2.68) of theorem 2.11, that is Eq. (3.85).

A direct computation shows that the function V4 : H → R,

V4(x, γ) =

∫ t

0

|γ(s) + x|4ds, (x, γ) ∈ H,

is continuous in the norm of the Banach space B and extends to a function

V̄4 on it.

By applying theorems 2.11 and 2.12, the conclusion follows. �

Remark 3.5. The class of states φ, ψ0 ∈ L2(Rd) ∩ F(Rd) satisfying as-

sumption (3.84) is sufficiently rich. Indeed both φ and ψ0 can be chosen in

two dense subsets of the Hilbert space L2(Rd).
More precisely one can take for instance ψ0, φ ∈ S(Rd) of the form

|ψ̂0(x)| = P (x)e−
α~

2 x2

, |φ̂(x)| = Q(x)e−
β~

2 x
2

, x ∈ Rd,
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and with α, β ∈ R+ and with P,Q arbitrary polynomials. Moreover α and

β have to satisfy the following conditions, for all i = 1, . . . , d:




β − (1 − Ωi tan Ωit)
−1 > 0

α− (1−Ωi tanΩit)
−1

cos2 Ωit
+ sinΩit

Ωcos Ωit
> 0

(β − (1 − Ωi tan Ωit)
−1)
(
α− (1−Ωi tanΩit)

−1

cos2 Ωit
+ sinΩit

Ω cosΩit

)

−
(

(1−Ωi tanΩit)
−1

cos2 Ωit

)2

> 0 .

(3.91)

By the density of the finite linear combinations of Hermite functions in

L2(Rd) (see for instance [245, 246]), it is easy to see that the vectors of the

above form are dense in L2(Rd).

Remark 3.6. In [28, 31] the above result has been generalized to the case

the quartic potential is explicitly time-dependent.

Let us consider the (Wiener Gaussian) integrals (3.89) and (3.90). Accord-

ing to theorem 3.8, for λ < 0 they are equal to the infinite dimensional

oscillatory integral (3.82).

By the considerations in remark 2.9 the absolutely convergent integrals

(3.89) and (3.90) are analytic functions of the complex variable λ if Im(λ) >

0, continuous in Im(λ) = 0. The following theorem shows that they solve

the Schrödinger equation (3.73) with potential given by Eq. (3.74) in a weak

sense (see also [36] for further comments).

Theorem 3.9. Let λ ∈ R. Let t ∈ R+ satisfying conditions (3.83). Let

φ, ψ0 ∈ L2(Rd) ∩ F(Rd) satisfying the assumption (3.84).

Then the Gaussian integral It(φ, ψ0), given by

It(φ, ψ0) := (i)d/2
∫

Rd×Ct

e
1
2~

∫
t
0
(
√

~ω(s)+x)Ω2(
√

~ω(s)+x)ds

e−i
λ
~

∫ t
0
|
√

~ω(s)+x|4dsφ̄(eiπ/4x)ψ0(e
iπ/4

√
~ω(t) + eiπ/4x)W (dω)dx,

is a quadratic form in the variables (φ, ψ0) and it satisfies the Schrödinger

equation (3.73) in the following weak sense, namely:

I0(φ, ψ) = 〈φ, ψ〉, (3.92)

i~
d

dt
It(φ, ψ0) = It(φ,Hψ0) = It(Hφ,ψ0), (3.93)

(H being given on the smooth vector φ ∈ C2
0 (Rd) by (3.76)).

Remark 3.7. The result of theorem 3.9 does not depend on the sign of the

coupling constant λ.
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Proof. Equation (3.93) follows by an application of Ito’s formula (see for

instance [195]). Equation (3.92), that is

(i)d/2
∫

Rd×Ct

φ̄(eiπ/4x)ψ0(e
iπ/4x)W (dω)dx

= (i)d/2
∫

Rd

φ̄(eiπ/4x)ψ0(e
iπ/4x)dx (3.94)

=

∫

Rd

φ̄(x)ψ0(x)dx (3.95)

follows by the analyticity of the functions φ, ψ0 and by a rotation of the

integration contour in the complex plane. �

The particular case where the coupling constant λ is negative is rather

interesting. Indeed in this case the potential (3.74) is unbounded from

below, and the quantum Hamiltonian

H = − ∆

2m
+ V

is not essentially self-adjoint as one can deduce by a limit point argument

(see [246], theorem X.9). In this case the quantum evolution is not uniquely

determined. Nelson [235] was the first mathematician proposing Feynman

path integrals as a tool defining the quantum dynamics in the case of not

essentially self-adjoint Hamiltonians. In [235], by means of a generalized

Trotter product formula and an analytic continuation technique, a strongly

continuous contraction semigroup

U(t) : L2(Rd) → L2(Rd), t ≥ 0

is constructed and, given a ψ ∈ L2(Rd), the vector ψ(t) ≡ U(t)ψ satisfies

the Schrödinger equation in a distributional way, i.e. for any φ ∈ L2(Rd)
sufficiently regular, one has

i~
d

dt
〈φ, ψ(t)〉 = 〈Hφ,ψ(t)〉.

Even if the starting point of Nelson’s derivation is a Wiener integral rep-

resentation of the solution of an heat equation with imaginary potential,

the evolution operators U(t) are defined in an abstract way by means of

a limiting procedure and, in general, a path integral representation for its

matrix elements 〈φ, U(t)ψ〉 cannot be defined (even for very regular vectors

φ, ψ ∈ L2(Rd)). A technical problem of Nelson’s result, directly connected

with the method of the proof (i.e. the application of the Fatou-Privaloff

theorem) is a restriction to the allowed values of the mass parameter m,

which cannot belong to a certain set N of Lebesgue measure 0.
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In the particular case of quartic potential however, following [224], we

can show that both problems of Nelson’s paper can be overcome. Indeed we

can prove that the infinite dimensional oscillatory integral with polynomial

phase function (3.82) studied in theorem 3.8 provides a Feynman path

integral representation for the matrix elements 〈φ, e− i
~
Htψ〉 of the evolution

operator defined by means of Nelson’s method.

This result provides a link between two different approaches to the math-

ematical definition of Feynman path integral (the analytic continuation ap-

proach and the infinite dimensional oscillatory integral approach).

Theorem 3.10. Let λ ∈ R, λ < 0. Let t ∈ R+ satisfying conditions (3.83).

Let φ, ψ0 ∈ L2(Rd) ∩ F(Rd) satisfying the assumption (3.84).

Then the infinite dimensional oscillatory integral (3.82) is equal to the

Gaussian integral It(φ, ψ0), given by Eq. (3.90), and the latter is equal

to the inner product 〈φ, U(t)ψ0〉, with U(t), t ≥ 0, strongly continuous con-

traction semigroup and

i~
d

dt
〈φ, U(t)ψ0〉 = 〈Hφ,U(t)ψ0〉,

(H being given on the smooth vector φ ∈ C2
0 (Rd) by (3.76)).

Proof. Let us consider the heat equation with complex potential
{
−~ ∂

∂tψ(t, x) = − ~
2

2m∆ψ(t, x) + iV (x)ψ(t, x)

ψ(0, x) = ψ0(x)
(3.96)

with V given by (3.74). For any ψ0 ∈ L2(Rd), the integral

Um(t)ψ0(x) ≡
∫

Ct

ei
λ
~

∫
t
0
|
√

~/m ω(s)+x|4ds

e−
i

2~

∫ t
0
(
√

~/m ω(s)+x)Ω2(
√

~ ω(s)+x)dsψ0(
√

~/m ω(t) + x)W (dω) (3.97)

is convergent and defines a contraction operator Um(t), as

|Um(t)ψ0(x)| ≤
∫

Ct

|ψ0(
√

~/mω(t) + x)|W (dω)

≤ (2πt~/m)−d/2
∫

Rd

e−
m
2t~

|x−y|2ψ0(y)dy = Km(t)|ψ0|(x), (3.98)

where Km(t) is the heat semigroup Km(t) = e
t~

2m ∆. By writing the cylin-

drical approximations of the Wiener integral (3.97) one has

Um(t)ψ0(x) = lim
n→∞

(Km(t/n)MV (t/n))nψ0(x), (3.99)
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where MV (t) is the group given by the multiplication operator MV (t) =

e−it~V . By mimicking Nelson’s argument [235] one can see that the limit

(3.99) can be taken in L2-sense, it defines a strongly continuous contraction

semigroup Um(t) and for any ψ0 ∈ C2
0 (Rd) the generator Am is given by

Amψ0 = lim
t→0

1

t
(Um(t)ψ0 − ψ0) =

( ~
2m

∆ − i

~
V
)
ψ0. (3.100)

As ∆ is a negative operator, for any t ≥ 0Km(t) is an holomorphic operator-

valued function of m in the half plane Re(m) > 0. It follows that for any

ψ0 ∈ L2 and for any n ∈ N, the expression

Fn(m) :=
(
Km(t/n)MV (t/n)

)n
ψ0

defines an L2-valued function holomorphic in the half plane Re(m) > 0

and continuous on Re(m) ≥ 0. Since the sequence of functions {Fn}n∈N

is uniformly bounded on Re(m) ≥ 0 by ‖ψ0‖ and converges for m > 0, by

Vitali’s theorem it converges on the whole domain Re(m) > 0 and the limit

lim
n→∞

(Km(t/n)MV (t/n))nψ0 ≡ Um(t)ψ0

defines an holomorphic L2-valued function Um(t)ψ0 on Re(m) > 0. By

analytic continuation, one can prove that Um(t) is a strongly continuous

contraction semigroup whose generator is given on vectors ψ0 ∈ C2
0 (Rd) by

Eq. (3.100).

The purely quantum mechanical - Schrödinger case is obtained for m in

(3.96) purely imaginary, i.e. m = −i. Let us consider φ, ψ0 satisfying the

assumptions of the theorem. For m > 0, the inner product 〈φ, Um(t)ψ〉 is

given by
∫

Rd×Ct

e−
i

2~

∫
t
0
(
√

~/m ω(s)+x)Ω2(
√

~/m ω(s)+x)ds

ei
λ
~

∫
t
0
|
√

~/m ω(s)+x|4dsψ0(
√

~/m ω(t) + x)φ̄(x)W (dω)dx . (3.101)

By a change of variable x 7→ x/
√
m the latter becomes

〈φ, Um(t)ψ0〉 = m−d/2
∫

Rd×Ct

e−
i

2~m

∫
t
0
(
√

~ ω(s)+x)Ω2(
√

~ ω(s)+x)ds

ei
λ

m2~

∫ t
0
|
√

~ ω(s)+x|4dsψ0(
√

~/m ω(t) + x/
√
m)φ̄(x/

√
m)W (dω)dx .

(3.102)

By assumptions (3.83) and (3.84), the right hand side of (3.102) is an

holomorphic function of m in the domain {Re(m) > 0}∩{Im(m) < 0} and

continuous on the boundary. On the other hand, by previous considerations,
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the matrix element 〈φ, Um(t)ψ0〉 is an holomorphic function of m in the

domain {Re(m) > 0} and coincides with the functional integral (3.102)

on the half line m > 0. By the uniqueness of analytic continuation, both

sides of (3.102) coincide on the domain {Re(m) > 0} ∩ {Im(m) < 0}. In

particular there exists the limit

lim
m→−i

〈φ, Um(t)ψ0〉

and, by bounded convergence theorem, it is equal to (3.90). �

Remark 3.8. The results of theorems 3.8, 3.9 and 3.10 hold also in the

case where the potential V is of the form:

V (x) = λ|x|4 − 1

2
xΩ2x, x ∈ Rd

with λ ∈ R and Ω2 a positive symmetric d×dmatrix. In this case conditions

(3.83) can be dropped and condition (3.84) has to be replaced by:

∫

Rd

∫

Rd

e
~

4 (y−cosh(Ωt)−1x)(1+Ω tanh(Ωt))−1(y−cosh(Ωt)−1x)

e−
~

4 xΩ
−1 tanh(Ωt)x|µ0|(dx)|µφ|(dy) <∞.
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Chapter 4

The Stationary Phase Method and

the Semiclassical Limit of Quantum

Mechanics

4.1 Asymptotic expansions

In the study of several problems, such as the evaluation of integrals or

the solution of differential equations, it is very difficult to find an exact

analytical solution, given in terms of known functions. On the other hand,

in the applications, exact solutions are not always of practical use, both

from a computational and an analytical point of view and it is preferable the

knowledge of an approximated solution when a parameter or some variable

of the problem can be considered either large or small.

The asymptotic analysis studies the techniques allowing to obtain ap-

proximated solutions of a large class of problems, when a parameter ap-

proaches a value in which the solution is not analytic. It was introduced at

the end of the nineteenth century by Poincaré, who gave a precise defini-

tion of an asymptotic expansion, and was further developed in the twentieth

century in connection with the study of equations arising in mathematical

physics, in particular in fluid mechanics.

We recall here the definition an the main properties of asymptotic se-

quence and expansions, that will be used in the next sections. For a detailed

treatment see for instance [49, 115, 119, 160, 237, 244].

Let V ⊂ C a domain1 in the complex plane C (or, more generally, on

the Riemann surface C̃ of the logarithm) such that 0 ∈ ∂V and

z ∈ V ⇒ ∀t ∈ (0, 1], tz ∈ V.

Let us denote V̂ := V ∪ {0}. Both V and V̂ will be called angular neigh-

borhoods of zero.

A set U ⊂ C, which is the closure of an angular neighborhood of zero, will

be called closed angular neighborhood.
1With the word domain we mean a connected open nonempty set.

101
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Definition 4.1. Let V be an angular neighborhood of zero. An asymptotic

sequence of functions (φi)i∈N for z → 0 in V is a sequence of functions

φi : V̂ → C, which do not vanish in V and such that for every i ∈ N:

lim
z→0

φi+1

φi
(z) = 0.

In the following we shall focus on the asymptotic sequence (in any angular

neighborhood of zero) φn(z) = zn/k, n ∈ N, for fixed k > 0 and denote by

C[z1/k] the space of formal power series with complex coefficients

f̂(z) =
∞∑

n=0

anz
n/k, {an} ⊂ C, k > 0. (4.1)

Definition 4.2. A formal power series f̂ is called a (z1/k−) asymptotic

expansion for a function f : V → C as z → 0 in an angular neighborhood

V if for each closed angular neighborhood U with U ( V and any N ∈ N,

there exists a number C(N) > 0 such that

∀z ∈ U : |f(z) −
N−1∑

n=0

anz
n/k| ≤ C(N)|zN/k|. (4.2)

In this case we write f ∼ f̂ , z → 0 in V .

For more details see [160].

Remark 4.1. It is important to recall that the domain V in definition 4.2

plays a crucial role, indeed the existence of an expansion depends strongly

on V .

Remark 4.2. An asymptotic expansions is not necessarily convergent (and

usually this is the case!). Indeed condition (4.2) means that for fixed N

the function f is approximated by the sum
∑N
n=0 anz

n/k for z sufficiently

small, while if the formal power series (4.1) is convergent at z = 0 in some

domain V to a function f then the following holds:

∀z ∈ V : lim
N→∞

|f(z) −
N∑

n=0

anz
n/k| = 0, (4.3)

which means that for fixed z ∈ V the value of the function f is approximated

by the sum
∑N

n=0 anz
n/k for N sufficiently large.
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It is easy to see that if a function f admits an (z1/k−) asymptotic expansion

in a given domain V , i.e. f ∼ f̂ =
∑∞
n=0 anz

n/k for z → 0 in V , then the

coefficients an, n ∈ N, are uniquely determined by

a0 = lim
z→0

f(z)

a1 = lim
z→0

f(z) − a0

z1/k
(4.4)

. . . (4.5)

an = lim
z→0

f(z) −∑n−1
0 ajz

j/k

zn/k
. (4.6)

On the other hand different functions can have the same asymptotic expan-

sion, for instance the function f(z) = 0 and g(z) = e−1/z have both a zero

asymptotic expansion in the domain {z ∈ C, Re(z) > 0}. In other words,

if an asymptotic expansion is not convergent (and this is often the case) it

does not characterize uniquely a function f asymptotically equivalent to it.

In order to associate in a unique way to formal power series
∑
anz

n/k

a function f which is asymptotically equivalent to it, one can apply, under

suitable assumptions, a powerful summation tool: Borel summability (see

for instance [216, 217, 160, 244, 267, 249]). It works as follows:

(1) transform the given power series f̂ into another convergent power series

B̂;

(2) compute the analytic function B which has B̂ as a convergent power

series expansion;

(3) apply an integral transform mapping the analytic function B to an

analytic function f ;

(4) the function f (the so-called “sum of f̂”) obtained in this way has the

power series f̂ we started as asymptotic expansion.

For the applicability of Borel summability method it is necessary to impose

suitable growth conditions on the coefficients an [244].

Definition 4.3. Given s > 0, a formal power series f̂(z) =
∑∞
n=0 anz

n/k ∈
C[z1/k] belongs to the s-Gevrey class C[z1/k]s if there exist two constants

C,M > 0, such that

|an| ≤ CMn(Γ(1 + n/k))s, ∀n ∈ N, (4.7)

where Γ is the Euler Γ function.

Remark 4.3. By Stirling formula conditions (4.7) can be replaced by

|an| ≤ CMn
(n
k

)ns/k
, ∀n ∈ N, (4.8)
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or by

|an| ≤ CMnΓ(1 + sn/k), ∀n ∈ N. (4.9)

The Gevrey classes are connected via the following transform acting on

formal series:

Definition 4.4. The map Bp,k : C[z1/k]s → C[zp/k]s−p defined by

Bp,k[

∞∑

n=0

anz
n/k](t) :=

∞∑

n=0

an
Γ(1 + np/k)

tnp/k (4.10)

is called the (formal) (p, k)−Borel transform.

It is important to note that the (s, k)−Borel transform maps C[z1/k]s to

convergent series.

We can now define the concept of µ−Borel summability:

Definition 4.5. Let k, s > 0, µ = 1/s. A formal power series f̂(z) =∑∞
n=0 anz

n/k is called µ−Borel summable to the sum f if f is an holomor-

phic function on V for some angular neighborhood of zero V , f ∼ f̂ as

z → 0 in V and the following procedure is possible:

(1) The (s, k)−Borel transform Bs,k[f̂ ](t) has nonzero radius of conver-

gence and thus converges in a neighborhood of zero to some function

B(·).
(2) This holomorphic function B admits an analytic continuation (denoted

again by the symbol B(·)) onto some open neighborhood of R+.

(3) The Borel-Laplace transform L(B) of B gives a representation of f on

a subset of V : f(z) = 1
zµ L(B)( 1

zµ ), i.e.2:

f(z) =
1

zµ

∫ ∞

0

B(t)e−t/z
µ

dt . (4.11)

If µ = 1, then f̂ is simply said Borel summable.

In other words if an asymptotic series is Borel summable to a function f ,

it characterizes uniquely f , even if it is not convergent.

The following criterion for Borel summability is due to F. Nevanlinna [236]

and is a improvement of a result by Watson [287], see also [267, 249] for a

modern proof and discussion of Nevanlinna’s result:
2The integral in (4.11) is the conventional Laplace transform in the variable w = 1/zµ.

Note that if the integral converges for some z0 6= 0 them it converges for all z ∈ C such
that Re(1/zµ) > Re(1/zµ

0 ).
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Theorem 4.1. Let k > 0, R ∈ (0,+∞] and define DR := {z ∈ C :

Re(1/z) > 1/R} if R 6= ∞ and DR := {z ∈ C : Re(z) > 0} else.

Let f be an holomorphic function on DR admitting an asymptotic expansion

with respect to the asymptotic sequence zn/k in the domain DR

f(z) ∼
∞∑

n=0

anz
n/k =: f̂ .

Let us assume that ∃A > 0, ρ > 0, such that ∀ε > 0, z ∈ {Re(1/z) ≥
ε+ 1/R}, ρ̂ > ρ, n ∈ N, the following holds:

|f(z) −
n−1∑

i=0

aiz
i/k| ≤ AΓ(1 + n/k)ρ̂n|z|n/k. (4.12)

Then the asymptotic power series f̂ is Borel summable to the function f .

Remark 4.4. By Stirling formula condition (4.12) can be replaced by

|f(z) −
n−1∑

i=0

aiz
i/k| ≤ Aρ̂n

(n
k

)n/k
|z|n/k. (4.13)

Proof. The present proof is taken from [267], and it is a generalization

of Hardy’s proof of Watson’s theorem [160], see also [236]. Without loss of

generality, we can restrict ourselves to consider the case where k = 1. The

general case can be handled in a completely similar way.

By estimate (4.12), it is possible to see that the integrals

bm(t) = am +
1

2πi

∮

Rez−1=r−1

et/zz−(m+1)(f(z) −
m∑

j=0

ajz
j)dz, (4.14)

are absolutely convergent for t ≥ 0 and independent of r for 0 < r < R.

Moreover b0 is a C∞ function whose mth derivative is bm and the following

estimate holds:

|bm(t)| ≤ K1ρ
m+1(m+ 1)!et/R,

with K1 independent of t and m. By performing a contour integral, one

finds

b0(t) =

N−1∑

j=0

1

j!
ajt

j +
1

2πi

∮

Rez−1=r−1

et/zz−1(f(z) −
N−1∑

j=0

ajz
j)dz. (4.15)

By Eq. (4.12) and by taking r = t/N (with N > t/R), the second term in

the sum at the right hand side of Eq. (4.15) goes to 0 as N → ∞ and it

follows that

b0(t) = B(t) =

∞∑

j=0

1

j!
ajt

j . (4.16)
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By condition (4.12) the series on the right hand side of Eq. (4.16) converges

in the circle |t| < 1/ρ. Moreover it is possible to see that each series

Bt0(t) =
∞∑

m=0

1

m!
bm(t0)(t− t0)

m, t0 ≥ 0,

converges in the circle |t− t0| < 1/ρ and satisfies there the bound

|Bt0(t)| ≤ K1e
t0/R 1

1 − ρ(t− t0)
.

It is not difficult to prove that Bt0(t) = Bt1(t) when both functions are

defined and that the union of these functions defines an analytic function

B(t) defined in the region Sρ ⊂ C given by

Sρ := {z ∈ C, : dist(z,R+) < 1/ρ},
and satisfying there the bound

|B(t)| ≤ Ke|t|/R.

By inserting (4.14) withm = 0 into the expression for the Laplace transform

and by interchanging the order of integration, we obtain:

1

z

∫ ∞

0

e−t/zB(t)dt =
1

z

∫ ∞

0

e−t/za0dt+

+
1

z

∫ ∞

0

e−t/z
1

2πi

∮

Rez−1=r−1

et/z
′ f(z′) − a0

z′
dz′dt = f(z) .

�

4.2 The stationary phase method. Finite dimensional case

The present and the following sections concern the study of the asymptotic

behavior as ~ ↓ 0 of functions of the variable ~ ∈ R+ defined in terms of

oscillatory integrals of the form

I(~) :=

∫̃

H
e

i
~
Φ(x)f(x)dx, ~ ∈ R+, (4.17)

with Φ : H → R and f : H → C.

In the finite dimensional case, i.e. when we can identify the Hilbert

space H with Rn, the fundamental tool for the study of the asymptotics of

the integral (4.17) is the stationary phase method [115]. It was originally

developed by Stokes [269] and Kelvin [201] in the 19th century. The phys-

ical relevance of this topic is connected with the fact that integrals of the

form (4.17) play a fundamental role in the description of wave phenomena.
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More recent investigations can be found in the work of Maslov [221], in

connection with the study of the semiclassical limit of quantum mechanics,

and in the work by Hörmander [164, 165], in connection with the theory

of Fourier integral operators and the study of partial differential equations.

When the phase function Φ has some degenerate critical points, the theory

of unfoldings of singularities plays a crucial role in the description of the

asymptotics of the integral (4.17) (see for instance Arnold’s and Duister-

maat’s work [41, 110]) and brings the stationary phase method to an high

level of mathematical rigour and elegance.

Despite the technical difficulties in the rigorous study of the asymptotic

behavior of oscillatory integrals, the mathematical and physical ideas be-

hind the stationary phase method are rather simple and intuitive. Indeed,

when ~ can be considered very small, the function

x 7→ e
i
~
Φ(x), x ∈ Rn,

oscillates very fast, in such a way that the contributions to the integral

coming from the positive and the negative parts of the oscillations annul

each other. The key point is the fact that the only regions of Rn giving

a non vanishing contribution to the value of the integral (4.17) are the

neighborhoods of the stationary points of the phase function Φ, i.e. the

points xc satisfying the equation

∇Φ(x) = 0.

As an illustrative example, let us consider the integral I(~) :=∫ π/4
−π/4 cos(x

2/~)dx. As a comparison between figure 4.1(a) and figure 4.1(b)

shows, when the frequency ~−1 increases, the region giving a significant con-

tribution to the integral is a neighborhood of the stationary point x = 0.
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Fig. 4.1 The function cos(x2/~) for different values of the parameter ~. (a) ~ = 1/30.
(b) ~ = 1/150.
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These reasoning can be made completely rigorous under rather general

assumptions. Following [7], we describe here in some detail the study of

the asymptotics of finite dimensional oscillatory integrals of the form

I(~) :=

∫̃

Rn

e
i

2~
〈x,Tx〉e−

i
~
V (x)g(x)dx, (4.18)

where T = (I − L) : Rn → Rn is a self-adjoint bijection of Rn, V : Rn →
R and g : Rn → C satisfy suitable assumptions. These results will be

generalized in the next section to the infinite dimensional case.

Let us consider the phase function Φ : Rn → R,

Φ(x) =
1

2
〈x, Tx〉 − V (x), x ∈ Rn,

and the set of critical points of Φ:

C(Φ) := {x ∈ Rn . Φ′(x) = 0}.

Theorem 4.2. Let V : Rn → R be a C∞ function with bounded first

derivatives and all higher order derivatives of at most linear growth, i.e.

|V ′(x)| ≤M, DαV (x) ≤ m(1 + |x|), x ∈ Rn,

for suitable constants m,M , where V ′(x) ≡ ∇V (x) and

Dα = Dα1
1 . . . Dαn

n =
∂α1

∂xα1
1

. . .
∂αn

∂xαn
n
, |α| = α1 + · · · + αn.

Let g : Rn → C a C∞ function such that for some p ≥ 0

|Dαg(x)| ≤ Cα(1 + |x|2)p/2, ∀α ∈ Nn, ∀x ∈ Rn. (4.19)

Let us assume that the critical set C(Φ) contains a finite number of points

{c1, . . . , cs}, that are not degenerate, i.e.

det Φ′′(ci) 6= 0, i = 1, . . . , s,

where Φ′′ ≡ D2Φ.

Let χi, with i = 0, 1, . . . s, denote the C∞(Rn,R) functions such that

(1) 0 ≤ χi ≤ 1 and
∑s
i=0 χi = 1;

(2) C(Φ) ∩ supp(χi) = {ci} for i = 1, . . . s;

(3) supp(1 − χ0) ⊂ B(0, 3/2r) and χ−1
0 ({0}) = B̄(0, r);

(4) χi(x) = 1 for x ∈ B(ci, ri) and i = 1, . . . s, for some r, ri > 0;
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where B(a, r) denotes the open ball with center a and radius r and B̄(a, r)

its closure.

Then the integral I(~) in Eq. (4.18) is well defined and it is given by:

I(~) =
s∑

j=0

∫̃

Rn

e
i
2~

〈x,Tx〉e−
i
~
V (x)g(x)χj(x)dx

= :
s∑

j=0

Ij(~). (4.20)

Moreover, by defining I∗j (~) as

Ij(~) = e
i
~
Φ(cj)I∗j (~), j = 1, . . . , s

and I∗0 (~) = I0(~), then each I∗j is a C∞ function on R and in particular

I∗j (0) = (det(T −D2V (cj)))
−1/2g(cj), j = 1, . . . , s,

I
(k)
0 (0) = 0, ∀k ≥ 0.

Proof. We follow [7], see also [164, 165].

Since both the phase function Φ and the function g satisfy the assump-

tions of theorem 2.1, the oscillatory integral I(~) is well defined.

Let us assume that s = 1 (the proof in the general case is completely

analogous).

Let φ ∈ S(Rn) such that φ(0) = 1 and let ε > 0. The regularized approxi-

mations of the oscillatory integral I(~) are given by:

Iε(~, φ) = (2πi~)−n/2
∫

Rn

e
i

2~
〈x,Tx〉e−

i
~
V (x)g(x)φ(εx)dx

= (2πi~)−n/2
∫

Rn

e
i
2~

〈x,Tx〉e−
i
~
V (x)g(x)χ1(x)φ(εx)dx

+ (2πi~)−n/2
∫

Rn

e
i

2~
〈x,Tx〉e−

i
~
V (x)g(x)(1 − χ1(x))φ(εx)dx

= I1
ε (~, φ) + I2

ε (~, φ). (4.21)

The first integral is equal to

I1
ε (~, φ) = (2πi~)−n/2e

i
~
Φ(c1)

∫

Rn

e
i
~
(Φ(x)−Φ(c1))g(x)χ1(x)φ(εx)dx,

and, by dominated convergence, it converges as ε ↓ 0 to

(2πi~)−n/2e
i
~
Φ(c1)

∫

Rn

e
i
~
(Φ(x)−Φ(c1))g(x)χ1(x)dx,
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which is a C∞ function of ~ ∈ R (see [165], theorem 7.7.5). By making in

a neighborhood of c1, i.e. in the support of χ1, the change of variable

Φ(x) − Φ(c1)

2~
=
yD2Φ(c1)y

2

one gets easily

I∗1 (0) = (detD2Φ(c1))
−1/2g(c1) = (det(T −D2V (c1)))

−1/2g(c1).

By reasoning as in the proof of theorem 2.1, it is possible to see that

also the limit limε→0 I
2
ε (~, φ) exists and it is independent of φ. Moreover,

by denoting this limit with I2(~), one has

|I2(~)| ≤ Ck|~|k, |~| ≤ 1, ∀k ≥ 1.

Indeed let us consider the C∞ vector field a(x) = (a1(x), . . . , an(x)) with

components given by

aj(x) =
DjΦ(x)

|∇Φ(x)|2 (1 − χ1(x)), j = 1, . . . , n,

and the first order differential operator

L~ := (−i~)

n∑

j=1

aj(x)
∂

∂xj
.

It is simple to see that L+
~
, the adjoint of L~, is given by

L+
~

:= i~
( n∑

j=1

aj(x)
∂

∂xj
+ div a

)
≡ i~A.

By the assumptions on the function V , it is simple to verify that for any

α ∈ Nn, there exists Cα > 0 such that

|Dαaj(x)| ≤
Cα

1 + |x| , x ∈ Rd.

Moreover, since

L~e
i
~
Φ(x) = (1 − χ1(x))e

i
~
Φ(x),

by Stokes formula we have:

I2
ε (~, φ) = (2πi~)−n/2

∫

Rn

e
i
~
Φ(x)L+

~
(fε)dx

= (2πi~)−n/2i~
∫

Rn

e
i
~
Φ(x)A(fε)dx (4.22)
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where fε(x) = φ(εx)g(x). By iterating the procedure k times, we get

I2
ε (~, φ) = (2πi~)−n/2(i~)k

∫

Rn

e
i
~
Φ(x)fε,k(x)dx,

where

fε,k(x) =

k∑

j=0

βkj (x)D
jfε(x),

where βkj (x) is a system of coefficients with the property that each βkj (x)

is a sum of finite number of terms, and each term is a multiplication of k

factors. Each factor is either one of the functions aj or its derivative, the

total number of derivatives in each term being equal to k − j.

By taking k > n + p, where p is constant in Eq. (4.19), we have that

βkj (x)D
jg(x) ∈ L1(Rn) and, by dominated convergence theorem, the limit

I2(~) := lim
ε→0

I2
ε (~, φ)

exists and satisfies the condition

|I2(~)| ≤ Ck|~|k, |~| ≤ 1, ∀k ≥ 1.
�

Remark 4.5. Under additional assumptions (see for instance [16], Corol-

laries 2.4 and 2.5) it is also possible to compute all terms of the asymptotic

expansion of each integral I∗j (~), which is given by:

I∗j (~) = (det T )−1/2
∞∑

m=0

~m
( i

2

)m ∞∑

k=0

(1

2

)k 1

k!(m+ k)!

[(( k∑

l=1

∇xl
+ ∇y

)
T−1

( k∑

l=1

∇xl
+ ∇y

))m+k

2
V (x1) . . . V (xk)g(y)χj(y)

]

(4.23)

where the value of [ ] is to be taken at the critical point cj and
((∑k

l=1 ∇xl
+

∇y

)
T−1

(∑k
l=1 ∇xl

+∇y

))m+k

2
is the sum of all terms in the expansion of

((∑k
l=1 ∇xl

+∇y

)
T−1

(∑k
l=1 ∇xl

+∇y

))m+k

which are of at least second

degree with respect to each ∇xl
, l = 1, . . . , k.

In the case where the phase function Φ in the oscillatory integral (4.17)

presents some degenerate critical point c, that is

∇Φ(c) = 0, det Φ′′(c) = 0,
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the situation is more involved. In this case the asymptotic behavior as ~ ↓ 0

of

I(~) :=

∫ o

e
i
~
Φ(x)f(x)dx

is determined by taking into account the higher derivatives of Φ and the

classification of different types of degeneracies [45, 44].

In the case of the generalized Fresnel integral studied in section 2.3, the

solution of the problem is simpler and has been described in [30], where the

whole asymptotic expansion of an oscillatory integral of the form
∫ o

Rn

e
i
~
Φ(x)f(x)dx, (4.24)

is studied, where Φ : Rn → R is an homogeneous polynomial function of

even degree 2M :

Φ(x) = A2M (x, . . . , x), x ∈ Rd,

and A2M is a completely symmetric 2Mth order covariant tensor on Rn

such that A2M (x, . . . , x) > 0 unless x = 0.

By the positivity of the phase function it is simple to see that the integral

(4.24) is well defined also for ~ ∈ C, Im(~) < 0, provided that the function

f is bounded. For ~ ∈ R, sufficient conditions for the definition of the

purely oscillatory integral (4.24) are given by theorem 2.4.

Theorem 4.3. Let f ∈ F(Rn) be the Fourier transform of a bounded vari-

ation measure µf admitting moments of all orders.

Let us suppose f satisfies the following conditions, for all l ∈ N:

(1)
∫

Rn

|kx|le−kx|dµf |(k) ≤ F (l)g(|x|)ec|x|2M−1

, ∀x ∈ Rn,

where c ∈ R, F (l) is a positive constant depending on l, g : R+ → R is

a positive function with polynomial growth.

(2)

|
∫

Rn

(ku)leikρu~
1/2M eiπ/4M

dµf (k)| ≤ AclC(l,M, n)

for all u ∈ Sn−1, ρ ∈ R+, Im(~) ≤ 0 ~ 6= 0, where A, c, C(l,M, n) ∈ R
(and Sn−1 is the (n−1)-spherical hypersurface of radius 1 and centered

at the origin).
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Then the oscillatory integral (4.24) admits for ~ ∈ C, Im(~) ≤ 0, the

following asymptotic expansion in powers of ~1/2M :

I(~) = ~n/2M
einπ/4M

2M

N−1∑

l=0

(i)l

l!
(eiπ/4M )l~l/2MΓ

( l + n

2M

)

∫

Rn

∫

Sn−1

(ku)lP (u)−
l+n
2M dΩn−1dµf (k) + RN , (4.25)

with |RN | ≤ A′|~|N/2M (c′)N C(N,M,n)
N ! Γ

(
n+N
2M

)
where A′, c′ ∈ R are suitable

constants and C(N,M, n) is the constant in assumption (2). If C(N,M, n)

satisfies the following bound:

C(N,M, n) ≤ N !Γ
(n+N

2M

)−1

(4.26)

then the series has a positive radius of convergence, while if

C(N,M, n) ≤ N !Γ
(
1 +

N

2M

)
Γ
(n+N

2M

)−1

(4.27)

then the expansion is Borel summable in the sense of, e.g. [236, 160] and

determines I(~) uniquely.

Remark 4.6. The hypothesis of theorem 4.3 are slightly different from

those presented in [30].

Proof. Let F̃ (k) ≡
∫

Rn e
ikxeiA2M (x,...,x)dx, then by theorem 2.4 the os-

cillatory integral (4.24) is given by:
∫

Rn

e
i
~
A2M (x,...,x)f(x)dx = ~n/2M

∫

Rn

F̃ (~1/2Mk)µf (dk). (4.28)

By lemma 2.1, F̃ is given by

F̃ (~1/2Mk) = einπ/4M
∫

Rn

ei~
1/2Mkxeiπ/4M

e−A2M (x,...,x)dx, k ∈ Rn,

where, if ~ = |~|eiφ, φ ∈ [−π, 0], ~1/2M = |~|1/2Meiφ/2M . By representing

the latter absolutely convergent integral using polar coordinates in Rn we

get:

F̃ (~1/2Mk) = einπ/4M
∫

Sn−1

∫ ∞

0

ei~
1/2Meiπ/4Mρkue−ρ

2MA2M (u,...,u)

ρn−1dρdΩn−1

where dΩn−1 is the Riemann-Lebesgue measure on the n − 1-dimensional

spherical hypersurface Sn−1, x = ρu, ρ = |x|, u ∈ Sn−1 is a unitary vector.
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We can expand the latter integral in a power series of ~1/2M and apply

Fubini theorem:

F̃ (~1/2Mk) = einπ/4M
∫

Sn−1

∫ ∞

0

∞∑

l=0

(i)l

l!
(eiπ/4M )l~l/2Mρl(ku)l

e−ρ
2MA2M (u,...,u)ρn−1dρdΩn−1

= einπ/4M
∞∑

l=0

(i)l

l!
(eiπ/4M )l~l/2M

∫

Sn−1

(ku)l
∫ ∞

0

ρl+n−1

e−ρ
2MA2M (u,...,u)dρdΩn−1

=
einπ/4M

2M

∞∑

l=0

(i)l

l!
(eiπ/4M )l~l/2MΓ

( l + n

2M

)∫

Sn−1

(ku)lP (u)−
l+n
2M dΩn−1

(4.29)

where P (u) ≡ A2M (u, . . . , u) is a strictly positive continuous function on

the compact set Sn−1, so that it admits an absolute minimum denoted by

m. This gives

|
∫

Sn−1

(ku)lP (u)−
l+n
2M dΩn−1| ≤ |k|lm− l+n

2M Ωn−1(Sn−1)

= |k|lm− l+n
2M 2πn/2Γ

(n
2

)−1

. (4.30)

The latter inequality and the Stirling formula assure the absolute conver-

gence of the series (4.29). We can now insert this formula into (4.28) and

get:∫

Rn

e
i
~
A2M (x,...,x)f(x)dx

= ~n/2M
einπ/4M

2M

N−1∑

l=0

(i)l

l!
(eiπ/4M )l~l/2MΓ

( l + n

2M

)

∫

Rn

∫

Sn−1

(ku)lP (u)−
l+n
2M dΩn−1µf (dk) + RN . (4.31)

Equation (4.31) can also be written in the following form:
∫

Rn

e
i
~
A2M (x,...,x)f(x)dx

= ~n/2M
eiNπ/4M

2M

N−1∑

l=0

1

l!
(eiπ/4M )l~l/2MΓ

( l + n

2M

)

∫

Sn−1

P (u)−
l+n
2M

∂l

∂ul
f(0)dΩn−1 + RN (4.32)



March 27, 2009 10:32 World Scientific Book - 9in x 6in MathematicalFeynman

Stationary Phase Method and Semiclassical Limit of Quantum Mechanics 115

where ∂l

∂ul f(0) denotes the lth partial derivative of f at 0 in the direction

u, and

RN = ~n/2Meinπ/4M
∫

Rn

∫

Sn−1

∫ ∞

0

∞∑

l=N

(i)l

l!
(eiπ/4M )l~l/2Mρl(ku)l

e−ρ
2MA2M (u,...,u)ρn−1dρdΩn−1µf (dk). (4.33)

In the case where assumptions (1) and (2) are satisfied, we can prove the

asymptoticity of the expansion (4.31), indeed

RN = ~n/2Meinπ/4M
(i)N

N − 1!
(eiπ/4M )N~N/2M

∫

Rn

∫

Sn−1

∫ ∞

0

∫ 1

0

(1 − t)N−1eikuρt~
1/2M eiπ/4M

e−ρ
2MA2M (u,...,u)

(ku)Nρn+N−1dtdρdΩn−1µf (dk). (4.34)

By assumptions (1), (2) and Fubini theorem, the latter is bounded by

|RN | ≤ A

M
πn/2Γ

(n
2

)−1

|~|(n+N)/2M cNm−n+N
2M

C(N,M, n)

N !
Γ
(n+N

2M

)
.

If assumption (4.26) is satisfied, then the latter becomes

|RN | ≤ A

M
πn/2Γ

(n
2

)−1

|~|(n+N)/2McNm−n+N
2M

and the series has a positive radius of convergence, while if assumption

(4.27) holds, we get the estimate

|RN | ≤ A

M
πn/2Γ

(n
2

)−1

|~|(n+N)/2McNm−n+N
2M Γ

(
1 +

N

2M

)
.

This bound, the analyticity of the function I(~) in a sector of the complex

plane of amplitude π (i.e. in Im(~) < 0) and Nevanlinna’s theorem 4.1 as-

sure the Borel summability of the power series expansion in ~1/2M (4.25).

�

4.3 The stationary phase method. Infinite dimensional case

The implementation of an infinite dimensional version of the stationary

phase method allowing the study of the asymptotic behavior, when ~ → 0,

of infinite dimensional oscillatory integrals of form
∫̃

H
e

i
~
Φ(x)f(x)dx

is not trivial.
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The first results can be found in [16] and were further developed in [7]

and in [248]. The authors consider infinite dimensional oscillatory integrals

of the form

I(~) =

∫̃

H
e

i
2~

〈x,Tx〉e−
i
~
V (x)g(x)dx, (4.35)

with V, g ∈ F(H), T = I−L self-adjoint and invertible operator, L : H → H
of trace class. Under additional regularity assumptions on V and g, it is

possible to prove that the phase function

Φ(x) =
1

2
〈x, (I − L)x〉 − V (x), x ∈ H, (4.36)

has only non degenerate critical points, that the essential part in I(~) is a

C∞ function of ~ and its asymptotic expansion at ~ = 0 depends only on

the derivatives of V and g at these critical points (see for instance [16, 7]).

The following lemma gives sufficient conditions for the existence and

uniqueness of a non degenerate stationary point of the phase function (4.36).

Lemma 4.1. [7] Let V ∈ F(H), with

V (x) =

∫

H
ei〈x,y〉dµ(y).

Let us assume that the measure |µ|of variation of the measure µ satisfies

the following inequality

‖T−1‖
∫

H
‖y‖2dµ(y)| < 1. (4.37)

Then there exists a unique a ∈ H such that

Φ′(a) = Ta− V ′(a) = 0.

Moreover Φ′′(a) is invertible.

Proof.

As V ′(x) = i
∫
H yei〈x,y〉dµ(y), from the triangle inequality

‖T−1V ′(x) − T−1V ′(y) ≤ ‖T−1‖
∫

H
‖z‖|1− ei〈x−y,z〉|d|µ|(z)

≤ ‖T−1‖‖x− y‖
∫

H
‖z‖2

∣∣∣1 − ei〈x−y,z〉

‖x− y‖‖z‖
∣∣∣d|µ|(z). (4.38)

As
∣∣∣1 − eit

t

∣∣∣ = 2
∣∣∣
sin t

2

t

∣∣∣ ≤ 1,
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we have

‖T−1V ′(x) − T−1V ′(y) ≤ |‖x− y‖‖T−1‖
∫

H
‖y‖2d|µ|(y)| < |‖x− y‖,

and by the contraction mapping principle, it follows that there exists a

unique a ∈ H such that Ta− V ′(a) = 0.

Concerning the study of the operator Φ′′(a), it is simple to see that

Φ′′(a) = T − V ′′(a),

and that

V ′′(a)(x)(z) = i2
∫

H
〈y, z〉〈y, x〉ei〈y,a〉dµ(y), x, z ∈ H.

By condition (4.37), it follows that ‖T−1V ′′(a)‖ < 1, so T − V ′′(a) is

invertible. �

The following theorem gives sufficient conditions for the existence of

the asymptotic expansion of the integral (4.35) around a unique stationary

point of the phase function (4.36). It also states the Borel summability of

the asymptotic expansion. We skip here the proof, which is rather tech-

nical and involves a large amount of calculations, but we point out to the

interested reader the original paper of J. Rezende [248] for more details.

Theorem 4.4. [248] Let V, g ∈ F(H), with

V (x) =

∫

H
ei〈x,y〉dµ(y),

g(x) =

∫

H
ei〈x,y〉dν(y). (4.39)

Let us assume that the measures µ, ν ∈ M(H) admit finite moments of

all orders and there exist constants L,M, ε > 0 such that the following

inequalities hold: ∫

H
‖x‖jd|µ|(x) ≤ L

j!

εj
, j ∈ N, (4.40)

∫

H
‖x‖jd|ν|(x) ≤M

j!

εj
, j ∈ N, (4.41)

where |µ|, |ν| denote measure of variation of the measures µ, ν respectively.

Let us assume moreover that the constants L, ε > 0 satisfy the following

inequality

2L‖T−1‖(3 + 2
√

2) < ε2 (4.42)

(‖T−1‖ denoting the operator norm of T−1).

Then the following holds:
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(1) There is a unique point a ∈ H such that V ′(a) = Ta; T−1V ′′(a) is of

trace class and its trace-norm ‖ ‖1 satisfies the inequality

‖T−1V ′′(a)‖1 < 1.

(2) The infinite dimensional oscillatory integral I(~) given by Eq. (4.35) is

analytic in Im(~) < 0 and the function I∗, given by

I∗(~) = I(~)e
i
~
V (a)− i

2~
〈a,Ta〉, for Im(~) ≤ 0, ~ 6= 0,

is a continuous function of ~ in Im(~) ≤ 0, with

I∗(0) = det(T − V ′′(a))−1/2g(a),

where det(T −V ′′(a)) is the Fredholm determinant of the operator (T −
V ′′(a)).

(3) I∗(~) has the following asymptotic expansion and estimate

∣∣∣I∗(~) − detT−1/2
l−1∑

m=0

~m
(
− i

2

)m ∞∑

n=0

(−2)−n

n!(m+ n)!

∫
. . .

∫ {
T−1/2

( n∑

j=1

αj + β
)}2m+2n

(α,2)

n∏

j=1

ei〈a,αj〉dµ(αj)e
i〈a,β〉dν(β)

∣∣∣

=
∣∣∣I∗(~) − det(T − V ′′(a))−1/2

l−1∑

m=0

~m
(
− i

2

)m 2m∑

n=0

(−2)−n

n!(m+ n)!

∫
. . .

∫ {
(T − V ′′(a))−1/2

( n∑

j=1

αj + β
)}2m+2n

(α,3)

n∏

j=1

ei(a,αj)dµ(αj)e
i〈a,β〉dν(β)

∣∣∣

≤ M

(2 −
√

2)
√
π

( 2|~|‖T−1‖
ε2(6 − 4

√
2)

)l(
1−2L‖T−1‖(3 + 2

√
2

ε2

)−l−1/2(
l−1

2

)
!,

where

(x1 + · · · + xn + y)s(x,m)

=
s!

(s−mn)!(m− 1)!n

∫ t

0

. . .

∫ t

0

[(1 − t1) . . . (1 − tn)]
m−1

(xm1 , . . . , x
m
n , (t1x1 + · · · + tnxn + y)s−mn)dt1 . . . dtn,

and

(x1, . . . , x2n) =
1

(2n)!

∑

σ

(xσ(1), xσ(2)) . . . (xσ(2n−1), xσ(2n)),

the summation being over all permutations σ of {1, . . . , 2n}.
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(4) The asymptotic expansion is Borel summable and determines I∗(~)

uniquely.

As we have seen in the previous section, in the finite dimensional case, if

the phase function Φ has several critical points, the asymptotic expansion

of the integral I(~) is just the sum over all the stationary points of the

corresponding expansion for each critical point (see theorem 4.2). In the

finite dimensional case this result is obtained by writing the function g as

a sum of functions, each one having compact support containing a unique

stationary point. In the infinite dimensional case the generalization of this

technique is not straightforward, as we do not know whether the integral

has an asymptotic expansion at all if condition (4.41) in theorem 4.4 is not

satisfied. Indeed the condition g(x) =
∫
H ei〈x,y〉dν(y), with

∫

H
‖x‖jd|ν|(x) ≤M

j!

εj
, j ∈ N,

implies that there exists a λ ∈ R+ such that
∫

H
eλ‖x‖d|ν|(x) <∞. (4.43)

By condition (4.43) it is simple to see that, if z = x+ iy with x, y ∈ H, the

function g defined on the complexification of the real Hilbert space H by

g(z) =

∫

H
ei〈z,α〉dν(α)

is analytic in ‖y‖ < λ, hence the support of g cannot be compact.

In order to overcome this problem, in [16] an alternative technique has

been implemented. Indeed by imposing suitable assumption on the function

V ∈ F(H), it is possible to prove that there exists a decomposition of the

Hilbert space H into a direct sum H = H1⊕H2, with H2 finite dimensional

and the phase Φ when restricted to H1 presents a unique stationary point.

The oscillatory integral is then studied by means of Fubini theorem (see

theorem 2.7). We present here the results obtained in [16], where the case

T = I is handled. Analogous results can be obtained also for T = I − L

self-adjoint and invertible operator, L : H → H of trace class (see [7]).

Lemma 4.2. Let V ∈ F(H), with V (x) =
∫
H ei〈x,y〉dµ(y), such that there

exists a λ > 0 with ‖µ‖ < λ2 and
∫

H
e
√

2λ‖y‖d|µ|(y) <∞.
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Then there exists a decomposition H = H1 ⊕ H2, with finite dimensional

H2, such that, with V (x) = V (y, z) for x = y ⊕ z, V (y, z) satisfies, as a

function of y, the following condition uniformly in z:

1

λ2

∫

H1

e
√

2λ‖β‖d|µz |(β) < 1,

where

V (y, z) =

∫

H1

ei〈β,y〉dµz(β).

Moreover the equation

d1V (y, z) = y

has a unique solution y = b(z) for all z ∈ H2 and the mapping z 7→ b(z) is

real analytic from H2 → H1.

Proof. Let {Pn} be a sequence of orthogonal projections on H with finite

dimensional ranges such that Pn converges strongly to the identity. By

Lebesgue dominated convergence theorem

lim
m→∞

1

λ2

∫

H
e
√

2λ‖y−Pny‖d|µ|(y) =
1

λ2

∫

H
d|µ|(y) < 1,

so there exists a finite dimensional projection operator P such that

1

λ2

∫

H
e
√

2λ‖y−Py‖d|µ|(y) < 1.

Let us decompose H = H1 ⊕ H2 = (I − P )H ⊕ PH and introduce the

notation x = (y, z) for x = y⊕ z. The measure dµ(α) can be considered as

a measure dµ(β, γ) on the product space H1 ×H2, which is isomorphic as

a metric and as a measure space with H1 ⊕H2. We then have

V (y, z) =

∫

H1×H2

ei〈β,y〉ei〈γ,z〉dµ(β, γ).

Let us denote with µz the measure on H1 given by
∫

H1

f(β)dµz(β) =

∫

H1×H2

f(β)ei〈γ,z〉dµ(β, γ).

Clearly we have

V (y, z) =

∫

H1

ei〈β,y〉dµz(β),

moreover by the Minkowski inequality

1

λ2

∫

H1

e
√

2λ‖β‖d|µz|(β) ≤ 1

λ2

∫

H
e
√

2λ‖β‖d|µ|(β, γ) < 1.
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The last inequality implies that
∫

H1

‖β‖2d|µz|(β) < 1

and, as in the proof of the first part of lemma 4.1, this assures that for any

z ∈ H2, the equation

d1V (y, z) = y

has a unique solution b(z):

d1V (b(z), z) = b(z) (4.44)

(where d1V (y, z) denotes the derivative of V (y, z) with respect to y.

In order to prove that b(z) is a smooth function from H2 to H1, let us

take the derivative of Eq. (4.44):

d2
1V (b(z), z)db(z) + d1d2V (b(z), z) = db(z). (4.45)

As

‖d2
1V (y, z)‖1 ≤

∫

H1

‖β‖2d|µz |(β) < 1,

(‖ ‖1 denoting the trace norm) we have that I−d2
1V (y, z) has a uniformly

bounded inverse and from Eq. (4.45)

db(z) = (I − d2
1V (b(z), z))−1d1d2V (b(z), z).

This proves that b(z) is uniformly continuous and bounded in z, so that

z 7→ b(z) is a smooth mapping.

The assumptions on V implies that d1V (y, z) is analytic in |Im(y)|2 +

|Im(z)|2 < 2λ2 and since z is a regular solution of

d1V (b(z), z) = b(z)

it is possible to conclude that b(z) is real analytic from H2 to H1. �

Lemma 4.3. Let V ∈ F(H) satisfy the assumptions of lemma 4.2. Then

the equation

V ′(x) = x

(V ′ being the Frechet derivative of the function V ) has at most a discrete

set S of solutions, i.e. S has no limit points in H.
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Proof. Under the given assumptions, all the results of lemma 4.2 hold.

Let us consider the partial derivative d2V (y, z) of V (y, z) with respect to

z, and the equation

d2V (b(z), z) = z. (4.46)

Since d2V (y, z) is analytic in y and in z, the function z 7→ d2V (b(z), z) is

analytic on the finite dimensional space H2. It follows that Eq. (4.46) has

at most a discrete set of solutions. �

Theorem 4.5. Let H be a real separable Hilbert space, and V and g in

F(H), with

V (x) =

∫

H
ei〈x,y〉dµ(y),

g(x) =

∫

H
ei〈x,y〉dν(y). (4.47)

Let us assume V and g are C∞ functions, i.e. all moments of µ and ν

exist. Moreover we assume H = H1 ⊕ H2 where dim H2 < ∞, and if

dµ(β, γ), dν(β, γ) are the measures on H1 × H2 given by µ and ν, then

there is a λ such that ‖µ‖ < λ2 and∫

H
e
√

2λ|β|d|µ|(β, γ) <∞,

∫

H
e
√

2λ|β|d|ν|(β, γ) <∞.

If the equation dV (x) = x has only a finite number of solutions x1, . . . , xn
on the support of the function g, such that none of the operators I−d2V (xi),

i = 1, . . . , n, has zero as an eigenvalue, then the function

I(~) =

∫̃

H
e

i
2~

‖x‖2

e−
i
~
V (x)g(x)dx

is of the following form

I(~) =

n∑

k=1

e
i
2~

‖xk‖2−V (xk)I∗k (~),

where I∗k (~) k = 1, . . . , n are C∞ functions of ~ such that

I∗k (0) = e
iπ
2 nk | det(I − d2V (xk))|−

1
2 g(xk),

where nk is the number of negative eigenvalues of the operator d2V (xk)

which are larger than 1.

Moreover if V (x) is gentle, that is there exists a constant λ̄ > 0 with

‖µ‖ < λ̄2 and

∫

H
e
√

2λ̄‖α‖d|µ|(α) <∞, (4.48)

then the solutions of equation dV (x) = x have no limit points.
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Proof. By applying lemma 4.2 to the Hilbert space H1, we obtain a

decomposition H = H′
1 ⊕ H′

2, with H2 ⊆ H′
2 and H′

2 finite dimensional

such that with x = y′ ⊕ z′, V (x) = V (y′, z′) satisfies, as a function of

y′ ∈ H′
1, the following condition uniformly in z′ ∈ H′

2:

1

λ̄2

∫

H′
1

eλ̄
√

2‖β′‖d|µ|(β′) ≤ 1

λ̄2

∫

H
eλ̄

√
2‖β′‖d|µ|(β′, γ′) < 1. (4.49)

So, if necessary by using the decomposition H = H′
1 ⊕H′

2 instead of H =

H1 ⊕H2, we may assume that, with the notation of the theorem,

1

λ̄2

∫

H1

eλ̄
√

2‖β‖d|µ|(β) ≤ 1

λ̄2

∫

H
eλ̄

√
2‖β‖d|µ|(β, γ) < 1. (4.50)

Condition (4.50) implies that the equation

d1V (y, z) = y

has a unique solution y = b(z) and z 7→ b(z) is a smooth mapping of H1

into H2. By using the Fubini theorem for oscillatory integrals (theorem

2.7), I(~) is equal to

I(~) =

∫̃

H2

e
i

2~
‖z‖2

e
i

2~
b(z)2− i

~
V (b(z),z)I2(~, z)dz, (4.51)

with I2(~, z) = e−
i
~
(

b(z)2

2 −V (b(z),z))I1(~, z) and

I1(~, z) =

∫̃

H1

e
i
2~

‖y‖2

e−
i
~
V (y,z)g(y, z)dy. (4.52)

It is now possible to prove that the Fresnel integral I2(~) on the infinite

dimensional Hilbert space H1 is a C∞ function of ~ on the real line and it

is analytic in Im(~) < 0. Moreover

I2(0) = |1 − d2
1V (b(z), z)|−1/2g(b(z), z).

The integral I(~) is now given in terms of a finite dimensional oscillatory

integral on H2 and it can be studied by means of the classical method of

stationary phase for the asymptotic expansions of finite dimensional oscil-

latory integrals (see theorem 4.2).

Since the solutions of the equation

d2V (b(z), z) = z (4.53)

form a discrete set, there exists a partition of unity

1 =
∑

j

φj(z), z ∈ H2
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by smooth functions φj : H2 → [0, 1] of compact support such that only

one solution of Eq. (4.53) is contained in the support of each φj . One has

then to study the asymptotics of integrals of the form

I(~) =

∫̃

H2

e
i
2~

‖z‖2

e
i

2~
b(z)2− i

~
V (b(z),z)φ(z)I2(~, z)dz, (4.54)

with φ with compact support containing only one solution of Eq. (4.53).

As from the assumptions of the theorem it follows that

∣∣∣I2(~, z) −
N∑

m=0

~m

m!
I
(m)
2 (0, z)

∣∣∣ ≤ |~|n+1CN ,

with CN independent on z, up to terms of order |~|N+1 the integral (4.54)

may be written as

N∑

m=0

~m

m!

∫̃

H2

e
i

2~
‖z‖2

e
i
2~
b(z)2− i

~
V (b(z),z)φ(z)I

(m)
2 (0, z)dz.

It is then enough to study the asymptotic behavior of the integrals
∫̃

H2

e
i
2~

‖z‖2

e
i

2~
b(z)2− i

~
V (b(z),z)φ(z)I

(m)
2 (0, z)dz,

which is determined by the solutions of the equation dΦ(z) = 0, with

Φ(z) =
1

2
‖z‖2 +

1

2
b(z)2 − V (b(z), z), z ∈ H2.

As

dΦ(z) = z + b(z)db(z)− d1V (b(z), z)db(z)− d2V (b(z), z),

and b(z) = d1(b(z), z), we have that

dΦ(z) = z − d2V (b(z), z),

so that the critical points are the solutions of Eq. (4.53) and, by construc-

tion, the support of φ contains only one of them, which will be denoted by

c. By denoting b = b(c) and a = (b, c) it is easy to verify that a is a solution

of dV (x) = x.

By computing d2Φ(c), we have:

d2Φ(z) = 1 − d2d1V (b(z), z)db(z) − d2
2V (b(z), z).

Since b(z) = d1V (b(z), z), by differentiating we get

db(z) = d2
1V (b(z), z)db(z) + d1d2V (b(z), z).
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By lemma 4.2, I − d2
1V (b(z), z) has a bounded inverse, so that

db(z) = (I − d2
1V (b(z), z))−1d1d2V (b(z), z),

hence

d2Φ(c) = 1 − d2d1V (a)(I − d2
1V (a))−1d1d2V (a) − d2

2V (a).

Let us consider a vector ξ ∈ H2, such that d2Φ(c)ξ = 0. By defining η ∈ H1

as

η = −(I − d2
1V (a))−1d1d2V (a)ξ,

and ζ = (η, ξ), we have that

(I − d2V (a))ζ = 0,

as this is equivalent to

(I − d2
1V (a))η + d1d2V (a)ξ = 0,

d2d1V (a)η + (I − d2
2V (a))ξ = 0.

If for some ζ ∈ H, (I − d2V (a))ζ = 0, then d2Φ(c)ξ = 0, where ξ is the

projection of ζ on H2. So the condition of non degeneracy of d2Φ(c) is

equivalent to the condition of non degeneracy of (I − d2V (a)). Moreover

det(d2Φ(c)) = det(I − d2
1V (a))−1 det(I − d2V (a)).

So, if I−d2V (a) is not degenerate, the integral (4.54) is a C∞ function of ~
and its asymptotic behavior can be studied by means of the classical method

of the stationary phase in the (simplest) non degenerate case (theorem 4.2)

and obtaining, by summing all contributions given by the stationary points,

the final result:

I(~) =

n∑

k=1

e
i
2~

‖xk‖2−V (xk)I∗k (~),

I∗k (0) = e
iπ
2 nk | det(I − d2V (xk))|−

1
2 g(xk). �

If some critical point of the phase function is degenerate, the study

of the asymptotic behavior of the oscillatory integral I(~) in Eq. (4.35)

becomes more complicated. Indeed, as we we know from the case of a finite

dimensional Hilbert space H, in this situation it is possible that the integral

I(~), divided by the above leading term, will not tend to a limit as ~ → 0.

A possible approach to the study of this situation can be found for instance

in the work of Duistermaat [110] and has been generalized in [16] to case
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where the integration is performed in an infinite dimensional setting. The

problem is solved by letting the functions V and g depend on an additional

parameter y ∈ Rk, for suitable k, and to study, instead of

I(~, y) =

∫̃

H
e

i
2~

‖x‖2

e−
i
~
V (x,y)g(x, y)dx

an oscillatory integral of a larger Hilbert space of the following form:

I(~, ψ) = (2πi~)k/2
∫

Rk

e−
i
~
ψ(y)χ(y)

∫̃

H
e

i
2~

‖x‖2

e−
i
~
V (x,y)g(x, y)dxdy,

(4.55)

where ψ and χ are C∞ functions and χ has a compact support. It is also

required that the applications

y → V ( · , y), y ∈ Rk,

y → g( · , y), y ∈ Rk,

are C∞ functions from Rk to F(H) in the strong topology. By the Fubini

theorem (2.7) the integral (4.55) can be regarded as an oscillatory integral

on H⊕ Rk, with a new phase function Φ given by

Φ(x, y) =
1

2
‖x‖2 − V (x, y) − ψ(y), (x, y) ∈ H ⊕ Rk.

The key point is the non degeneracy of the critical point of this new phase

function. Indeed, by the Morse theorem, the set of functions V (x) such that
1
2‖x‖2−V (x) has only non degenerate critical points form a open and dense

set in the space of all C∞ functions and the complement is in a natural

sense of codimension 1. In other words, the case of degenerate critical

points is unstable in the sense that degenerate critical points will disappear

under arbitrary small perturbations (in the sense of the C∞ topology). We

refer to [110] and to [16] for a detailed discussion of this elegant technique,

which involves an amount of differential geometry and allows eventually to

prove an expression for the leading term in the asymptotic expansion of

the integral (4.55) involving only objects and quantities with an intrinsic

geometrical meaning.

A different approach to the study of the degeneracies is described in in

[7] and [6], where some particular examples are handled. In particular in [7],

by applying the Fubini theorem for infinite dimensional oscillatory integrals

(theorem 2.7), the authors reduce to the study of the degeneracy on a finite

dimensional subspace of the Hilbert space H and apply the existing theory

for finite dimensional oscillatory integrals. In fact they assume that the
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phase function 1
2 (x, Tx)−V (x) has the point xc = 0 as a unique stationary

point, which is degenerate, i.e.

Z := Ker(T − d2V )(0) 6= {0}.
Under suitable assumptions on T and V , they prove that Z is finite di-

mensional. By taking the subspace Y = T (Z⊥) and applying the Fubini

theorem 2.7 one has

I(~) =

∫̃

H
e

i
2~

〈x,Tx〉e−
i
~
V (x)g(x)dx

= CT

∫̃

Z

e
i
2~

〈z,T2z〉
∫̃

Y

e
i

2~
〈y,T1y〉e−

i
~
V (y+z)g(y + z)dydz, (4.56)

where T1 and T2 are defined by

T1y = (πY ◦ T )(y), y ∈ Y,

T2z = (πZ ◦ T )(z), z ∈ Z,

and CT = (det T )−1/2(det T1)1/2(detT2)
1/2. By assuming that V, g ∈

F(H), V = µ̂ and g = ν̂, and under some growth conditions on µ and

ν, one has that the phase function

y 7→ 1

2
〈y, T1y〉 − V (y + z), y ∈ Y,

of the oscillatory integral on Y

J(z, ~) =

∫̃

Y

e
i

2~
〈y,T1y〉e−

i
~
V (y+z)g(y + z)dy

has only one non degenerate stationary point a(z) ∈ Y . By applying then

the theory developed for the non degenerate case one has

J(z, ~) = e
i
2~

〈a(z),T1a(z)〉e−
i
~
V (a(z)+z)J∗(z, ~),

J∗(z, 0) =
[
det
(
T1 −

∂2V

∂2y
(a(z) + z)

)]−1/2

g(a(z) + z).

As I(~) =
∫̃
Z
e

i
~
Φ(z)J∗(z, ~)dz, where

Φ(z) =
1

2
〈z, T2z〉 +

1

2
〈a(z), T1a(z)〉 − V (a(z) + z),

the main ingredient for the asymptotic behavior of I(~) comes from J∗(z, 0).

The phase function Φ has z = 0 as a unique degenerate critical point

and, by applying the theory for asymptotic behavior for finite dimensional

oscillatory integrals [165], one has to investigate the higher derivatives of Φ

at 0. For example if dim(Z) = 1 and ∂3V
∂3z (0) 6= 0 then

I(~) ∼ C~−1/6, as ~ → 0.

More generally it is possible to handle other cases, taking into account the

classification of different types of degeneracies (see, e.g., [45, 44]).
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4.4 The semiclassical limit of quantum mechanics

The techniques and the results of the previous sections as well as the infi-

nite dimensional oscillatory integral representation for the solution of the

Schrödinger equation ψ(t, x) (theorem 3.2) allow the rigorous study of the

semiclassical limit of ψ(t, x), i.e. the detailed behavior of the wave func-

tion and other quantum mechanical quantities when the Planck constant is

regarded as a small parameter converging to 0.

This result is particularly important, as one of the most fascinating fea-

tures of Feynman path integrals is their power to link, at least heuristically,

quantum and classical mechanics. As the formal expression of the Feynman

path integral representation for the solution of the Schrödinger equation

ψ(t, x) =

∫

γ(t)=x

e
i
~
St(γ)ψ(0, γ(0))dγ

suggests, according to the stationary phase method as ~ ↓ 0 the leading

contribution to the asymptotic behavior of ψ(t, x) should come from those

paths γ which make stationary the action functional St(γ). These, by

Hamilton’s least action principle, are exactly the classical orbits of the

system.

The problem of the way quantum mechanics, and in particu-

lar the solution of the Schrödinger equation, approaches classical

mechanics has been studied in different ways by several authors

[221, 223, 119, 48, 57, 97, 102, 136, 135, 161, 252, 257, 281, 286] (we

only mention some of them without any claim of completeness).

First rigorous results concerning the application of the stationary phase

method for infinite dimensional oscillatory (Fresnel) integrals to the study

of the semiclassical limit of the solution of the Schrödinger equation can be

found in the pioneering paper [16], where it is assumed that the potential

belongs to the class F(Rd). By applying the general results concerning the

infinite dimensional stationary phase method and the theory of Lagrangian

manifolds, in the spirit of the geometrical analysis of oscillatory integrals

and their asymptotics made in [110], the authors provide an alternative

(Feynman path integral) derivation of Maslov’s results on the semiclassical

asymptotics of the solution of the Schrödinger equation [223]. Part of these

results are generalized in [7, 5], by means of slightly different methods, to

the case where the potential is the sum of a quadratic function and a smooth

function in F(Rd), providing not only the leading term, but also the higher

order terms of the asymptotic expansion as well as a good control on the
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remainder. The authors consider a particular but physically relevant form

for the initial wave function:

ψ0(x) = e
i
~
S0(x)φ0(x), (4.57)

where S0 is real and S0, φ0 ∈ F(Rd) are independent of ~. This initial data

corresponds to an initial particle distribution with density ρ0(x) = |φ0|2(x)
and to a limiting value of the density of the probability current J~=0 =

S′
0(x)ρ0(x)/m, giving an initial particle flux associated to the velocity field

S′
0(x)/m (S′

0 stands for the gradient of S0).

In [7, 5] the authors consider the Schrödinger equation

i~
∂

∂t
ψ(t, x) = − ~2

2m
∆ψ(t, x)+

1

2
xΩ2xψ(t, x)+V0(x)ψ(t, x), t > 0, x ∈ Rd,

(4.58)

(where Ω2 is a positive symmetric linear operator in Rd and V0 ∈ F(Rd))
and provide first of all an infinite dimensional oscillatory integral represen-

tation of the solution of the initial value problem, which is similar to that

presented in theorem 3.2.

Let us assume that det(cos(tΩ)) 6= 0 and let βt,x be the unique solution

of the boundary value problem

β̈(s) + Ω2β(s) = 0, 0 ≤ s ≤ t,

β̇(0) = 0, β(t) = x.

Let Ht denote the Cameron-Martin Hilbert space, that is the Sobolev

space of absolutely continuous functions γ : [0, t] → Rd, such that γ(t) = 0,

with square integrable weak derivative γ̇:
∫ t

0

|γ̇(s)|2ds <∞,

endowed with the inner product

〈γ1, γ2〉 =

∫ t

0

γ̇1(s) · γ̇2(s)ds.

Let L : Ht → Ht be the self-adjoint linear operator defined by equation

(3.5). Analogously to what has been done in theorem 3.2, by assuming that

the initial datum is of the form (4.57), it is possible to prove [16, 7] that

the solution of the Schrödinger equation is given by the infinite dimensional

oscillatory integral:

ψ~(t, x) = e−
i
~
x tan(Ωt)Ωx

∫̃

Ht

e
i
2~

〈γ,(I−L)γ〉e−
i
~

∫
t
0
V0(γ(s)+βt,x(s))ds

e
i
~
S0(γ(0)+βt,x(0))φ0(γ(0) + βt,x(0))dγ, (4.59)
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where the superscript ~ stresses the dependence on the variable ~ ∈ R+.

Equation (4.59) is more convenient than representation (3.16) for the study

of the semiclassical asymptotics of ψ~(t, x) as ~ → 0, as it points out the

role of the classical path βt,x.

For the study of the asymptotic behavior of the integral (4.59) one

has first of all to determine the stationary points of the phase functional

Φ : Ht → R, which is given by

Φ(γ) =
1

2
‖γ‖−1

2

∫ t

0

γ(s)Ω2γ(s)ds−x tan(Ωt)Ωx−
∫ t

0

V0(γ(s)+βt,x(s))ds

+ S0(γ(0) + βt,x(0)). (4.60)

Under the assumption that V0, S0 ∈ C2(Rd), it is possible to compute the

first and the second Fréchet derivative of the functional Φ:

Φ′(γ)(δ) = 〈γ, δ〉 −
∫ t

0

γ(s)Ω2δ(s)ds−
∫ t

0

V ′
0(γ(s) + βt,x(s))δ(s)ds

+ S′
0(γ(0) + βt,x(0))δ(0), γ, δ ∈ Ht (4.61)

Φ′′(γ)(δ1, δ2) = 〈δ1, δ2〉−
∫ t

0

δ1(s)Ω
2δ2(s)ds+S

′′
0 (γ(0)+βt,x(0))δ1(0)δ2(0)

−
∫ t

0

V ′′
0 (γ(s) + βt,x(s))δ1(s)δ2(s)ds, γ, δ1, δ2 ∈ Ht . (4.62)

By means of Eq. (4.61) it is not difficult to verify the following result:

Lemma 4.4. [5] let V0, S0 ∈ C2(Rd). Then the function Φ : Ht → R
defined by Eq. (4.60) is of class C2. Moreover, for γ ∈ Ht, Φ′(γ) = 0 iff γ

is a solution of

γ̈(s) + Ω2γ(s) + V ′
0(γ(s) + βt,x(s)) = 0, 0 ≤ s ≤ t, (4.63)

γ̇(0) = S′
0(γ(0) + βt,x(0)), γ(t) = 0.

Equivalently, χ(s) := γ(s) + βt,x(s) is a solution of

χ̈(s) + Ω2χ(s) + V ′
0(χ(s)) = 0, 0 ≤ s ≤ t, (4.64)

χ̇(0) = S′
0(χ(0)), χ(t) = x.

Remark 4.7. One can easily recognize in the function χ the “classical

path”.
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For the study of the degeneracy of the critical points γc, one has to deter-

mine the spectrum of Hessian of the phase function evaluated in γc. Let

the operator A : Ht → Ht be defined by

I +A = Φ′′(γ),

i.e. for δ1, δ2 ∈ Ht

〈δ1, Aδ2〉 = −
∫ t

0

δ1(s)Ω
2δ2(s)ds−

∫ t

0

V ′′
0 (χ(s))δ1(s)δ2(s)ds

+ S′′
0 (χ(0))δ1(0)δ2(0), (4.65)

(χ being the solution of Eq. (4.63)).

The following lemma reduces the computation of the Fredholm determi-

nant of the operator Φ′′(γ), to the solution of a finite dimensional Cauchy

problem.

Lemma 4.5. The linear operator A : Ht → Ht defined by Eq. (4.65) is

uniquely determined by the following conditions.

For η ∈ Ht, Aη is the unique solution to the following boundary value

problem:

¨(Aη)(s) = p(s)η(s), 0 ≤ s ≤ t,

˙(Aη)(0) = −Qη(0), (Aη)(t) = 0,

where

p(s) = Ω2 + V ′′
0 (χ(s)),

Q = S′′
0 (χ(0)).

Moreover

det(I +A) = det Φ′′(γ) = detK(t),

where K(s) is a (matrix valued) solution to the following second order equa-

tion

K̈(s) + p(s)K(s) = 0, s > 0, (4.66)

K(0) = I, K̇(0) = Q,

and γ ∈ Ht, χ = γ + βt,x.

Proof. For a detailed proof see [5], theorem 2.1, which is based on an

idea of [109] and to the Hadamard Factorization Theorem. �
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Equation (4.66) is a second order linear equation with non-constant coeffi-

cients, hence at a first glance its solution could seem an ardours task. On

the other hand the following argument provides a simple technique for the

construction of the solution.

Let y(s, x0), for s ≥ 0, be the unique solution to

ÿ(s) + Ω2y(s) + V ′
0(y(s)) = 0, s ≥ 0, (4.67)

y(0) = x0, ẏ(0) = S′
0(x0).

Let

Y (s) = Y (s, x0) :=
∂y

∂x0
(s, x0).

It is simple to verify that Y (s), for s ≥ 0, is the unique solution to

d2

ds2
Y (s) + (Ω2 + V ′′

0 (y(s, x0)))Y (s) = 0,

Y (0) = I, Ẏ (0) = S′′
0 (x0).

This implies the following result.

Lemma 4.6. If γ ∈ Ht, χ = γ + βt, x. Then

det Φ′′(γ) = det
( ∂y
∂x0

(t, x0)
)
.

As lemma 4.6 states, given a critical point γc of the phase function Φ,

the non degeneracy condition, i.e. det Φ′′(γc) 6= 0 is equivalent to the

non vanishing of the quantity det
(
∂y
∂x0

(t, x0)
)
. For the importance of this

concept, let us introduce the definition of focal and nonfocal point.

Definition 4.6. A time-space point (t, x) is called nonfocal if for any x0 ∈
Rd and for any solution y(·, x0) to Eq. (4.67) such that y(t, x0) = x the

following holds:

det
( ∂y
∂x0

(t, x0)
)
6= 0.

If this condition is not satisfied for some x0 ∈ Rd, the time-space point

(t, x) is called focal.
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Moreover, by Morse theorem (see [227], theorem 15.1), the index of the

operator Φ′′(γ), with γ solution of Eq. (4.63), is equal to the Morse-Maslov

index of the curve χ solution of Eq. (4.64) (see also [42]).

The following result is an application of theorem 4.4 to the study of the

asymptotics of the oscillatory integral (4.59) and handles the case where

the phase function has a unique stationary point.

Theorem 4.6. [5] Let ψ~(t, x) (given by the oscillatory integral (4.59)) be

the unique solution of the Schrödinger equation (4.58) and initial condition

ψ0 of the form (4.57). Assume that

V0 = µ̂0, S0 = σ̂0, φ0 = ν̂0 ∈ F(Rd),
and for some Ki, εi > 0, i = 1, 2, 3,∫

Rd

|y|jd|µi|(y) ≤ Ki
j!

εji
, j ∈ N,

with µ1 = µ0, µ2 = σ0, µ3 = ν0.

Let L : Ht → Ht be the operator defined by Eq. (3.5). Assume that

t 6=
(
n+

1

2

) π
Ωj
, n ∈ N, j + 1, . . . , d, (4.68)

where Ωj , for j = 1, . . . , d are the eigenvalues of the operator Ω. Then

(I − L)−1 exists and it is bounded. Let us put

K = K1 +K2, ε =
min{ε1, ε2}√

t
.

let us assume that

2(3 + 2
√

2)K‖(I − L)−1‖ε−2 < 1 . (4.69)

Then there exists a unique path γ̄ ∈ Ht making stationary the phase func-

tion Φ, i.e.

Φ′(γ̄) = 0,

where Φ is given by Eq. (4.60) and its Frechet derivative by Eq. (4.61). Let

x ∈ Rd and put χ := γ̄ + βt,x, i.e.

χ(s) = γ̄(s) + βt,x(s), 0 ≤ s ≤ t

then χ is a solution of the boundary value problem (4.64). Let m(χ) denote

the Maslov (or Morse) index of the curve χ. then, as ~ ↓ 0, the following

asymptotic formula for the integral (4.59) holds:

ψ~(t, x) = e
i
~
Φ(γ̄)e−

iπ
2 m
∣∣∣det

∂y(t, x0)

∂x0
|x0=χ(0)

∣∣∣
−1/2

φ0(χ(0)) +O(~)

= e
i
~

( ∫
t
0
|χ̇(s)|2ds/2−

∫
t
0
χ(s)Ω2χ(s)ds/2−

∫
t
0
V0(χ(s)ds+S0(χ(0)

)

e−
iπ
2 m
∣∣∣ det

∂y(t, x0)

∂x0
|x0=χ(0)

∣∣∣
−1/2

φ0(χ(0)) +O(~) (4.70)

where y(t, x0) is the unique solution of the Cauchy problem (4.67).
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Proof. By lemma 3.1, if condition (4.68) is satisfied, the operator L given

by Eq. (3.5) is such that (I − L)−1 exists and it is bounded. In this case

we have the the matrix cos(Ωt) is non singular and tan(Ωt) is well defined.

Let us put

W (γ) =

∫ t

0

V0(γ(s) + βt,x(s))ds− S0(γ(0) + βt,x(0)), γ ∈ Ht. (4.71)

By reasoning as in the proof of lemma 3.3, it is easy to verify that W = µ̂,

with µ ∈ M(Ht). Moreover the following holds:
∫

Ht

‖γ‖jd|µ|(γ) ≤ tj/2
∫

Rd

|y|jd|σ0|(y) +
tj/2+1

j/2 + 1

∫

Rd

|y|jd|µ0|(y),

and ∫

Ht

‖γ‖jd|µ|(γ) ≤ K
j!

εj
. (4.72)

Since the integral ψ~(t, x) can be written as:

ψ~(t, x) = e−
i
~
x tan(Ωt)Ωx

∫̃

Ht

e
i
2~

〈γ,(I−L)γ〉e−
i
~
W (γ)g(γ)dγ, (4.73)

with

g(γ) = φ0(γ(0) + βt,x(0)), (4.74)

and inequality (4.69) holds by assumption, we can apply theorem 4.4 and

conclude that there exists a unique stationary point γ̄ ∈ Ht of the phase

function and

ψ~(t, x) = e
i
~
Φ(γ̄)(det Φ′′(γ̄))−1/2g(a) +O(~) (4.75)

where

Φ(γ̄) =

∫ t

0

|χ̇(s)|2ds/2−
∫ t

0

χ(s)Ω2χ(s)ds/2 −
∫ t

0

V0(χ(s))ds+ S0(χ(0)).

The final result follows from lemma 4.6 �

Analogously to what is done in theorem 4.4, where the complete asymptotic

expansion of the oscillatory integral I(~) in powers of ~ is provided as well

as a good control on the remainder, it is possible to compute not only the

first term in the expansion of ψ~(t, x). Indeed it is possible to prove (see

[5, 7] in the case where the phase function has a unique stationary point

γ̄, that

ψ~(t, x) = e
i
~
Φ(γ̄)I∗(~),
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with I∗(~) being a C∞ function of ~ ∈ R, and

I∗(~) =

n−1∑

j=0

αj~j +Rn(~),

where the coefficients αj of the expansions depend on Ω as well as the

derivatives of V0, S0, φ0, and

|Rn(~)| ≤ Cn|~|n

for suitable coefficients Cn and |~| sufficiently small.

The assumption (4.69) in theorem 4.6 assures that the phase function

Φ has a unique stationary point. Following [5], it is worthwhile to give also

some weaker conditions assuring that the set of critical points is not empty

and finite.

Lemma 4.7. Let us assume that the operator (I −L) is invertible and the

functions V0, S0 are C1 with bounded derivative. Then the number of non

degenerate stationary points of the phase function Φ is finite.

Lemma 4.8. Let us assume that the functions V0, S0 are bounded C1 func-

tions with bounded derivatives. Then there exists at least a stationary point

of the phase function Φ

For a proof of both lemmas we refer to the original paper [5]. The next

theorem handles the case where the phase function Φ has a finite number

of non degenerate stationary points and can be seen as an application of

theorem 4.5 (see also theorems 3.7, 4.1 and 5.4 in [7]).

Theorem 4.7. [5] Let us assume that

V0 = µ̂0, S0 = σ̂0, φ0 = ν̂0 ∈ F(Rd),

and for some Ki, εi > 0, i = 1, 2, 3,
∫

Rd

|y|jd|µi|(y) ≤ Ki
j!

εji
, j ∈ N,

with µ1 = µ0, µ2 = σ0, µ3 = ν0.

Let L : Ht → Ht be the operator defined by Eq. (3.5). Assume that

t 6=
(
n+

1

2

) π
Ωj
, n ∈ N, j + 1, . . . , d, (4.76)

where Ωj , for j = 1, . . . , d are the eigenvalues of the operator Ω. Then

(I − L)−1 exists and it is bounded.

Let the point (t, x) be nonfocal.
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Then there exists a finite number of solutions χ1, . . . , χn to the problem

4.64 and the solution ψ~(t, x) of the Schrödinger equation (4.58) has the

following asymptotic representation as ~ ↓ 0:

ψ~(t, x) =

n∑

j=1

e
i
~

( ∫ t
0
|χ̇j(s)|2ds/2−

∫ t
0
χj(s)Ω

2χj (s)ds/2−
∫ t
0
V0(χj (s)ds+S0(χj(0)

)

e−
iπ
2 mj

∣∣∣ det
∂yj(t, x0)

∂x0
|
∣∣∣
−1/2

φ0(χj(0)) +O(~) . (4.77)

If some critical point of the phase function is degenerate, or, in other

words, if the time-space point (t, x) is focal, then the problem can be solved

by reducing the study of the degeneracy to a finite dimensional subspace

of Ht, in the way described at the end of section 4.3.

Particular examples are handled in [5, 6]. In the next section we shall

describe the application of this technique to the study of the trace of the

Schrödinger group. We present briefly here some results concerning the

solution of the Schrödinger equation.

Let us assume that the space dimension d is less or equal then 3 and

that the following inequalities are satisfied

det sin(Ωt) 6= 0 det cos(Ωt) 6= 0. (4.78)

By lemma 3.1, the second condition assures that the operator (I − L) is

invertible. Let us consider the solution of the Schrödinger equation given in

terms of the infinite dimensional oscillatory integral ψ~(t, x) (Eq. (4.59)).

Let us introduce the subspaces of Ht:

Y = {γ ∈ Ht : γ(0) = 0},
Z = {γ ∈ Ht : γ(s) = sinΩ(s− t)z for some z ∈ Rd}. (4.79)

It is easy to verify that (I − L)Y ⊂ Z⊥. Let us denote by ΠY and ΠZ

the orthogonal projections of Ht onto Y and Z and by T1 : Y → Y and

T2 : Z → Z the linear operators defined by

T1 := ΠY ◦ T|Y , T2 := ΠZ ◦ T|Z ,
where T : Ht → Ht is given by T = I − L.

By applying the Fubini theorem 2.7 to the oscillatory integral (4.59), or

equivalently (4.73), we have

∫̃

Ht

e
i

2~
〈γ,Tγ〉e−

i
~
W (γ)g(γ)dγ

= CT

∫̃

Z

e
i

2~
〈ζ,T2ζ〉

∫̃

Y

e
i
2~

〈η,T1η〉e−
i
~
W (ζ+η)g(ζ + η)dηdζ (4.80)
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where W : Ht → R is given by Eq. (4.71) and g : Ht → C by Eq. (4.74),

while the constant CT is given by

CT = (det T )−1/2(det T1)
1/2(det T2)

1/2

and it is equal to

CT = 2
(
sin2 Ωt(Ωt)−1(2Ωt+ sin 2Ωt)−1

)1/2
.

As η(0) = 0, equation (4.80) becomes

∫̃

Ht

e
i

2~
〈γ,Tγ〉e−

i
~
W (γ)g(γ)dγ

= CT

∫̃

Z

e
i

2~
〈ζ,T2ζ〉e

i
~
S(ζ)

(∫̃

Y

e
i
2~

〈η,T1η〉e−
i
~
V (ζ+η)dη

)
g(ζ)dζ (4.81)

where S(ζ) = S0(ζ(0) + βt,x(0)), and V (ζ + η) =
∫ t
0 V0(ζ(s) + η(s) +

βt,x(s))ds. The key point is the fact that the integral over Z is a finite

dimensional oscillatory integral and the classical results of the stationary

phase method for finite dimensional oscillatory integrals apply [164].

By assuming that the functions Vζ : Y → R, with ζ ∈ Z, given by

Vζ(η) :=

∫ t

0

V0(ζ(s) + η(s) + βt,x(s))ds, η ∈ Y,

satisfy assumptions analogous to Eq. (4.40) and Eq. (4.42), i.e.
∫

Y

‖η‖jd|µζ |(η) ≤ L
j!

εj
,

L‖T−1
1 ‖
ε2

2(3 + 2
√

2) < 1,

uniformly in ζ ∈ Z, one has that the phase function Φζ : Y → R, given by

Φζ(η) =
1

2
〈η, T1η〉 − V (η + ζ), η ∈ Y,

has a unique non degenerate stationary point a(ζ) ∈ Y . Moreover

∫̃

Y

e
i

2~
〈η,T1η〉e−

i
~
V (ζ+η)dη = e

i
~
Φζ(a(ζ))J∗(~, ζ),

with J∗ being a C∞ function of ~ ∈ R such that

J∗(0, ζ) = (det Φ′′
ζ (a(ζ)))

−1/2.
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The solution of the Schrödinger equation is then given in terms of the

following oscillatory integral on a d dimensional space Z:

ψ~(t, x) = CT e
− i

~
x tan(Ωt)Ωx

∫̃

Z

e
i

2~
〈ζ,T2ζ〉e

i
~
S(ζ)e

i
~
Φζ(a(ζ))J∗(~, ζ)g(ζ)dζ

(4.82)

with a phase function Φ : Z → R equal to

Φ(ζ) =
1

2
〈ζ, T2ζ〉 + S(ζ) + Φζ(a(ζ)), ζ ∈ Z (4.83)

and the theory of asymptotic expansions of finite dimensional oscillatory

integrals (with degenerate critical points) [110, 41] can be applied. In par-

ticular, if Φ has a degenerate critical point, i.e. if the time-space point (t, x)

is focal, and if the space dimension d is less or equal then 3, then there ex-

ists a complete classification of the types of the possible degeneracies [144]

and the asymptotics of the integral (4.82) is of the form.

ψ~(t, x) ∼ ~−β ~ ↓ 0,

where β ∈ Q, β > 0, is called Coxeter number and depends on the type of

degeneracy [43].

4.5 The trace formula

The study of the connections between quantum and classical quantities is

very old and goes back to the very origin of the quantum theory: it is

sufficient to think for instance to the Bohr quantization rules, relating the

spectrum of the energy operator to the volume in the phase space enclosed

by the classical periodic orbits of the system. The interest in this kind of

relations has been renewed in recent years since, according to the theory

of quantum chaos, the study of the distribution of the energy eigenvalues

of a given quantum mechanical system should reflect that the underlying

classical system is integrable (resp. chaotic) [152]. Particularly interesting

is an (heuristic) trace formula connecting the semiclassical asymptotics for

~ ↓ 0 of trace of the Schrödinger group Tr(e−
i
~
Ht) to the classical periodic

orbits of the system. One can look at this as a quantum analogue of Selberg

trace formula, relating the trace of the heat kernel on manifolds of constant

negative curvature with the periodic geodesics [77, 167].

The first rigorous Feynman path integral derivation of the trace formula

for the Schrödinger group and the study of its singularities as a function of

the time variable can be found in [4], see also [2, 3]. Part of those results are
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generalized in [8, 6], where it is shown that in this particular problem the

degenerate stationary points of the phase function of the Feynman integral

play a fundamental role. Recently in [33, 34] some interesting results on

the degenerate case have been applied to the study of a trace formula for

the heat semigroup with a polynomial potential. In the present section we

give some details of the results of [8, 6].

Let V0 be a bounded real function belonging to F(Rd) and Ω2 > 0 a

positive symmetric d×dmatrix and let us consider an anharmonic oscillator

Hamiltonian of the following form

H = −~2

2
∆ +

1

2
xΩ2x+ V0(x),

with domain

D(H) = {ψ ∈W 2,2(Rd),
∫

Rd

|x|4|ψ(x)|2dx <∞}.

It is well known [246] that H is a self-adjoint operator on L2(Rd), it has

a pure point spectrum and, by applying theorem 10.5 in [263] and Taube-

rian theorem, it follows that for some β > 0 its eigenvalues λn satisfy the

following inequality:

lim inf
n→∞

λn
nβ

> 0.

This relation implies that the trace of the unitary group generated by iH ,

i.e. Tr(e−
i
~
Ht) is, as a function of t, a well defined distribution over R.

Let Hp,t be the Hilbert space of periodic functions γ ∈ H1(0, t; Rd) such

that γ(0) = γ(t), with norm

‖γ‖2 =

∫ t

0

γ̇(s)2ds+

∫ t

0

γ(s)2ds.

Let Φ : Hp,t → R denote the phase function

Φ(γ) =
1

2

∫ t

0

γ̇(s)2s−
∫ t

0

V1(γ(s))ds, γ ∈ Hp,t, (4.84)

where

V1(x) =
1

2
xΩ2x+ V0(x), x ∈ Rd.

Let us consider the infinite dimensional oscillatory integral on Hp,t

I(t, ~) =

∫̃

Hp,t

e
i
~
Φ(γ)dγ. (4.85)
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The integral (4.85) can also be written in the following form

I(t, ~) =

∫̃

Hp,t

e
i
2~

〈γ,(I−L)γ〉e−
i
~
V (γ)dγ, (4.86)

where L : Hp,t → Hp,t is a self-adjoint trace class operator, given by:

〈γ, Lγ〉 =

∫ t

0

γ(s)Ω2γ(s)ds+

∫ t

0

|γ(s)|2ds, γ ∈ Hp,t (4.87)

and V : Hp,t → R is equal to

V (γ) =

∫ t

0

V0(γ(s))ds, γ ∈ Hp,t.

As V0 ∈ F(Rd), it is not difficult to verify that I(t, ~) is well defined,

provided that (I − L) : Hp,t → Hp,t is an invertible operator on Hp,t.

Moreover the following holds.

Theorem 4.8. [6] Let us assume that the time variable t satisfies the fol-

lowing condition

det sin
( t

2
Ω
)
6= 0.

Then the infinite dimensional oscillatory integral (4.85) is well defined and

the function t 7→ I(t, ~) is of class C∞ on the subset DΩ of the real line

defined by

DΩ = {t : det sin
( t

2
Ω
)
6= 0}.

Moreover the trace of the Schrödinger group Tr(e−
i
~
Ht) is a well defined

distribution over (0,∞), a C∞ function on DΩ and it is equal to

Tr(e−
i
~
Ht) =

(
2(cosh t− 1)

)−d/2
I(t, ~). (4.88)

Proof. For a detailed proof we refer to [6]. The definition and the regu-

larity properties of the oscillatory integral I(t, ~) can be proved by means

of the general theory (see chapter 2, in particular theorem 2.5). The proof

of equation (4.88) is based on an analytic continuation technique and on

the proof of an analogous equality for the trace of the corresponding heat

semigroup. �

According to Eq. (4.88), the study of the semiclassical limit of the trace

of the Schrödinger group Tr(e−
i
~
Ht) is reduced to the study of the asymp-

totic behavior of the integral in the limit ~ ↓ 0.
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If V1 : Rd → R is of class C2, then one proves that the functional Φ is

of class C2 and a path γ ∈ Hp,t is a stationary point for Φ if and only if γ

is a solution of the Newton equation

γ̈(s) + V ′
1 (γ(s)) = 0, s ∈ [0, t] (4.89)

satisfying the periodic conditions

γ(0) = γ(t), γ̇(0) = γ̇(t). (4.90)

Concerning the second Frechet derivative of the phase function Φ, it is

possible to prove that, given a vector γ ∈ Hp,t, the operator Φ′′(γ) : Hp,t →
Hp,t is defined by Φ′′(γ) = I +Lγ , where u = Lγφ if and only if u satisfies

Eq. (4.90) and

ü(s) − u(s) =
(
V ′′

1 (γ(s)) + 1
)
φ(s), 0 < s < t. (4.91)

The symmetry of Lγ can be easily verified, moreover the regularity of the so-

lutions of Eq. (4.91) implies that the range of Lγ is contained in H3(0, t; Rd)
and Lγ is a trace-class operator.

A first example of stationary path of the phase Φ can easily be found if

the potential V1 admits critical points cj , j = 1, . . . ,m. Indeed in this case

the functions γcj , given by

γcj (s) = cj , s ∈ [0, t],

is a periodic solution of Eq. (4.89). Moreover the Fredholm determinant of

Φ′′(γcj ) is given by (see [6], proposition 2.11)

det Φ′′(γcj ) = det
(
(cosh t− 1)−1

(
cos(t

√
V ′′

1 (cj)) − 1
))
.

From this equality we can easily see that the stationary point γcj is non

degenerate if and only if cos(t
√
V ′′

1 (cj)) − 1 6= 0.

Besides the “trivial” solution of the equations (4.89) and (4.90), there

can be also other stationary points of Φ, that are degenerate. Indeed the

following holds

Theorem 4.9. Let γ ∈ Hp,t be a non-constant solution of Eq. (4.89) and

Eq. (4.90). Then Ker(Φ′′(γ)) 6= {0}. In particular:

Φ′′(γ)(γ̇) = 0.

Proof. [111, 6] Let us introduce the C0-group of linearly unitary trans-

formations in Hp,t:

Gτγ(s) = γ̃(s+ τ), s ∈ [0, t], τ ∈ R, γ ∈ Hp,t,
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where γ̃ is the unique extension of γ to a t-periodic continuous function on

R. One can see that Φ is invariant under the action of Gτ , i.e. Φ ◦Gτ = Φ.

Let us define γτ := Gτγ and by the chain rule we have:

Φ′(γτ ) ◦Gτ = dγ(Φ ◦Gτ ) = dγ(Φ) = 0.

From this we can conclude that Φ′(γτ ) = 0. Hence

lim
s→0

1

s
Φ′(γs) − Φ′(γ) = 0,

but the last limit is equal to

Φ′′(γ)
( d
ds
γ(s)|s=0

)
= Φ′′(γ)(γ̇).

�

The proof of theorem 4.9 shows that if γ ∈ Hp,t is a non-constant solu-

tion of Eq. (4.89) and Eq. (4.90), then γ is not only a degenerate stationary

point, but it is also non isolated as for each τ ∈ [0, t] the path γτ is also

a degenerate stationary point of Φ. In particular, the set of degenerate

stationary points

{γτ , τ ∈ [0, t]}

is a compact manifold diffeomorphic to the circle S1.

The following result is an extension to this setting of the classical Morse

theorem about non-degenerate critical points.

Theorem 4.10. [6] Let γ ∈ Hp,t be a degenerate stationary point of Φ

satisfying the following condition

dim KerΦ′′(γ) = 1. (4.92)

then the set

{γτ , τ ∈ [0, t]}

is isolated within the set of all stationary points of Φ, i.e., there is ε > 0

such that if φ ∈ Hp,t satisfies ‖φ− γτ‖ < ε for some τ ∈ R, and Φ′(φ) = 0,

then φ = γs for some s ∈ R.

Proof. Let

Z = KerΦ′′(γ) = {αγ̇, α ∈ R} ⊂ Hp,t

and let Y := Z⊥ be the orthogonal complement of Z in Hp,t. By equation

(4.91), the operator Φ′′(γ) is compact and self-adjoint. By the Fredholm



March 27, 2009 10:32 World Scientific Book - 9in x 6in MathematicalFeynman

Stationary Phase Method and Semiclassical Limit of Quantum Mechanics 143

alternative theorem it follows that Φ′′(γ) maps injectively Y onto Y .

Let F : Y → R be defined by

F (ψ) = Φ(γ + ψ), ψ ∈ Y.

Denoted by j : Y → Hp,t the natural embedding map and by j∗ : Hp,t → Y

its dual operator, we have that F ′′(0) = j∗ ◦Φ′′ ◦ j is a linear isomorphism

of Y . By the implicit function theorem, there is an ε0 > 0 such that for any

η ∈ Y , with ‖η‖ < ε0, we have F ′(η) 6= 0. By the tubular neighborhood

theorem [228], the set

W̃ε0 := ∪s∈R{γs +Gsη : η ∈ Y, ‖η‖ < ε0}

is an open neighborhood of the manifold γ̂ := {γτ , τ ∈ [0, t]}, and there

exists an ε ∈ (0, ε0) such that the open neighborhood Wε(γ̂)

Wε(γ̂) := {ξ ∈ Hp,t : dist(ξ, γ̂) < ε}

is included in W̃ε0 . It is then possible to see that Φ′ 6= 0 on Wε(γ̂). Indeed

if Φ(ψ) = 0 for ψ = γs + Gsη for some s ∈ R and some η ∈ Y such that

‖η‖ < ε, then, since Φ◦G−s = Φ, we have that Φ′(G−s(γs+Gsη)) = 0. On

the other hand, G−s(γs +Gsη) = γ + η, G−s(η) ∈ Y . Therefore F ′(η) = 0

and this gives η = 0. �

The results stated so far concerning the stationary points of the phase

function Φ : Hp,t → R are valid for a general Φ of the form (4.84). Let

us now consider the particular case where the potential is of the following

form

V1(x) =
1

2
xΩ2x+ V0(x), x ∈ Rd, (4.93)

with V0 real bounded and V0 ∈ F(Rd).
In [6] V1 is also assumed to satisfy the following conditions:

(1) V1 has a finite number critical points c1, . . . , cm, and each of them is

non degenerate, i.e.

detV ′′
1 (cj) 6= 0, j = 1, . . .m.

(2) t > 0 is such that the function γcj , given by γcj (s) = cj , s ∈ [0, t], is a

non degenerate stationary point for Φ;

(3) any non constant t−periodic solution γ of Eq. (4.89) and Eq. (4.90)

is a “non degenerate periodic solution”, in the sense of [111], i.e.

dim ker Φ′′(γ) = 1.
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Then by theorems 4.9 and 4.10, the set M of stationary points of the phase

function Φ is a disjoint union of the following form:

M = {xc1 , . . . , xcm} ∪
r⋃

k=1

Mk,

where xci , i = 1, . . .m, are non degenerate and Mk are manifolds (diffeo-

morphic to S1) of degenerate stationary points, on which the phase function

is constant. Under some growth conditions on V0 it is also possible to com-

pute the asymptotic behavior as ~ → 0 of the trace of the Schrödinger

group, or, equivalently (see Eq. (4.88)), of the infinite dimensional oscilla-

tory integral I(t, ~).

Theorem 4.11. [6]Let us assume that the potential V1 is of the form (4.93),

with V0 ∈ F(Rd), V0 = µ̂0, satisfying
∫

Rd

|y|jd|µ0|(y) ≤ K
j!

εj
, j ∈ N,

for some K, ε > 0. Then, as ~ ↓ 0, the trace of the Schrödinger group has

the following asymptotic behavior

Tr(e−
i
~
Ht) =

m∑

j=1

e
i
~
tV1(cj)I∗j (~)+(2πi~)−1/2

[ r∑

k=1

e
i
~
Φ(bk)|Mk|I∗∗k (~)+O(~)

]

where cj are the points in condition 1, bk ∈ Mk are all non constant t-

periodic solutions of (4.89) and (4.90) as in condition (3), |Mk| is the

Riemannian volume of Mk, I
∗
j and I∗∗k are C∞ functions of ~ ∈ R such

that, in particular,

I∗j (0) =
(

det
[
2
[
cos
(
t
√
V ′′(cj)

)
− 1
]])−1/2

,

I∗∗k (0) =
( d
dε

det(Rkε (t) − I)|ε=1

)−1/2

,

where Rkε (t) denotes the fundamental solution of
{
ẍ(s) = −εV ′′(bk(s))x(s), s > 0,

x(0) = x0, ẋ(0) = y0

written as a first order system of 2d equations for real valued functions.

Proof. For a detailed proof we refer to the paper [6], we give here only

some hints. By equation (4.88), one has to study the asymptotic behavior

of the oscillatory integral I(t, ~). By the condition on the potential V1,

the set of stationary points of the phase function is completely determined.
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Moreover it is possible to reduce the study of the degeneracy to a finite

dimensional subspace of the Hilbert space Hp,t and to apply the technique

described at the end of section 4.3 (see also [7]).

Indeed it is possible to find a finite dimensional subspace Z ⊂ Hp,t, such

that, given Y := T (Z)⊥ with T = (I −L) and L is given by Eq. (4.87), one

has Z + Y = Hp,t, and the phase function when restricted to y

Φz : Y → R, Φz(y) = Φ(z + y),

has a unique stationary point, denoted by a(z). Moreover the function

a : Z → Y , z 7→ a(z), is of class C∞ and bounded with all its derivatives.

By the Fubini theorem 2.7 for oscillatory integrals, I(t, ~) is given by

I(t, ~) = CT

∫̃

Z

(∫̃

Y

e
i
~
Φz(y)dy

)
dz,

with CT = (det T )−1/2(det T|Y )1/2(det T|Z)1/2.

By theorem 4.4, the integral over Y is given by
∫̃

Y

e
i
~
Φz(y)dy = e

i
~
Φz(a(z))J∗(~, z),

with J∗ being a C∞ function of both ~ ∈ (−1, 1) and z ∈ Z, such that

J∗(0, z) = det
( ∂2

∂y2
Φz(a(z))

)−1/2

.

Therefore, as ~ → 0,

I(t, ~) = CT

∫̃

Z

det
( ∂2

∂y2
Φz(a(z))

)−1/2

e
i
~
Φz(a(z))dz +O(~),

and the asymptotic behavior of I(t, ~) is determined by the reduced phase

function Ψ : Z → R, given by

Ψ(z) = Φ(z + a(z)), z ∈ Z.

One can prove (see [7], lemma 5.3) that Ψ′(z) = 0 iff Φ′(z + a(z)) = 0 and

ker(Φ′′(z + a(z)) = (IZ , a
′(z))(kerΨ′′(z)).

Denoting by Q the projection from Hp,t onto Z along y, i.e. Q(z + y) = z,

the set N of stationary points of the phase Ψ is the projection Q(M) of the

stationary points of Φ:

N = {d1, . . . , dm} ∪
r⋃

k=1

Q(Mk),

with d1, . . . , dm are non degenerate and Q(Mk) for j = k, . . . , r are compact

and connected one dimensional manifolds such that dim ker Ψ′′(a) = 1 for

each a ∈ ∪rk=1Q(Mk). The final results follows by applying the stationary

phase method on finite dimensional oscillatory integrals (see [6]). �
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Chapter 5

Open Quantum Systems

5.1 Feynman path integrals and open quantum systems

Our treatment of the Feynman path integral formulation of (non relativis-

tic) quantum mechanics has started with the description of the dynamics

of a pointwise particle, described by the Schrödinger equation (1.4). The

generalization of the formalism developed so far to more complicated and

more realistic quantum systems can be realized, on one hand, by increas-

ing the number of degree of freedom and by considering more complicated

Hamiltonian operators H . On the other hand in many situations occurring

in quantum mechanics, one is not interested in the detailed description of

the whole system (that, when the number of degrees of freedom increases,

becomes a very difficult task), but only of a part of it. Let us think for in-

stance to the interaction of a radiating atom with the electromagnetic field

when one is interested only in the state of the atom and not in the emitted

radiation. Another fundamental problem of this kind is the description of

the process of quantum measurement. Indeed when a quantum system is

submitted to the measurement of one of its observables, it interacts with

a (macroscopic) measuring apparatus which is not of primary interest but,

on the other hand, whose influence on the system, by the Heisenberg un-

certainty principle, cannot be neglected.

The development of a formalism allowing the quantum description of

the dynamic of a system interacting with an external “environment” is the

task of the quantum theory of open systems [92, 116]. A possible approach

is the description of the compound “system plus environment” as a whole,

by means of a Schrödinger equation involving an interaction Hamiltonian.

As a second step, the environment’s degrees of freedom have to be traced

out.

147
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An alternative solution to the problem is provided by the path integral

formalism. This chapter concerns a few instances of the descriptive power

of Feynman path integrals when applied to the theory of open quantum sys-

tems. Let us briefly introduce some heuristic considerations which motivate

a further detailed treatment.

The simplest example of a system subjected to an external influence

is a classical one dimensional linearly forced harmonic oscillator, whose

equation of motion is

mẍ(t) + kx(t) + f(t) = 0, t ∈ R, (5.1)

where m, k ∈ R+ and f is a “fluctuating force”. The quantization of the

classical system (5.1) in terms of Feynman path integrals provides for the

Green function of the corresponding Schrödinger equation an heuristic for-

mula of the form

G(0, y, t, x) =

∫
γ(t)=x
γ(0)=y

e
i
~

(
m
2

∫ t
0
γ̇(s)2ds−k

2

∫ t
0
γ(s)2ds−

∫ t
0
γ(s)f(s)ds

)
Dγ . (5.2)

As a further step one can consider the external force f to be random,

and be interested to the averaged value over f of the quantum dynamics

given by Eq. (5.2). In order to obtain a physically meaningfull expression,

the average has to be done on quantum observables, as for instance the

transition amplitudes, rather than on mathematical objects, as the wave

functions. Therefore let us consider two state vectors ψ, φ ∈ L2(Rd) and

compute the probability of a transition from ψ to φ, i.e. |〈φ, ψ(t)〉|2, where

ψ(t, x) =
∫
Gf (0, y, t, x)ψ(y)dy,

|〈φ, ψ(t)〉f |2 =

∫ ∫ ∫ ∫
φ(x′)φ̄(x)Gf (0, y, t, x)Gf (0, y′, t, x′)ψ(y)

ψ̄(y′)dydxdy′dx′, (5.3)

where we have introduced the subscript in order to stress the f -dependence

of the Green function. By inserting in (5.3) the Feynman path integral

representation (5.2), we obtain an heuristic formula which represents the

transition amplitude in terms of a double path integral:

|〈φ, ψ(t)〉f |2 =

∫ ∫ ∫ ∫
φ(x′)φ̄(x)ψ(y)ψ̄(y′)

∫ ∫
e

i
~

(
S(γ)−S(γ′)

)
e−

i
~

∫ t
0

(
γ(s)−γ′(s)

)
f(s)dsdγdγ′dydxdy′dx′, (5.4)

where γ(0) = y, γ(t) = x, γ ′(0) = y′, γ′(t) = x′ and

S(γ) =
m

2

∫ t

0

γ̇(s)2ds− k

2

∫ t

0

γ(s)2ds.
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By averaging the above quantity over the random force f we obtain:

Ef |〈φ, ψ(t)〉f |2 =

∫ ∫ ∫ ∫
φ(x′)φ̄(x)ψ(y)ψ̄(y′)

∫ ∫
e

i
~

(
S(γ)−S(γ′)

)
F (γ, γ′)dγdγ′dydxdy′dx′, (5.5)

where the influence of the random fluctuating force f is modelled by the

functional

F (γ, γ′) = Ef [e
− i

~

∫ t
0

(
γ(s)−γ′(s)

)
f(s)ds].

This, still heuristic, considerations show some key features of the Feyn-

man path integral description of the quantum open systems, such as the

introduction of a double path integral of the form (5.5) and the model-

lization of an interacting environment in terms of an influence functional

F (γ, γ′) which couples the paths γ, γ ′. This particular formalism was intro-

duced by Feynman and Vernon in [121], where a formula similar to Eq. (5.5)

was heuristically derived by modelling the environment in terms of a many

body quantum system and by tracing out its degrees of freedom. This tech-

nique has been applied to the modellization of several complex quantum

phenomena, including the quantum Brownian motion [63], i.e. the descrip-

tion of the dynamics of a quantum particle interacting with an macroscopic

environment.

Let us consider for instance the time evolution of a quantum system

made of two linearly interacting subsystems A and B. Let us assume that

the state space of the system A is L2(Rd) while the state space of the system

B is L2(RN ). Let the total Hamiltonian of the compound systems be of

the form

HAB = HA +HB +HINT (5.6)

HA = −∆Rd

2M
+

1

2
xΩ2

Ax+ vA(x), x ∈ Rd,

HB = −∆RN

2m
+

1

2
RΩ2

BR + vB(R), R ∈ RN ,

HINT = xCR, x ∈ Rd, R ∈ RN ,

with C : RN → Rd is a linear operator, ΩA, resp. ΩB , a symmetric positive

d × d, resp. N × N , matrix, va, resp. vB , real bounded functions. Let

us assume that the quadratic part of the total potential, i.e. the function

x,R 7→ 1
2xΩ

2
Ax + 1

2RΩ2
BR + xCR is positive definite (so that the total
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Hamiltonian is bounded from below). Let us assume moreover that the

density matrix of the compound system factorizes ρAB = ρAρB and has a

smooth kernel ρAB(x, y,R,Q) = ρA(x, y)ρB(R,Q). By writing the Feyn-

man path integral representation for the evolution of the density matrix,

we have

ρt(x, y,R,Q) =
(
e−

i
~
HABtρ0e

i
~
HABt

)
(x, y,R,Q)

=

∫ ∫ ∫ ∫
ρA(γ(0), γ′(0))ρB(Γ(0),Γ′(0))e

i
~

(
SA(γ)−SA(γ′)

)
e

i
~

(
SB(Γ)−SB(Γ′)

)

e
i
~

(
SAB(γ,Γ)−SAB(γ′,Γ′)

)
dγdγ′dΓdΓ′ (5.7)

where the integral is taken over the path γ, γ ′ : [0, t] → Rd and Γ,Γ′ :

[0, t] → RN such that γ(t) = x, γ′(t) = y, Γ(t) = R, Γ′(t) = Q. SA, SB
and SAB are given by:

SA(γ) =

∫ t

0

(M
2
γ̇(s)2 − 1

2
γ(s)Ω2

Aγ(s) − vA((γ(s))
)
ds,

SB(Γ) =

∫ t

0

(m
2

Γ̇(s)2 − 1

2
Γ(s)Ω2

BΓ(s) − vB((Γ(s))
)
ds,

SAB(γ,Γ) = −
∫ t

0

γ(s)CΓ(s)ds .

By tracing over the coordinates of the system B, one obtains the following

(heuristic) Feynman path integral representation for the reduced density

matrix ρrA(t) of the system A:

ρrA(t)(x, y) =

∫
ρt(x, y,R,R)dR

=

∫ ∫
ρA(γ(0), γ′(0))e

i
~

(
SA(γ)−SA(γ′)

)
F (γ, γ′)dγdγ′ (5.8)

where

F (γ, γ′) =

∫ ∫

Γ(t)=R

∫

Γ′(t)=R

ρB(Γ(0),Γ′(0))e
i
~

(
SB(Γ)−SB(Γ′)

)

e
i
~

(
SAB(γ,Γ)−SAB(γ′,Γ′)

)
dΓdΓ′dR. (5.9)

In section 5.2 we shall give a rigorous mathematical meaning to the double

Feynman path integral (5.8) in terms of a well defined infinite dimensional

oscillatory integral and analyze the Caldeira-Leggett model [63] for the

description of the quantum Brownian motion.
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Another fundamental problem of quantum theory is the description of

the process of quantum measurement, i.e. the interaction of a physical

system with a (macroscopic) measuring apparatus allowing an observer to

obtain the result of the measurement of a physical quantity. In the tra-

ditional formulation of quantum mechanics, the continuous time evolution

described by the Schrödinger equation (1.4) is valid if the quantum sys-

tem is “undisturbed”. On the other hand we should not forget that all

the informations we can have on the state of a quantum particle are the

result of some measurement process. When the particle interacts with the

measuring apparatus, its time evolution is no longer continuous: the state

of the system after the measurement is the result of a random and discon-

tinuous change, the so-called “collapse of the wave function”, which cannot

be described by the ordinary Schrödinger equation. Quoting Dirac [107],

after the introduction of the Planck constant ~ the concept of “large” and

“small” are no longer relative: it is “microscopic”1 one object such that the

influence on the measuring apparatus on it cannot be neglected.

Let us recall the main features of the traditional quantum description of

the measurement of an observables A, represented by a self-adjoint operator

A : D(A) ⊂ H → H on a complex separable Hilbert space H, whose unitary

vectors represent the states of the system. Let us consider for simplicity

the case where the operator A is bounded and its spectrum is discrete.

Let {ai}i∈N ⊂ R and {ψi}i∈N ⊂ H be the corresponding eigenvalues and

eigenvectors. According to the traditional mathematical formulation by

Von Neumann the consequences of the measurement are:

(1) the decoherence of the state of the quantum system.

Because of the interaction with the measuring apparatus, the initial

pure state ψ of the system becomes a mixed state, described by the

density operator ρprior(t) =
∑

i wiPψi , where Pψi denotes the projector

operator onto the eigenspace which is spanned by the vector ψi and

wi = |〈ψi, ψ〉|2. By considering another observable B (represented by

a bounded self-adjoint operator B : H → H), its expectation value at

time t, after the measurement of the observable A (but without the

information of the result of the measurement of A), is given by

E(B)priort = Tr[ρprior(t)B].

The existence of the trace is assumed. The transformation mapping

ψ to the so-called “prior state” ρprior(t) is named “prior dynamics” or
1It would be more correct the word “quantum” as there exist also macroscopic quantum

systems, but they were unknown at Dirac’s time.
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non selective dynamics.

(2) The so-called “collapse of the wave function”.

After the reading of the result of the measurement (i.e. the real num-

ber ai) the state of the system is the corresponding eigenstate of the

measured observable:

ρ(t)postai
= Pψi .

The expectation value of another observable B of the system at time t

(taking into account the information about the value of the measure-

ment of A) is given by:

Epost(B|A = ai)t = Tr[ρpostai
(t)B] = 〈ψi, Bψi〉.

The transformation mapping the initial state ψ to one of the so-called

“posterior states” ρpostai
(t) is called “posterior dynamics” or selective

dynamics and depends on the result ai of the measurement of A.

As it is suggested by the collapse of the wave function, the non selective

dynamics maps pure states into mixed states, while the selective one maps

pure states into pure states. The relation between the posterior state and

the prior state is given by:

ρprior(t) =
∑

i

P (A = ai)ρ
post
ai

(t),

where P (A = ai) denotes the probability that the outcome of the measure-

ment of A is the eigenvalue ai and it is given by

P (A = ai) = |〈ψi, ψ〉|2.

We remark that

E(B)priort =
∑

i

Epost(B|A = ai)P (A = ai) . (5.10)

There are several efforts to include the process of measurement into the

traditional quantum theory and to deduce from its laws, instead of postu-

lating, both the process of decoherence (see point 1) and the collapse of

the wave function (point 2). In particular the aim of the quantum theory

of measurement is a description of the process of measurement taking into

account the properties of the measuring apparatus, which is handled as

a quantum system, and its interaction with the system submitted to the

measurement [92, 62]. Even if also this approach is not completely satis-

factory (also in this case one has to postulate the collapse of the state of
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the compound system “measuring apparatus plus observed system”), it is

able to give a better description of the process of measurement.

An interesting result of the quantum theory of measurement is the so-

called “Zeno effect”, which seems to forbid a satisfactory description of

continuous measurements. Indeed if a sequence of “ideal”2 measurements

of an observable A with discrete spectrum is performed and the time in-

terval between two measurements is sufficiently small, then the observed

system does not evolve. In other words a particle whose position is con-

tinuously monitored cannot move. This result is in apparent contrast with

the experience: indeed in a bubble chamber repeated measurements of the

position of microscopical particles are performed without “freezing” their

state. For a detailed description of the quantum Zeno paradox see for

instance [229, 80, 240].

An heuristic Feynman path integral description of the process of quan-

tum measurement has been proposed by several authors, in particular by

M.B. Mensky [225, 226], who considers the selective dynamics of a particle

whose position is continuously observed. According to Mensky the state

of the particle at time t if the observed trajectory is the path ω(s)s∈[0,t] is

given by the “restricted path integrals”

ψ(t, x, ω) = “

∫

{γ(t)=x}
e

i
~
St(γ)e−λ

∫ t
0
(γ(s)−ω(s))2dsφ(γ(0))Dγ, ” (5.11)

where λ ∈ R+ is a real positive parameter which is proportional to the

accuracy of the measurement. Heuristically formula (5.11) suggests that, as

an effect of the correction term e−λ
∫ t
0
(γ(s)−ω(s))2ds due to the measurement,

the paths γ giving the main contribution to the integral (5.11) are those

closer to the observed trajectory ω.

As one looks to the observed trajectory ω in Eq. (5.11) as a random vari-

able and to the state ψ(t, x, ω), t ≥ 0 as a stochastic process, it is natural to

think at Eq. (5.11) as the Feynman path integral implementation of a quan-

tum stochastic dynamics. Indeed in the physical and in the mathematical

literature a class of stochastic Schrödinger equations giving a phenomeno-

logical description of quantum measurements has been proposed by several

authors, see for instance [59, 50, 51, 105, 226, 138]. Let us consider for in-

stance Belavkin equation, a stochastic Schrödinger equation describing the

selective dynamics of a d−dimensional particle submitted to the measure-

ment of one of its (possible M−dimensional vector) observables, described
2A measurement is called ideal if the correlation between the state of the measuring

apparatus and the state of the system after the measurement is maximal.
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by the self-adjoint operator R on L2(Rd):




dψ(t, x) = − i
~
Hψ(t, x)dt− λ

2R
2ψ(t, x)dt +

√
λRψ(t, x)dB(t)

ψ(0, x) = ψ0(x) (t, x) ∈ [0, T ]× Rd.
(5.12)

H is the quantum mechanical Hamiltonian, B is an M−dimensional Brow-

nian motion on a probability space (Ω,F ,P) (see section A.2), dB(t) is the

Ito differential and λ > 0 is a coupling constant, which is proportional to the

accuracy of the measurement. In the particular case of the description of

the continuous measurement of position one has R = x (the multiplication

operator), so that equation (5.12) assumes the following form:




dψ(t, x) = − i
~
Hψ(t, x)dt− λ

2x
2ψ(t, x)dt +

√
λxψ(t, x)dB(t)

ψ(0, x) = ψ0(x) (t, x) ∈ [0, T ]× Rd.
(5.13)

Belavkin derives equation (5.12) by modeling the measuring apparatus (but

it is better to say “the informational environment”) by means of a one-

dimensional bosonic field and by assuming a particular form for the inter-

action Hamiltonian between the field and the system on which the mea-

surement is performed. The resulting dynamics is such that there exists

a family of mutually commuting Heisenberg operators of the compound

system, denoted by X(t)t∈[0,T ], such that:

[X(t), X(s)] = 0, s, t ∈ [0, T ],

(on a dense domain in L2(Rd)). In this description the concept of trajec-

tory of X is meaningful, even from a quantum mechanical point of view.

Furthermore the “non-demolition principle” is fulfilled: the measurement

of any future Heisenberg operator Z(t) of the system is compatible with

the measurement of the trajectory of X up to time t, that is:

[Z(t), X(s)] = 0, s < t,

(on a dense domain in L2(Rd)). The measured observable R is connected

to the operator X by the following relation

X(t) = R(t) + λ(Bt + B+
t ), (5.14)

(where (Bt + B+
t ) is a quantum Brownian motion [166]). Equation (5.14)

shows how the measurement of X(t) gives some (indirect and not precise)

information on the value of R, overcoming the problems of quantum Zeno

paradox. Indeed we are dealing with “unsharp” in spite of “ideal” mea-

surements.
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For an alternative derivation of Eq. (5.13), we point out to the reader

the appendix A of [207], where a physically intuitive model of unsharp

continuous quantum measurement is proposed, as well as a Feynman path

integral representation of the state ψ analogous to Eq. (5.11).

In section 5.3 we shall realize, in terms of infinite dimensional oscillatory

integrals, a Feynman path integral representation of the solution of Belavkin

equation (5.13):

ψ(t, x) =

∫̃
e

i
2~

∫ t
0
|γ̇(s)|2ds−λ

∫ t
0
|γ(s)+x|2dse−

i
~

∫ t
0
V (γ(s)+x)ds

e
∫ t
0

√
λ(γ(s)+x)·dB(s)ψo(γ(0) + x)dγ (5.15)

and therefore we shall give a rigorous mathematical meaning to Mensky’s

heuristic formula (5.11).

5.2 The Feynman-Vernon influence functional

Let us introduce a particular type of infinite dimensional oscillatory integral

on a real separable Hilbert space H which will be used in the mathematical

definition of double Feynman path integrals of the form (5.8).

Definition 5.1. A Borel measurable function f : H×H → C is called Fres-

nel integrable if for any sequence {Pn} of projectors onto n-dimensional

subspaces of H, such that Pn ≤ Pn+1 and Pn → 1 strongly as n → ∞
(1 being the identity operator in H), the finite dimensional oscillatory in-

tegrals (suitably normalized)

(2π~)−n
∫ ◦

PnH

∫ ◦

PnH
e

i
2~

〈Pnx,Pnx〉e−
i

2~
〈Pny,Pny〉f(Pnx, Pny)d(Pnx)d(Pny)

are well defined (in the sense of definition 2.1) and the limit

lim
n→∞

(2π~)−n

∫ ◦

PnH

∫ ◦

PnH
e

i
2~

〈Pnx,Pnx〉
e
− i

2~
〈Pny,Pny〉

f(Pnx, Pny)d(Pnx)d(Pny)

exists and is independent of the sequence {Pn}. In this case the limit is

denoted by

∫̃ ∫̃
e

i
2~

〈x,x〉e−
i

2~
〈y,y〉f(x, y)dxdy.

For the integrals of definition 5.1 it is possible to prove a result analogous

to theorem 2.5.
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Theorem 5.1. Let L : H → H be a trace-class operator, such that I − L

is invertible, and let f : H×H → C be the Fourier transform of a complex

bounded variation measure µf on H×H. Then the integral
∫̃ ∫̃

e
i
2~

〈x,x〉e−
i

2~
〈y,y〉e−

i
2~

〈x−y,L(x+y)〉f(x, y)dxdy

is well defined and is equal to

1

det(I − L)

∫

H

∫

H
e−

i~

2 〈α+β,(I−L)−1(α−β)〉dµf (α, β) ,

where det(I − L) is the Fredholm determinant of I − L.

Proof. Let us consider a sequence {Pn} of projectors onto n-dimensional

subspaces of H, such that Pn ≤ Pn+1 and Pn → 1 strongly as n→ ∞. The

finite dimensional approximations of the oscillatory integral
∫̃ ∫̃

e
i
2~

〈x,x〉e−
i

2~
〈y,y〉e−

i
2~

〈x−y,L(x+y)〉f(x, y)dxdy

are given by

1

(2π~)n

∫ ◦

PnH

∫ ◦

PnH
e

i
2~

〈xn−yn,(In−Ln)(xn+yn)〉f(xn, yn)dxndyn ,

where xn = Pnx, x ∈ H, and In−Ln = I |PnH −PnLPn. The finite dimen-

sional approximations are defined by the following sequence of regularized

integrals:

lim
ε→0

1

(2π~)n

∫

PnH

∫

PnH
e

i
2~

〈xn−yn,(In−Ln)(xn+yn)〉
φ(εxn, εyn)f(xn, yn)dxndyn ,

with φ ∈ S(Rn × Rn), φ(0) = 1.

Since I − L is invertible, for any sequence {Pn} of projectors there exists

an n̄ such that for any n ≥ n̄ the operator Pn(I − L)Pn is invertible and

thus det(In −Ln) 6= 0. Hence, for n ≥ n̄, by introducing the new variables

zn = xn − yn and wn = xn + yn, and by Fubini theorem, the integral can

be written as

lim
ε→0

1

(4π~)n

∫

PnH

∫

PnH

(∫

PnH

∫

PnH
ei〈α,

zn+wn
2 〉+i〈β,wn−zn

2 〉e
i

2~
〈zn,(In−Ln)wn〉

×φT (εzn, εwn) dzndwn

)
dµn(α, β) ,

where µn ∈ F(PnH × PnH) is defined as µn = µ ◦ Pn and φT ∈ S(PnH
× PnH) as

φT (zn, wn) = φ

(
zn + wn

2
,
wn − zn

2

)
.



March 27, 2009 10:32 World Scientific Book - 9in x 6in MathematicalFeynman

Open Quantum Systems 157

If we write the function φT in terms of its Fourier transform and apply

Fubini again, the integrals over the variables zn and wn become
∫

PnH

∫

PnH
ei〈α,

zn+wn
2 〉+i〈β,wn−zn

2 〉e
i

2~
〈zn,(In−Ln)wn〉φT (εzn, εwn) dzndwn

=

(
~
π

)n
det(In − Ln)

−1

∫

PnH

∫

PnH
e

−i~

2 〈α+β−2εγn,(In−Ln)−1(α−β−2εδn)〉

φ̂T (γn, δn)dγndδn .

Lebesgue’s dominated convergence theorem allows us to exchange limit and

integrals. Thus, by taking into account that
∫

PnH

∫

PnH
φ̂T (γn, δn)dγndδn = (2π)2nφT (0, 0),

we obtain

det(In − Ln)
−1

∫

PnH

∫

PnH
e−

i~

2 〈α+β,(In−Ln)−1(α−β)〉dµn(α, β) .

The statement follows by taking the limit n → ∞, since det(In − Ln)

converges to det(I − L) (see section 2.4). �

The next result is a straightforward consequence of Theorem 5.1.

Corollary 5.1. Under the assumptions of Theorem 5.1, the functional

f ∈ F(H×H) 7→
∫̃ ∫̃

e
i
2~

〈x,x〉e−
i

2~
〈y,y〉e−i〈x−y,L(x+y)〉f(x, y)dxdy

is continuous in the F(H×H)-norm.

For the applications that will follow, it is convenient to introduce the

following Fubini-type theorem on the change of order of integration between

oscillatory integrals and Lebesgue integrals.

Let {µα|α ∈ Rd} be a family in M(H). We denote by
∫

Rd µαdα the

measure defined by

f 7→
∫

Rd

∫

H
f(x)dµα(x)dα, f ∈ C0(H),

whenever it exists.

Theorem 5.2. Let L : H → H be as in the assumptions of Theorem 5.1

and let µ : Rd → M(H×H), α 7→ µα, be a continuous map such that
∫

Rd

|µα|dα <∞.
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Further, for any α ∈ Rd, let fα ∈ F(H×H) be given by

fα(x, y) = µ̂α(x, y), (x, y) ∈ H×H.
Then

∫
Rd fαdα ∈ F(H×H) and

∫

Rd

∫̃

H

∫̃

H
e

i
2~

〈x,x〉e−
i
2~

〈y,y〉e−
i

2~
〈x−y,L(x+y)〉fα(x, y)dxdydα

=

∫̃

H

∫̃

H
e

i
2~

〈x,x〉e−
i

2~
〈y,y〉e−

i
2~

〈x−y,L(x+y)〉
∫

Rd

fα(x, y)dαdxdy . (5.16)

Proof. Since fα is assumed to be the Fourier transform of µα, by Fubini’s

theorem ∫

Rd

fαdα =

∫

Rd

∫

H×H
ei〈k,x〉+i〈h,y〉dµα(k, h)dα

=

∫

H×H
ei〈k,x〉+i〈h,y〉

∫

Rd

dµα(k, h)dα ,

so that
∫

Rd fαdα ∈ F(H×H).

By applying Theorem 5.1 to the left hand side of (5.16), we obtain
∫

Rd

∫̃

H

∫̃

H
e

i
2~

〈x,x〉e−
i
2~

〈y,y〉e−
i
2~

〈x−y,L(x+y)〉fα(x, y)dxdydα

= det(I − L)−1

∫

Rd

∫

H

∫

H
e−

i~

2 〈k+h,(I−L)−1(k−h)〉dµα(k, h)dα .

By the usual Fubini theorem the latter is equal to

det(I − L)−1

∫

H

∫

H
e−

i~

2 〈k+h,(I−L)−1(k−h)〉
∫

Rd

dµα(k, h)dα .

But this expression, by theorem 5.1, is equal to the r.h.s. of (5.16). �

We can now apply these results to the mathematical realization of

the Feynman-Vernon influence functional in the Caldeira-Leggett model

[120, 63, 11].

Let us consider the Cameron-Martin space Ht, i.e. the Hilbert space

of absolutely continuous paths γ : [0, t] → R, such that γ(t) = 0 and∫ t
0
|γ̇(s)|2ds <∞, endowed with the inner product

〈γ1, γ2〉 =

∫ t

0

γ̇1(s)γ̇2(s)ds .

Let L : Ht → Ht be the trace-class symmetric operator on Ht given by

(Lγ)(s) =

∫ t

s

ds′
∫ s′

0

ds′′γ(s′′), γ ∈ Ht .
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Further let Hd
t = ⊕di=1Ht and let Ld : Hd

t → Hd
t denote the operator defined

by

Ld = L(1) ⊗ L(2) ⊗ · · · ⊗ L(d) ,

where L(j) = I⊗· · ·⊗I⊗L⊗I · · ·⊗I with L acting on the jth space. Given

a positive symmetric d× d matrix Ω, let LΩ : Hd
t → Hd

t be the trace-class

symmetric operator on Hd
t defined by

(LΩγ)(s) =

∫ t

s

ds′
∫ s′

0

(Ω2γ)(s′′)ds′′, γ ∈ Hd
t . (5.17)

Clearly, LΩγ = LdΩ2γ, for all γ ∈ Hd
t . One can easily verify that

〈γ1, LΩγ2〉 =

∫ t

0

γ1(s)Ω
2γ2(s)ds .

By lemma 3.1 and lemma 3.2, if t 6= [(n + 1/2)π]/Ωj , for any n ∈ N and

any eigenvalue Ωj of Ω, one has that the operator I −LΩ is invertible with

(I − LΩ)−1γ(s) = γ(s) − Ω

∫ t

s

sin(Ω(s′ − s))γ(s′)ds′

+ sin(Ω(t− s))

∫ t

0

(cosΩt)−1Ω cos(Ωs′)γ(s′)ds′ (5.18)

and

det(I − LΩ) = det(cos(Ωt))

(see lemmas 3.1 and 3.2).

Let v ∈ F(Rd) be a real bounded function and let H be the quantum

Hamiltonian, given on smooth vectors ψ ∈ S(Rd) by

Hψ(x) = −∆

2
ψ(x) +

1

2
xΩ2xψ(x) + v(x)ψ(x), x ∈ Rd.

Let Ut = e−
i
~
Ht be the unitary group generated by H . As we have seen in

chapter 3, given an initial datum ψ0 ∈ F(Rd) and assuming that t 6= [(n+

1/2)π]/Ωj , ∀n ∈ N, the solution of the Schrödinger equation ψ(t) = Utψ0 is

given by an infinite dimensional oscillatory integral on the Cameron Martin

space Ht:

ψ(t, x) = e−
i

2~
xΩ2xt

∫̃

Hd
t

e
i

2~
〈γ,(I−LΩ)γ〉e−

i
~

∫ t
0
xΩ2γ(s)dse−

i
~

∫ t
0
v(γ(s)+x)ds

ψ0(γ(0) + x)dγ .
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(see theorem 3.2). This result can be generalized to the Feynman path

integral representation of the time evolution for a mixed state, represented

by a density matrix.

Theorem 5.3. Let ρ0 be a density matrix operator on L2(Rd), such that

ρ0 admits a regular kernel ρ0(x, y), x, y ∈ Rd. Let us assume moreover

that ρ0 admits a decomposition into pure states of the form ρ0(x, y) =∑
i λiei(x)ēi(y), with λi > 0,

∑
i λi = 1, 〈ei, ej〉L2(Rd) = δij , and ei(x) =

µ̂i(x), satisfying

∑

i

λi|µi|2 <∞. (5.19)

Let t 6= [(n + 1/2)π]/Ωj, ∀n ∈ N. Then the density matrix operator ρt at

time t, ρt = Utρ0U
†
t , admits a smooth kernel ρt(x, y), which is given by the

infinite dimensional oscillatory integral

e−
i

2~
(xΩ2x−yΩ2y)t

∫̃

Hd
t

∫̃

Hd
t

e
i

2~
〈γ,(I−LΩ)γ〉e−

i
2~

〈γ′,(I−LΩ)γ′〉 (5.20)

e−
i
~

∫ t
0
(xΩ2γ(s)−yΩ2γ′(s))dse−

i
~

∫ t
0
(v(γ(s)+x)−v(γ′(s)+y))ds

ρ0(γ(0) + x, γ′(0) + y)dγdγ′ .

Proof. By decomposing ρ into pure states, by Corollary 5.1, and by

condition (5.19), the integral (5.20) is equal to

∑

i

λi

(
e−

i
2~

xΩ2xt
∫̃

Hd
t

e
i
2~

〈γ,(I−LΩ)γ〉e−
i
~

∫ t
0 xΩ2γ(s)dse−

i
~

∫ t
0 v(γ(s)+x)dsei(γ(0) + x)dγ

)

(
e

i
2~

yΩ2yt
∫̃

Hd
t

e−
i
2~

〈γ′,(I−LΩ)γ′〉e
i
~

∫ t
0 yΩ2γ′(s)dse

i
~

∫ t
0 v(γ′(s)+y)dse∗i (γ(0) + y)dγ

)

=
∑

i

λi

(
e−

i
2~

xΩ2xt̃
∫

Hd
t

e
i
2~

〈γ,(I−LΩ)γ〉e−
i
~

∫ t
0xΩ2γ(s)dse−

i
~

∫ t
0v(γ(s)+x)dsei(γ(0) + x)dγ

)

(
e−

i
2~

yΩ2yt
∫̃

Hd
t

e
i
2~

〈γ′,(I−LΩ)γ′〉e−
i
~

∫
t
0 yΩ2γ′(s)dse−

i
~

∫
t
0 v(γ′(s)+y)dsei(γ(0) + y)dγ

)
.

This is equal to
∑

i

λiUtei(x)(Utei)(y) = ρt(x, y) ,

(where for z ∈ C, z̄ denotes the conjugate of the complex number z). �
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Heuristically, expression (5.20) can be written as a double Feynman path

integral:

“

∫ ∫
e

i
~
(St(γ+x)−St(γ

′+y))ρ0(γ(0) + x, γ′(0) + y)dγdγ′ ”.

Let us consider now the time evolution of a quantum system made of

two linearly interacting subsystems A and B. Let us assume that A is

d−dimensional, B is N−dimensional and the quantum mechanical Hamil-

tonian of the compound system is given by Eq. (5.6). Let us assume that the

density matrix of the compound system factorizes as ρAB = ρAρB and has

a regular kernel ρAB(x, y,R,Q) = ρA(x, y)ρB(R,Q). We are going to see

how it is possible to construct an infinite dimensional oscillatory integral

realization for the Feynman path integral (5.8) representing the reduced

density operator at time t, namely∫ (
e−

i
~
HABtρABe

i
~
HABt

)
(x, y,R,R)dR .

Heuristically:

“

∫ ∫
γ(t)=x
Γ(t)=R

∫
γ′(t)=y
Γ′(t)=R

e
i
~
(SA(γ)+SB(Γ)+SINT (γ,Γ)−SA(γ′)−SB(Γ′)−SINT (γ′,Γ′))

× ρA(γ(0), γ′(0))ρB(Γ(0),Γ′(0))DγDγ′DΓDΓ′dR ”, (5.21)

where γ, resp. Γ, represents a generic path in the configuration space of

the system, resp. of the reservoir, and

SA(γ) + SB(Γ) + SINT (γ,Γ)

=

∫ t

0

(
M

2
γ̇2(s) − M

2
γ(s)Ω2

Aγ(s) − vA(γ(s))

)
ds

+

∫ t

0

(m
2

Γ̇2(s) − m

2
Γ(s)Ω2

BΓ(s) − vB(Γ(s))
)
ds−

∫ t

0

γ(s)CΓ(s)ds .

If we rescale γ via γ → γ/
√
M and Γ via Γ → Γ/

√
m, formula (5.21)

becomes

“

∫ ∫

γ(t)=
√
Mx

Γ(t)=
√
mR

∫

γ′(t)=
√
My

Γ′(t)=
√
mR

e
i
2~

∫ t
0

(
γ̇2(s)−γ(s)Ω2

Aγ(s)−2vA

(
γ(s)√

M

))
ds

e
i
2~

∫
t
0

(
Γ̇2(s)−Γ(s)Ω2

BΓ(s)−2vB

(
Γ(s)√

m

))
ds

e
− i

~

∫
t
0
γ(s) C√

mM
Γ(s)ds

e
− i

2~

∫ t
0

(
|γ̇′|2(s)−γ′(s)Ω2

Aγ
′(s)−2vA

(
γ′(s)√

M

))
ds

e
− i

2~

∫ t
0

(
(Γ̇′)2(s)−Γ′(s)Ω2

BΓ′(s)−2vB

(
Γ′(s)√

m

))
ds
e

i
~

∫
t
0
γ′(s) C√

mM
Γ′(s)ds

ρA

(
γ(0)√
M
,
γ′(0)√
M

)
ρB

(
Γ(0)√
m
,
Γ′(0)√
m

)
DγDγ′DΓDΓ′dR ”.
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Let

Ω2
AB =

(
Ω2
A C ′

C ′T Ω2
B

)
, (5.22)

where C ′ = C/
√
Mm, and define for simplicity LAγ = LΩAγ, LBΓ =

LΩBΓ, and LAB(γ,Γ) = LΩAB (γ,Γ).

Formula (5.21) can be made completely rigorous under suitable as-

sumptions. In the following we shall assume without loss of generality

that m = M = 1. The result in the general case can be obtained by re-

placing C, vA, vB , ρA0 , and ρB0 by C ′ = C/
√
mM , v′A( · ) = vA( · /

√
M),

v′B( · ) = vB( · /√m), ρ′A( · ) = ρA( · /
√
M) and ρ′B( · ) = ρB( · /√m) respec-

tively.

Theorem 5.4. Let ρA and ρB be two density matrix operators on L2(Rd)
and L2(RN ), respectively, with regular kernels ρA(x, x′) and ρB(R,R′) and

such that they decompose into sums of pure states:

ρA =
∑

i

wAi PψA
i
, ρB =

∑

j

wBj PψB
j
, (5.23)

with ψAi ∈ F(Rd), ψBj ∈ F(RN ), and
∑

i,j

wAi w
B
j |µAi |2|µBj |2 <∞. (5.24)

Further let ρB ∈ S(RN × RN ). Let t satisfy the following assumptions

t 6= [(n+ 1/2)π]/ΩAj , n ∈ N , j = 1 . . . d , (5.25)

t 6= [(n+ 1/2)π]/ΩBj , n ∈ N , j = 1 . . .N , (5.26)

t 6= [(n+ 1/2)π]/λj , n ∈ N , j = 1 . . . d+N , (5.27)

with ΩAj ,Ω
B
j , λj being respectively the eigenvalues of ΩA,ΩB ,ΩAB. Let us

assume moreover that the determinant of the d × d left upper block of the

matrix cos(ΩABt) is non-vanishing.

Then the kernel ρR(t, x, y) of the reduced density operator of the system

A evaluated at time t is given by

ρR(t, x, y)

= e−
it
2~
xΩ2

Axe
it
2~
yΩ2

Ay

∫̃

Hd
t

∫̃

Hd
t

e
i
2~

〈γ,(Id−LA)γ〉e−
i
2~

〈γ′,(Id−LA)γ′〉

e−
i
~

∫
t
0 (xΩ2

Aγ(s)ds−yΩ2
Aγ

′(s))dse−
i
~

∫ t
0
(vA(γ(s)+x)−vA(γ(s)+y))ds

F (γ, γ′, x, y)ρA(γ(0) + x, γ′(0) + y)dγdγ′ , (5.28)
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where F (γ, γ′, x, y) is the influence functional

F (γ, γ′, x, y)

=

∫

RN

e−
it
~
xCRe+

it
~
yCRe−

i
~

∫ t
0
(γ(s)−γ′(s))CRds

∫̃

HN
t

∫̃

HN
t

e
i
2~

〈Γ,(IN−LB)Γ〉e−
i

2~
〈Γ′,(IN−LB)Γ′〉e−

i
~
〈Γ,LNCT γ〉e

i
~
〈Γ′,LNCT γ′〉

e−
i
~

∫
t
0
RΩ2

B(Γ(s)−Γ′(s))dse−
i
~

∫
t
0
(xCΓ(s)−yCΓ′(s))ds

e−
i
~

∫ t
0 (vB(Γ(s)+R)−vB(Γ′(s)+R))ds

ρB(Γ(0) + R,Γ′(0) +R)dΓdΓ′dR .

Proof. The proof of the present theorem involves a large amount of com-

putation. We give here only the main steps and refer to [11] for more details.

First of all one has to prove that the functional (γ, γ ′) 7→ F (γ, γ′, x, y)
is well defined for any γ, γ ′ ∈ Hd

t , x, y ∈ Rd and is Fresnel integrable in

the sense of Definition 5.1. By decomposing the mixed state ρB into pure

states according to (5.23), the influence functional can be written as
∫

RN

∑

j

wBj ψ
B
j (x, γ;R)ψBj (y, γ′;R)dR ,

where ψBj (x, γ) is the solution of the Schrödinger equation on L2(RN ) with

Hamiltonian

H = −1

2
4R +

1

2
RΩ2

BR+ vB(R) + (x+ γ(t))CR = HB + (x + γ(t))CR

and initial state ψBj . In particular,
∫ t

0

γ(s)CΓ(s)ds = 〈LNCT γ,Γ〉 .

Because of the unitarity of the evolution operator, ‖ψBj (x, γ)‖L2(RN ) = 1

for any x ∈ Rd, γ ∈ Hd
t and, by Schwartz inequality,

∑

j

wBj

∫

RN

ψBj (x, γ;R)ψBj (y, γ′;R)dR

6
∑

j

wBj ‖ψBj (x, γ)‖L2(RN )‖ψBj (y, γ′)‖L2(RN ) =
∑

j

ωBj = 1 .

Thus we can conclude that F (γ, γ ′, x, y) is well defined for any x, y ∈ Rd

and γ, γ′ ∈ Hd
t .
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By exploiting the assumptions on vB ∈ F(Rn) and on ρB and by a large

amount of explicit computation, it is possible to see that F (γ, γ ′, x, y) has

the following form:

F (γ, γ′, x, y) = e−
i
2~

〈(γ−γ′),A(γ+γ′)〉f(γ, γ′)

with f ∈ F(Hd
t ⊕Hd

t ) and the operator A : Hd
t → Hd

t is given by

〈γ,Aγ′〉 = −
∫ t

0

CT γ(s)Ω−1
B

∫ s

0

sin(ΩB(s− r))CT γ′(r)drds.

Hence one has to verify that the operator (I − LA − A) : Hd
t → Hd

t is

invertible. In fact a vector γ ∈ Hd
t belongs to the kernel of the operator

I − LA −A, if it satisfies the following equation for all s ∈ [0, t]:

γ(s) −
∫ t

s

ds′
∫ s′

0

Ω2
Aγ(s

′′)ds′′

+

∫ t

s

ds′
∫ s′

0

ds′′
∫ s′′

0

CΩ−1
B sin(ΩB(s′′ − r))CT γ(r)dr = 0 ,

(5.29)

with γ(t) = 0. By differentiating twice, (5.29) becomes
{
γ̈(s) + Ω2

Aγ(s) −
∫ s
0
CΩ−1

B sin(ΩB(s− r))CT γ(r)dr = 0 ,

γ(t) = 0 = γ̇(0) .

By further differentiating (5.29), one can see that its solution, if it exists,

is a C∞-function and its odd derivatives, evaluated for s = 0, vanish, while

the even derivatives satisfy the following relation:

γ2(M+2)(0) + Ω2
Aγ

2(M+1)(0) −
M∑

k=0

(−1)kCΩ2k
B C

T γ2(M−k)(0) = 0 .

By induction it is possible to prove that γ2M (0) = (−1)M [Ω2M
AB ]d×dγ(0),

where [Ω2M
AB ]d×d denotes the d × d left upper block of the M -th power of

the matrix Ω2
AB . One can conclude that the solution of equation (5.29) is of

the form γ(s) = [cos(ΩABs)]d×dγ(0). By imposing the condition γ(t) = 0,

one concludes that if det([cos(ΩABt)]d×d) 6= 0 then equation (5.29) cannot

admit nontrivial solutions and the operator I−LA−A is invertible. Hence,

by theorem 5.1, we can finally conclude that the influence functional is a

Fresnel integrable function.

The second step is the proof that the reduced density operator ρR(t, x, y)

of the system A is given by the infinite dimensional oscillatory integral

(5.28). this results follows from a regularization procedure and by theorems

5.3, 5.2 and corollary 5.1 (see [11] for further details). �
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This result can now be applied to the Caldeira-Leggett model [63], describ-

ing the influence of a heat bath on a quantum Brownian particle. The heat

bath is described by a finite number of oscillators and thus vB = 0. Further

the model presumes that the environment is initially in equilibrium at tem-

perature T , i.e. that its initial density ρB(R,Q) is a product of Gaussian

functions: ρB(R,Q) =
∏N
j=1 ρ

(j)
B (Rj , Qj , 0), where

ρ
(j)
B (Rj , Qj , 0) =

√
mΩBj

π~ coth(~ΩBj /2kT )

e
−
(

mΩB
j

2~ sinh(~ΩB
j

/kT )

(
(R2

j+Q2
j ) cosh

~ΩB
j

kT −2RjQj

))

with ΩBj , j = 1 . . .N , the eigenvalues of the matrix ΩB .

By a direct computation and by exploiting the results of theorem 5.4

the influence functional becomes

F (γ, γ′, x, y) (5.30)

= e
i
2~

∫
t
0
CT (γ(s)+x−γ′(s)−y)Ω−1

B

∫
s
0

sin(ΩB(s−r))CT (γ(r)+x+γ′(r)+y)drds

e
− 1

2~

∫
t
0
CT (γ(s)+x−γ′(s)−y)Ω−1

B coth
(

~ΩB
2kT

)∫
s
0

cos(ΩB(s−r))CT(γ(r)+x−γ′(r)−y)drds
,

which yields the result heuristically derived in [121, 63].

In Theorem 5.4 the allowed values of the time variable t are restricted by

conditions (5.25), (5.26), and (5.27), as well as by det[cos(ΩABt)]d×d 6= 0.

Since the influence functional (5.30) is well defined also for the excluded

values of t, we can extend the formula “by continuity” to all times.

5.3 The stochastic Schrödinger equation

In order to realize the heuristic Feynman path integrals (5.11) and (5.15), it

is necessary to generalize definition 2.4 and theorem (2.5) to complex-valued

phase functions.

Let H be a real separable Hilbert space and let us denote by HC its

complexification. An element x ∈ HC is a couple of vectors x = (x1, x2),

with x1, x2 ∈ H, or with a different notation x = x1 + ix2. The multiplica-

tion of the vector x ∈ HC for the pure imaginary scalar i =
√
−1 is given

by ix = (−x2, x1). A vector y ∈ H can be seen as the element (y, 0) ∈ HC.

With an abuse of notation, let us denote with A the extension to HC of a

linear operator A : D(A) ⊆ H → H:

A : DC(A) ⊆ HC → HC, DC(A) = D(A) + iD(A),
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Ax = A(x1, x2) = (Ax1, Ax2).

Let dim(H) = 1, i.e. H = R, HC = C. Then, for any f ∈ F(R), f = µ̂f ,

and any complex constant α ∈ C, α 6= 0, Im(α) ≥ 0, one can easily prove

the following equality

∫̃

R

e
iα
2~
x2

f(x)dx = α−1/2

∫

R

e
−i~

2α x2

dµf (x) . (5.31)

The proof is completely similar to the proof of theorem 2.2.

More generally, given α ∈ C, α 6= 0, Im(α) > 0 and β ∈ R

∫̃

R

e
iα
2~
x2

eβxf(x)dx = α−1/2

∫

R

e
−i~

2α (x−iβ)2dµf (x) . (5.32)

Such a result can be generalized to the infinite dimensional case

[22, 23, 13]:

Theorem 5.5. Let H be a real separable Hilbert space, let y ∈ H be a vector

in H and let L1 and L2 be two self-adjoint, trace class commuting operators

on H such that I + L1 is invertible and L2 is non negative. Let moreover

f : H → C be the Fourier transform of a complex bounded variation measure

µf on H:

f(x) = µ̂f (x), f(x) =

∫

H
ei〈x,k〉dµf (k).

Then the function g : H → C given by

g(x) = e
i
2~

〈x,Lx〉e〈y,x〉f(x)

(L being the operator on the complexification HC of the real Hilbert space

H given by L = L1 + iL2) is Fresnel integrable (in the sense of definition

2.4) and its Fresnel integral

∫̃

H
e

i
2~

〈x,(I+L)x〉e〈y,x〉f(x)dx

can be explicitly computed by means of the following Parseval type equality:

∫̃

H
e

i
2~

〈x,(I+L)x〉e〈y,x〉f(x)dx

= det(I + L)−1/2

∫

H
e

−i~

2 〈k−iy,(I+L)−1(k−iy)〉dµf (k) . (5.33)
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Proof. First of all one can notice that both sides of Eq. (5.33) are well

defined. Indeed one can easily prove that (I + L) : HC → HC is invertible,

if (I + L1) is invertible and that det(I + L) exists as L is trace class.

On the other hand the function on f1 : H → C

f1(x) = e−
1
2~

〈x,L2x〉e〈y,x〉f(x)

where y ∈ H and f ∈ F(H), f(x) = µ̂f (x), µf ∈ M(H) is the Fourier

transform of a complex bounded variation measure µ on H. In fact µ is the

convolution of µf and the measure ν, with

ν(dx) = e
~

2 〈y,L
−1
2 y〉−i~〈y,L−1

2 x〉µL2(dx),

where µL2 is the Gaussian measure on H with covariance operator L2/~.

By theorem 2.5 the Fresnel integral of the function g is well defined and

can be explicitly computed:

∫̃

H
e

i
2~

〈x,(I+L)x〉e〈y,x〉f(x)dx =

∫̃

H
e

i
2~

〈x,(I+L1)x〉e−
1
2~

〈x,L2x〉e〈y,x〉f(x)dx

= det(I + L1)
−1/2

∫

H
e

−i~

2 〈x,(I+L1)
−1x〉µf ∗ ν(dx)

= det(I + L1)
−1/2

∫

H

∫

H
e

−i~

2 〈x+z,(I+L1)
−1(x+z)〉µf (dz)ν(dx)

= det(I + L1)
−1/2

∫

H

∫

H
e

−i~

2 〈x+z,(I+L1)
−1(x+z)〉

e
~

2 〈y,L
−1
2 y〉−i~〈y,L−1

2 x〉µL2(dx)µf (dz) . (5.34)

Equation (5.33) can be proved by taking the finite dimensional approxima-

tion of the last line of equation (5.34) and of the right hand side of (5.33)

and showing they coincide (see [13] for more details). �

Let us consider now Belavkin equation (5.13) describing the posterior

dynamics of a quantum particle, whose position is continuously observed.

Equation (5.13) can also be written in the Stratonovich equivalent form:
{
dψ = − i

~
Hψdt− λ|x|2ψdt+

√
λxψ ◦ dB(t)

ψ(0, x) = ψ0(x) t ≥ 0, x ∈ Rd
(5.35)

The existence and uniqueness of a strong solution of equations (5.13)

and (5.35)3 is proved in [138]. We shall prove that it can be represented by

an infinite dimensional oscillatory integral on a suitable Hilbert space.
3A strong solution for the stochastic equation (5.35) is a predictable process with values

in H = L2(Rd), such that:
ψ(t) ∈ D(−i/~H − λ|x|2) P-a.s.
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Let us consider the Cameron Martin space Ht and let HC
t be its com-

plexification. Let L : HC
t → HC

t be the linear operator on HC
t defined

by

〈γ1, Lγ2〉 = −a2

∫ t

0

γ1(s) · γ2(s)ds,

where a2 = −2iλ~. The j−th component of Lγ, Lγ = (Lγ1, . . . , Lγd), is

given by

(Lγ)j(s) = 2iλ~
∫ t

s

ds′
∫ s′

0

γj(s
′′)ds′′ j = 1, . . . , d . (5.37)

As we have seen in section 3.1, the operator iL : Ht → Ht is self-adjoint

with respect to the Ht-inner product, it is trace-class and the Fredholm

determinant of (I + L) is given by:

det(I + L) = cos(at).

Moreover (I + L) is invertible and its inverse is given by:

[(I + L)−1γ]j(s) = γj(s) − a

∫ t

s

sin[a(s′ − s)]γj(s
′)ds′

+ sin[a(t− s)]

∫ t

0

[cosat]−1a cos(as′)γj(s
′)ds′, j = 1, . . . , d.

For any ω ∈ Ct, let us introduce the vector l ∈ Ht defined by

〈l, γ〉 = −
√
λ

∫ t

0

ω(s) · γ̇(s)ds =
√
λ

∫ t

0

γ(s) · dB(s), (5.38)

l(s) =
√
λ

∫ t

s

ω(τ)dτ.

With this notation, we can apply the theorem 5.5 and prove that, under

suitable assumptions on the potential V and the initial wave function ψ0,

P

( ∫ T
0

(‖ψ(t)‖2 + ‖(−i/~H − λ|x|2)ψ‖2) dt < ∞
)

= 1

P

( ∫ T
0

‖|x|ψ(t) dt‖2 <∞
)

= 1 and

P a.s. for all t ∈ [0, T ]:

{
dψ = − i

~
Hψdt − λ|x|2ψdt +

√
λx · ψ ◦ dB(t) t ≥ 0, x ∈ Rd

ψ(0, x) = ψ0(x) .
(5.36)
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the heuristic expression (5.15) can be realized as the infinite dimensional

oscillatory integral with complex phase on the Cameron-Martin space Ht:

C(t, x, ω)

∫̃

Ht

e
i

2~
〈γ,(I+L)γ〉e〈l,γ〉e−2λx·

∫
t
0
γ(s)dse−

i
~

∫
t
0
V (γ(s)+x)dsψ0(γ(0)+x)dγ

(5.39)

where C(t, x, ω) = e−λ|x|
2+

√
λx·ω(t) is a constant depending on t, x ∈ Rd,

ω ∈ Ct. Indeed the integrand exp( i
2~

Φ) in (5.15), where

Φ(γ) ≡
∫ t

0

|γ̇(s)|2ds+ 2i~λ
∫ t

0

|γ(s) +x|2ds− 2i~
∫ t

0

√
λ(γ(s) + x) · dB(s),

can be rigorously defined as the functional on the Cameron Martin space

Ht given by

Φ(γ) = 〈γ, (I+L)γ〉−2i~〈l, γ〉−2~
∫ t

0

a2x ·γ(s)ds−a2|x|2t−2i~
√
λx ·ω(t),

where L is the operator (5.37) and l is the vector (5.38).

By means of theorem 5.5 one can compute the integral (5.39) in terms of

an absolutely convergent integral on Ht. Moreover it is possible to prove it

represents the solution of Belavkin equation (5.35) (see [13]).

Theorem 5.6. Let V and ψ0 be Fourier transforms of complex bounded

variation measures on Rd. Then there exist a (strong) solution to the

Stratonovich stochastic differential equation (5.35) and it is given by the

infinite dimensional oscillatory integral with complex phase (5.39).

Remark 5.1. The result can be extended to general initial vectors ψ0 ∈
L2(Rd), using the fact that F(Rd) is dense in L2(Rd).

Proof. The proof is divided into 3 steps: in the first two we consider the

case V ≡ 0. First of all we deal with an approximated problem and we find

a representation for its solution via an infinite dimensional oscillatory inte-

gral, then we show that the sequence of approximated solutions converges

in a suitable sense to the solution of problem (5.35). In the final step we

introduce the potential V and show that the right hand side of (5.39) is in

fact the solution of the equation (5.35).

1. The solution of the approximated problem.

We approximate the trajectory t → ω(t) of the Wiener process by a se-

quence of smooth curves. More precisely we consider the sequence of func-

tions4

n

∫ t

t− 1
n

ω(s)d s ≡ ωn(t), n ∈ N.

4Here we denote, as usual, the trajectory of the Wiener process B(t) as ω(t).



March 27, 2009 10:32 World Scientific Book - 9in x 6in MathematicalFeynman

170 Mathematical Feynman Path Integrals and Applications

We have ωn → ω uniformly on [0, T ], more precisely

sups∈[0,T ] |wn(s) − w(s)| → 0 as n→ ∞ P a.s.

Let us consider the sequence of approximated problems:
{
dψn = − i

~
Hψndt− λ|x|2ψndt+

√
λx · ψndBn(t)

ψn(0, x) = ψ0(x)
(5.40)

where dBn(t) is an ordinary differential, i.e. dBn(t) = ω̇n(t)dt, and we can

also write:
{
ψ̇n = − i

~
Hψn − λ|x|2ψn +

√
λx · ψnω̇n(t)

ψn(0, x) = ψ0(x)
(5.41)

which can be recognized as a family of Schrödinger equations, with a com-

plex potential, labeled by the random parameter ω ∈ Ω.

Now we compute a representation of the solution of (5.41) by means

of an infinite dimensional oscillatory integral with complex phase, under

suitable assumptions on the (real) potential V and on the initial datum

ψn(0, x, ω) = ψ0(x).

We can write equation (5.41) in the following form:
{
ψ̇n = − i

~
(−~

2∆
2m − iλ~|x|2)ψn − i

~
V ψn +

√
λx · ψnω̇n(t)

ψn(0, x) = ψ0(x)
(5.42)

so that we can recognize in it the Schrödinger equation for an anharmonic

oscillator with a complex potential, i.e.
{
ψ̇n = − i

~
(−~

2∆
2m + a2

2 |x|2)ψn − i
~
Uψn

ψn(0, x) = ψ0(x)
(5.43)

where a2 = −2iλ~ and U = U(t, x, ω) = V (x) + i~
√
λx · ω̇n(t).

We introduce the sequence of vectors ln ∈ Ht defined by

〈ln, γ〉 =
√
λ

∫ t

0

γ(s) · ω̇n(s)ds = −
√
λ

∫ t

o

ωn(s) · γ̇(s)ds,

which is given by

ln(s) =
√
λ

∫ t

s

ωn(τ)dτ. (5.44)

First of all let us consider equation (5.35) with H replaced by the free

Hamiltonian H = −~2∆/2. The following result holds:
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Lemma 5.1. Let ψ0 ∈ S(Rd). Then the solution of the Cauchy problem:
{
ψ̇n(t, x) = i~

2 ∆ψn(t, x) − λ|x|2ψn(t, x) +
√
λx · ω̇n(t)ψn(t, x)

ψn(0, x) = ψ0(x), x ∈ Rd
(5.45)

is given by:

ψn(t, x) =

∫̃

Ht

e
i
2~

∫ t
0 |γ̇(s)|2ds−λ

∫ t
0 |γ(s)+x|2ds

e
√

λ
∫ t
0 (γ(s)+x)·ω̇n(s)ds

ψ0(γ(0) + x)dγ

(5.46)

(where the right hand side is interpreted as the infinite dimensional oscil-

latory integral of ψ0(γ(0) +x)e〈ln,γ〉 with complex quadratic phase function

〈γ, (I + L)γ〉/~, with Ht the Cameron-Martin space, ln the vector defined

by (5.44) and L the operator defined by (5.37).)

Proof. Formula (5.46) can be realized as

∫̃

Ht

e
i

2~

∫ t
0
|γ̇(s)|2ds−λ

∫ t
0
|γ(s)+x|2dse

√
λ
∫ t
0
(γ(s)+x)·ω̇n(s)dsψ0(γ(0) + x)dγ

= e
−ia2|x|2t

2~
+
√
λx·ωn(t)

∫̃

Ht

e
i
2~

〈γ,(I+L)γ〉e〈ln,γ〉
∫

Rd

eiα·xei〈b(α,x),γ〉ψ̃0(α)dαdγ

where b(α, x) ∈ Ht, precisely:

b(α, x)(s) = α(t− s) − xa2

2~
(t2 − s2),

One can directly verify that the function

f(γ) ≡
∫

Rd

eiα·xei〈b(α,x),γ〉ψ̃0(α)dα, γ ∈ Ht

is the Fourier transform of a measure µ ∈ M(Ht), that is:

µ(dγ) =

∫

Rd

eiα·xψ̃0(α)δb(α,x)(dγ)dα

so we can apply theorem 5.5 and the integral (5.46) is equal to:

e
−ia2|x|2t

2~
+
√
λ·ωn(t)

∫

Rd

eiα·x det(I + L)−1/2

e
−i~

2 〈b(α,x)−iln,(I+L)−1(b(α,x)−iln)〉ψ̃0(α)dα.

By simple calculations we get the final result:

ψn(t, x) =

∫

Rd

Gn(t, x, y)ψ0(y)d y,
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where Gn(t, x, y) is given by:

Gn(t, x, y) ≡ 1√
2πi~

√
a

sin(at)e
√
λx·ωn(t)−

√
λax

sin(at)
·
∫

t
0
ωn(s) cos(as)ds

e
i~λ
2

∫
t
0
|ωn(s)|2dse

i~λ
2 (−a

∫
t
0
ωn(s)·

∫
t
s
ωn(s′) sin[a(s′−s)]ds′ds)

·e i~λ
2 (−a

∫
t
0

sin(as)ωn(s)ds·
∫

t
0

cos(as)ωn(s)ds−a cot(at)|
∫

t
0

cos(as)ωn(s)ds|2)

e
i
2~

(cot(at)(|x|2+|y|2)− 2x·y
sin(at) ) · ea

√
λy·(cot(at)

∫ t
0

cos(as)ωn(s)ds+
∫ t
0

sin(as)ωn(s)ds)

(5.47)

which is, as one can easily directly verify, the fundamental solution to the

approximate Cauchy problem (5.40). �

2. The convergence of the sequence of approximated solutions.

We will prove the following result:

Lemma 5.2. The following equation{
dψ = − i

~
Hψdt− λ|x|2ψdt+

√
λx · ψ ◦ dB(t) t > 0

ψ(0, x) = ψ0(x), ψ0 ∈ S(Rd),
(5.48)

with H = −~2∆/2, has a unique strong solution given by the Feynman path

integral

ψ(t, x) =

∫̃
e

i
2~

∫ t
0
|γ̇(s)|2ds−λ

∫ t
0
|γ(s)+x|2dse

√
λ
∫ t
0
(γ(s)+x)·dB(s)

ψ0(γ(0) + x)dγ

rigorously realized as the infinite dimensional oscillatory integral with com-

plex phase on the Hilbert space Ht

e−λ|x|
2+

√
λx·ω(t)

∫̃

Ht

e
i
2~

〈γ,(I+L)γ〉e〈l,γ〉e−2λx·
∫

t
0
γ(s)dsψ0(γ(0) + x)dγ.

Moreover it can be represented by the process

ψ(t, x) =

∫

Rd

G(t, x, y)ψ0(y)dy

where

G(t, x, y) =
1√
2πi~

√
a

sin(at)
e
√
λx·ω(t)−

√
λax

sin(at)
·
∫ t
0

cos(as)ω(s)ds

e
i~λ
2 (−a

∫ t
0
ω(s)·

∫ t
s
ω(s′) sin[a(s′−s)]ds′ds)

·e i~λ
2 (−a

∫
t
0

sin(as)ω(s)ds·
∫

t
0

cos(as)ω(s)ds−a cot(at)|
∫

t
0

cos(as)ω(s)ds|2)

e
i
2~

(
cot(at)(|x|2+|y|2)− 2x·y

sin(at)

)
ea

√
λy· 1

sin(at) (
∫ t
0

cos[a(s−t)]ω(s)ds).
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Proof. Let us consider the sequence of approximated solutions

ψn(t, x) =

∫

Rd

Gn(t, x, y)ψ0(y)dy.

Using the dominated convergence theorem we have that:

P
(

lim
n→∞

∫

Rd

|ψn(t, x) − ψ̃(t, x)|2dx → 0
)

= 1 (5.49)

with ψ̃(t, x) =
∫

R
G(t, x, y)ψ0(y)dy, as:

lim
n→∞

|Gn(t, x, y) −G(t, x, y)| → 0

for all t ∈ [0, T ] and x, y ∈ Rd. Moreover, one can see by a direct computa-

tion that a =
√
−2i~λ can be chosen is such a way that:

|
∫

Rd

Gn(t, x, y)ψ0(y)dy|2 ≤ C(t)eP (t,x)‖ψ0(y)‖2, (5.50)

where P (t, x) is a second order polynomial with negative leading coefficient

and C(t) and P (t, x) are continuous functions of the variable t ∈ [0, T ].

Applying the Itô formula to the limit process ψ̃(t) we see that it verifies

equation (5.48) for every (t, x, y). Since the kernel G(t, x, y) is adapted

to the filtration of the Brownian motion by construction, it follows that

the solution is predictable. By direct computation and using estimates

analogous to (5.50) one can verify that ψ̃ is a strong solution. On the other

hand every ψn(t, x) is equal to
∫̃

Ht

e
i

2~

∫
t
0
|γ̇(s)|2ds−λ

∫
t
0
|γ(s)+x|2dse

√
λ
∫

t
0
(γ(s)+x)·ω̇n(s)dsψ0(γ(0) + x)dγ

= e
−ia2|x|2t

2~
+
√
λx·ωn(t)

∫̃

Ht

e
i
2~

〈γ,(I+L)γ〉e〈ln,γ〉e−i
∫ t
0
a2x·γ(s)dsψ0(γ(0) + x)dγ

= e
−ia2|x|2t

2~
+
√
λx·ωn(t) det(I + L)−1/2

∫

Ht

e
−i~

2 〈γ−iln,(I+L)−1(γ−iln)〉µ(dγ)

where µ(dγ) is the measure on Ht whose Fourier transform is the function

γ → e−i
∫

t
0
a2x·γ(s)dsψ0(γ(0) + x).

We have ||ln− l||2Ht
→ 0 as n→ ∞, where l(s) =

√
λ
∫ t
s
ω(r)d r. Therefore,

by the Lebesgue’s dominated convergence theorem, we have that, for every

x ∈ Rd:

lim
n→∞

e
−ia2|x|2t

2~
+
√
λx·ωn(t) det(I + L)−1/2

∫

Ht

e
−i~

2 〈γ−iln,(I+L)−1(γ−iln)〉µ(dγ)

= e
−ia2|x|2t

2~
+
√
λxω(t) det(I + L)−1/2

∫

Ht

e
−i~

2 〈γ−il,(I+L)−1(γ−il)〉µ(dγ).

(5.51)
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Therefore, taking into account the uniqueness of the pointwise limit, we

have shown that:

ψ(t, x) =
∫

R
G(t, x, y)ψ0(y)dy

=
∫̃
Ht
e

i
2~

∫ t
0
|γ̇(s)|2ds−λ

∫ t
0
|γ(s)+x|2dse

∫ t
0
(γ(s)+x)·dB(s)ψ0(γ(0) + x)dγ.

(5.52)

�

Remark 5.2. The result can be extended by continuity to all ψ0 ∈ L2(Rd),
using the density of S(Rd) in L2(Rd).

3. The proof of Feynman-Kac-Ito formula by means of Dyson expansion.

Let us consider now the general case where H = −~2∆/2+V and complete

the proof of theorem 5.6. We follow here the technique by Elworthy and

Truman [114].

We set for t > 0, x ∈ Rd:

Θ(t, 0)ψ0(x) =

∫̃

Ht

e
i
2~

∫ t
0
|γ̇(s)|2ds−λ

∫ t
0
|γ(s)+x|2dse−

i
~

∫ t
0
V (γ(s)+x)ds

· e
√
λ
∫ t
0
(γ(s)+x)·dB(s)ψ0(γ(0) + x)dγ (5.53)

and

Θ0(t, 0)ψ0(x) =

∫̃

Ht

e
i

2~

∫
t
0
|γ̇(s)|2ds−λ

∫
t
0
|γ(s)+x|2dse

√
λ
∫

t
0
(γ(s)+x)·dB(s)

ψ0(γ(0) + x)dγ. (5.54)

Then we have:

Θ(t, 0)ψ0(x) = e
−ia2|x|2t

2~
+
√
λx·ω(t)

∫̃

Ht

e
i

2~
〈γ,(I+L)γ〉e〈l,γ〉e−i

∫ t
0
a2x·γ(s)ds

· e− i
~

∫
t
0
V (x+γ(s))dsψ0(γ(0) + x)dγ . (5.55)

Let µ0(ψ) be the measure on Ht such that its Fourier transform evaluated

in γ ∈ Ht is ψ0(γ(0) + x).

For 0 ≤ u ≤ t let µu(V, x), ν
t
u(V, x) and ηtu(x) be the measures on Ht, whose

Fourier transforms when evaluated at γ ∈ Ht are respectively V (x+ γ(u)),

exp
(
− i

~

∫ t
u V (x+γ(s))ds

)
, and exp

(
i
~

∫ t
u a

2xγ(s)ds
)
. We shall often write

µu ≡ µu(V, x), ν
t
u ≡ νtu(V, x) and ηtu ≡ ηtu(x). If {µu : a ≤ u ≤ b} is a

family in M(Ht), we shall let
∫ b
a µudu denote the measure on Ht given by:

f →
∫ b

a

∫

Ht

f(γ)µu(dγ)du,

whenever it exists.
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Then, since for any continuous path γ

exp
(
− i

~

∫ t

0

V (γ(s) + x)ds
)

=

1 − i

~

∫ t

0

V (γ(u) + x) exp
(
− i

~

∫ t

u

V (γ(s) + x)ds
)
du,

(5.56)

we have

νt0 = δ0 −
i

~

∫ t

0

(µu ∗ νtu)du (5.57)

where δ0 is the Dirac measure at 0 ∈ Ht.

By the Parseval-type equality:

Θ(t, 0)ψ0(x) = e
−ia2|x|2t

2~
+
√
λx·ω(t) det(I + L)−1/2

·
∫

Ht

e
−i~

2 〈α−il,(I+L)−1(α−il)〉(ηt0 ∗ νt0 ∗ µ0(ψ))(dα) (5.58)

Applying to this equality (5.57) we obtain:

Θ(t, 0)ψ0(x) =

e
−ia2|x|2t

2~
+
√
λx·ω(t) det(I+L)−1/2

∫

Ht

e
−i~

2 〈α−il,(I+L)−1(α−il)〉(ηt0∗µ0(ψ))(dα)

− i

~

∫ t

0

e
−ia2|x|2t

2~
+
√
λx·ω(t) det(I + L)−1/2

·
∫

Ht

e
−i~

2 〈α−il,(I+L)−1(α−il)〉(ηt0 ∗ µu(V, x) ∗ νtu ∗ µ0(ψ))(dα)du

= Θ0(t, 0)ψ0(x) −
i

~

∫ t

0

∫̃

Ht

e
i
2~

∫ t
0
|γ̇(s)|2ds−λ

∫ t
0
|γ(s)+x|2dse−

i
~

∫ t
u
V (γ(s)+x)ds

e
√
λ
∫

t
0
(γ(s)+x)·dB(s)V (γ(u) + x)ψ0(γ(0) + x)dγdu.

By the Fubini theorem for oscillatory integrals (see 2.7, we get that
∫̃

Ht

e
i

2~

∫
t
0
|γ̇(s)|2ds−λ

∫
t
0
|γ(s)+x|2dse−

i
~

∫
t
u
V (γ(s)+x)ds

e
√
λ
∫

t
0
(γ(s)+x)·dB(s)V (γ(u) + x)ψ0(γ(0) + x)dγ

=

∫̃

Hu,t

e
i

2~

∫
t
u
|γ̇2(s)|2ds−λ

∫
t
u
|γ2(s)+x|2dse−

i
~

∫
tu
u
V (γ2(s)+x)ds ·

e
√
λ
∫

t
u
(γ2(s)+x)·dB(s)V (γ2(u) + x)

∫̃

H0,u

e
i
2~

∫
u
0

|γ̇1(s)|2ds−λ
∫

u
0

|γ1(s)+γ2(u)+x|2ds ·

e
√
λ
∫ u
0

(γ1(s)+γ2(u)+x)·dB(s)ψ0(γ1(0) + γ2(u) + x)dγ1dγ2.



March 27, 2009 10:32 World Scientific Book - 9in x 6in MathematicalFeynman

176 Mathematical Feynman Path Integrals and Applications

Here γ1 ∈ H0,u and γ2 ∈ Hu,t are the integration variables, where we have

denoted by Hr,s the Cameron-Martin space of paths γ : [r, s] → Rd.

Finally we have:

Θ(t, 0)ψ0(x) = Θ0(t, 0)ψ0(x) − i

∫ t

0

Θ(t, u)(VΘ0(u, 0)ψ0)(x)du (5.59)

Now the iterative solution of the latter integral equation is the Dyson series

for Θ(t, 0), which coincides with the corresponding power series expansion

of the solution of the stochastic Schrödinger equation, which converges

strongly in L2(Rd). The equality holds pointwise. On the other hand,

following [138], it is possible to prove that the problem (5.48) has a strong

solution that verifies (5.59) in the L2 sense, therefore Θ(t, 0)ψ0 coincides

with the solution ψ(t). This concludes the proof of theorem 5.6. �

It is also possible to consider Belavkin’s equation describing the con-

tinuous measurement of the momentum p of a d−dimensional quantum

particle:




dψ(t, x) = − i
~
Hψ(t, x)dt+ λ~

2

2 ∆ψ(t, x)dt − i
√
λ~∇ψ(t, x)dB(t)

ψ(0, x) = ψ0(x) (t, x) ∈ [0, T ]× Rd .
(5.60)

The stochastic term plays the role of a complex random potential depending

on the momentum of the particle. In this case one has to use the phase

space Feynman path integrals described in section 3.3. More precisely by

means of a infinite dimensional oscillatory integral with complex phase on

the space of paths in phase space one can give a rigorous mathematical

meaning to the following heuristic expression:

ψ(t, x) =

∫̃
e

i
~
(
∫

t
0
(q̇(s)p(s)− 1

2m p(s)2)ds−λ
∫

t
0
p(s)2dse−

i
~

∫
t
0
V (q(s)+x)ds

· e
√
λ
∫ t
0
p(s)·dB(s)ψ0(γ(0) + x)dqdp. (5.61)

See [14] for a detailed study of this problem.
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Chapter 6

Alternative Approaches to Feynman

Path Integration

Since the first introduction of Feynman path integrals [122], several ap-

proaches for their mathematical definition and several applications have

been proposed, both in the mathematical and in the physical literature.

The present chapter is a brief survey of this topic, without any claim of

completeness.

6.1 Analytic continuation of Wiener integrals

One of the first attempts to the rigorous mathematical realization of Feyn-

man path integrals involves analytic continuation of Gaussian Wiener

integrals. The first rigorous results can be found in Cameron’s pa-

per in 1960 [64] and where further developed in a series of papers

[65, 66, 68, 67, 69–71, 181, 182, 184, 183, 185, 186, 175]. As Cameron

proved, it is not possible to define a Wiener measure Wλ on the space

of continuous paths C([0, t]) with a complex covariance λ ∈ C, as, unless

λ ∈ R+, it would have infinite total variation. Therefore the expression
∫

C([0,t])

f(ω)dWλ(ω),

is meaningless. On the other hand, for λ ∈ R+ and for a Borel function f

on Ct ≡ C([0, t]) satisfying suitable conditions, the following formula holds

[64]:
∫

Ct

f(ω)dWλ(ω) =

∫

Ct

f(
√
λω)dW (ω). (6.1)

If λ is complex, the left hand side or Eq. (6.1) is not well defined, but

the right hand side can still be meaningfull, provided that the function

f has suitable analyticity and measurability properties. In particular, for

177
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λ = i, the right hand side of Eq. (6.1) is the natural candidate for an

“analytic Wiener integral” or “analytic Feynman integral”. The class of

functions which are “integrable” in this sense does not substantially differ

from the Fresnel class F(Ht) which can be handled by means of the infinite

dimensional oscillatory integral approach (see [175]).

Concerning the application of analytically continued Wiener Gaussian

integrals to the Feynman path integral representation for the solution of

the Schrödinger equation, the fundamental idea is the extension to the

complex case of the Wiener integral representation for the solution of the

heat equation
{− ∂

∂tu = − 1
2∆u+ V (x)u

u(0, x) = u0(x), x ∈ Rd,
(6.2)

i.e. the Feynman-Kac formula:

u(t, x) =

∫

Ct

e−
∫

t
0
V (ω(s)+x)dsu0(ω(t) + x)dW (ω). (6.3)

Indeed, by introducing in Eq. (6.2) a real parameter λ, related to the

time t

−λ~ ∂
∂tu = − 1

2m~2∆u+ V (x)u

u(t, x) =
∫
Ct
e−

1
λ~

∫
t
0
V (
√

~/(mλ)ω(s)+x)dsu0(
√

~/(mλ)ω(t) + x)dW (ω),

or the Planck constant ~ [108]

λ ∂
∂tu = 1

2mλ
2∆u+ V (x)u

u(t, x) =
∫
Ct
e

1
λ

∫
t
0
V (
√
λ/mω(s)+x)dsu0(

√
λ/mω(t) + x)dW (ω),

or the mass m [235, 191, 10]

∂
∂tu = 1

2λ∆u− iV (x)u,

u(t, x) =
∫
Ct
e−i

∫
t
0
V (
√

1/λω(s)+x)dsu0(
√

1/λω(t) + x)dW (ω),

and by substituting respectively λ = −i, λ = i~, or λ = −im
(when the resulting Wiener integral is well defined), one gets, at

least heuristically, Schrödinger equation (with ~ = 1 in the latter

case) and its solution. These procedures can be made completely

rigorous under suitable conditions on the potential V and the ini-

tial datum u0. For further results and details, see also for instance

[81, 82, 87, 176, 177, 180, 190, 193, 218, 230, 234, 264, 271, 272] and

[274–278, 281, 282, 294].

The class of classical potentials V which can be handled by means

of these methods does not substantially differ from those of the type
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“quadratic plus Fourier transform of measure”. It is worthwhile to point

out however that Nelson [235] handles potentials which are singular at the

origin, Doss [108] can deal with some polynomially growing potentials, while

Albeverio, Brzeźniak and Haba [10] study the case of potentials that are

Laplace transform of measures and can have an exponential growth at in-

finity (for analogous results in the framework of the white noise calculus

see [210]).

Furthermore, this particular approach allows the study of the

semiclassical limit ~ ↓ 0 of the solution of the Schrödinger equa-

tion [47, 48, 57] by means of (a modified version of) the Laplace

method for the study of the asymptotic of the Wiener integrals

[256, 56, 58, 112, 113, 192, 241, 242, 252, 93–96, 40, 24].

It is worthwhile to recall the alternative way to define Feynman inte-

grals by means of convergent Wiener integrals proposed by Daubechies and

Klauder [90, 91, 88, 89, 204]. The authors study the matrix elements of

the unitary evolution operator U(t) = e−
i
~
Ht between two coherent states

φq′,p′ , φq′′ ,p′′ , defined by

φq,p = ei(pQ−qP )φ0,

whereQ,P are respectively the quantum position and momentum operators

and φ0 is the ground state of an harmonic oscillator. Formally the matrix

elements 〈φq′′ ,p′′ , U(t)φq′ ,p′〉, in the case ~ = 1 and d = 1, should be given

by the phase space Feynman path integral:

〈φq′′ ,p′′ , U(t)φq′ ,p′〉 = N
∫
e

i
2

∫ t
0
(p(s)q̇(s)−q(s)ṗ(s))ds−i

∫ t
0
H(p(s),q(s))dsdpdq,

(6.4)

where (q(s), p(s))s∈[0,t] represents a generic path in the phase space, while

H : R2 → R is defined as the matrix element of the quantum Hamiltonian

operator, i.e.

H(q, p) = 〈φq,p, Hφq,p〉, (q, p) ∈ R2,

and N represents a normalization constant. The heuristic expression (6.4)

is defined by inserting into the integrand an extra factor

e−
1
2ν

∫
t
0
(ṗ(s)2+q̇(s)2)ds,

representing formally the density of a Wiener measure (on the space of paths

(q(s), p(s))s∈[0,t] in the phase space) with diffusion constant ν > 0. The

exponent
∫ t
0 (p(s)q̇(s)− q(s)ṗ(s))ds is replaced by

∫ t
0 (p(s)dq(s)− q(s)dp(s))
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and interpreted as a (Ito or Stratonovich) stochastic integral. In this way,

for ν > 0, the resulting expression
∫
e

i
2

∫
t
0
(p(s)dq(s)−q(s)dp(s))−i

∫
t
0
H(p(s),q(s))dsdWν(p, q) (6.5)

is a well defined Wiener integral. The main result is the proof that, by

replacing in Eq. (6.5) the function H : R2 → R with h : R2 → R, given by

h(p, q) = exp
(
− 1

2
(∂2
p + ∂2

q )
)
H(p, q), (p, q) ∈ R2, (6.6)

the matrix elements 〈φq′′ ,p′′ , U(t)φq′ ,p′〉 are given by the following limit

〈φq′′ ,p′′ , U(t)φq′ ,p′〉

= lim
ν→∞

2πeνt/2
∫
e

i
2

∫
t
0
(p(s)dq(s)−q(s)dp(s))−i

∫
t
0
h(p(s),q(s))dsdWν(p, q),

where Wν is the product of two independent Wiener measures (one in p and

one in q) with diffusion constant ν pinned at p′, q′ for s = 0 and at p′′, q′′

for s = t. This formula is valid for all self-adjoint Hamiltonian operators H

on L2(R) for which the linear span of the harmonic oscillator eigenstates is

a core and such that

H =

∫
h(p, q)Pp,q

dpdq

2π
,

where h : R2 → R is given by Eq. (6.6) and Pp,q : L2(R) → L2(R) for

(p, q) ∈ R2 is the projection operator

Pp,q(ψ) = φq′ ,p′〈φq′ ,p′ , ψ〉, ψ ∈ L2(R).

One has also to impose that for all α > 0 the bound
∫

R2

|h(p, q)|2e−α(p2+q2)dpdq <∞

is satisfied. The class of Hamiltonian operator satisfying these condition

includes all Hamiltonians that are polynomial in P and Q. The same tech-

nique has been also applied to systems with spin.

The key point of the whole procedure is the “duplication” of the path

integral by working on the phase space rather than in the configuration

space. Indeed if one tries to apply the same regularization technique on a

configuration space path integral and to define an heuristic integral of the

form
∫
e

i
2

∫ t
0
q̇(s)2dsdq by inserting the term e−

1
2ν

∫ t
0
q̇(s)2ds, ν > 0, one has to

face with Cameron’s result [64] on the non existence of a Wiener measure

with complex covariance (in this case i+1/ν), or equivalently with the non

integrability of the function e
i
2

∫
t
0
q̇(s)2ds.
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6.2 The sequential approach

An alternative approach to the rigorous mathematical definition of Feyn-

man path integrals which is very close to Feynman’s original derivation of

formula (1.6) is the “sequential approach”, which has already been briefly

discussed in the introduction (see Eqs. (1.7)-(1.9)).

The starting point is the Lie-Kato-Trotter product formula

[279, 78, 79, 235], that, under suitable assumptions on the potential V ,

allows one to write the unitary evolution operator e−
i
~
tH , whose generator

is the Hamiltonian H = H0 + V , H0 = − ~
2

2m∆, in terms of the following

strong operator limit:

e−
i
~
tH = s− lim

n→∞

(
e−

i
~

t
nV e−

i
~

t
nH0

)n
. (6.7)

Let us consider a vector φ in in Schwartz space S(Rd). For V = 0, the

vector e−
i
~
tH0φ can be expressed in terms of the Green function of e−

i
~
tH0 :

e−
i
~
tH0φ(x) =

(
2πi

~
m
t

)− d
2
∫
eim

(x−y)2

2~t φ(y)dy. (6.8)

On the other hand, if we drop the term H0, the Hamiltonian operator H is

a multiplication operator and e−
i
~
tHφ is simply given by:

e−
i
~
tHφ(x) = e−

i
~
tV (x)φ(x). (6.9)

By substituting Eq. (6.8) and Eq. (6.9) into (6.7), one gets the following

expression:

e−
i
~
tHφ(x)

= lim
n→∞

(
2πi

~
m

t

n

)− dn
2
∫

Rnd

e
− i

~

∑n
j=1

[
m
2

(xj−xj−1)2

( t
n )2 −V (xj)

]
t
n

φ(x0)

dx0 . . . dxn−1 (6.10)

where xn = x. The right hand side of Eq. (6.10) can be interpreted as

the finite dimensional approximation of a path integral. Indeed, if γ is a

continuous trajectory from [0, t] to Rd, with γ(t) = x, let us set xj :=

γ(jt/n), for j = 0, . . . n. The exponent in the integrand can be interpreted

in terms of the Riemann sum of the classical action functional evaluated

along the path γ:

St(γ) =

∫ t

0

(m
2
γ̇2(s) − V (γ(s))

)
ds

= lim
n→∞

n∑

j=1

[
m

2

(xj − xj−1)
2

(
t
n

)2 − V (xj)

]
t

n
.
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The sequential approach for the mathematical definition of the Feynman

path integrals has in fact two versions. In the first one, the attention is

focused on the definition of the evolution operator of the quantum system

in terms of a strong operator limit, by means of a formula analogous to

(6.7), which is a special case of the semigroup product formula

s− lim
n→∞

(F (t/n))n = exp(tF ′(0)), (6.11)

where t 7→ F (t) is a strongly continuous function from R (or R+) into

the space of bounded linear operators on an Hilbert space H, while F ′(0)

has to be interpreted as some operator extension of the strong limit s −
limt→0 t

−1(F (t) − I). In particular if A,B are self-adjoint operators in H
and F (t) = eitAeitB , one gets formally the Trotter product formula (see

lemma 3.5):

s− lim
n→∞

(eitA/neitB/n)n = eit(A+B) (6.12)

(where the sum A+B has to be suitably interpreted). Nelson in 1964 [235]

proved Eq. (6.12) in connection with the rigorous mathematical definition

of Feynman path integrals, under the assumption that the potential V be-

longs to the class considered by Kato [196]. Some time later Friedman

[127] studied formula (6.11) in connection with the description of continu-

ous quantum observations. Feynman himself in [122] considered particular

“ideal” quantum measurements of position, made to determine whether

or not the trajectory of a particle lies in a certain space-time region. By

substituting in formula (6.11) for F (t) the operator EP (t)E, where P (t)

is a contraction semigroup in the Hilbert space H and E is an orthogonal

projection, and by letting P (t) = e−itH0 and E : L2(Rd) → L2(Rd) be the

orthogonal projection given by multiplication by the characteristic function

of a suitable region R of Rd, the limit

lim
n→∞

‖(Ee−itH0/nE)nφ‖2

(if it exists) should give the probability that a continual observation during

the time interval [0, t] yields the result that the particle, whose initial state

is the vector φ ∈ L2(Rd), lies constantly in the region R.

The second version of the sequential approach has been extensively stud-

ied by Fujiwara and Kumano-Go [129–137, 209] (see also [169, 170]) and

has the right hand side of Eq. (6.10) as a starting point. A formal path

integral on a space of paths γ : [0, t] → Rd of the form
∫
e

i
~
S(γ)F (γ)dγ (6.13)
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is realized in terms of a “time slicing approximation”. More precisely for

any n ∈ N one considers a partition of the interval [0, t] into n subintervals

t0 = 0 < t1 < ... < tj < ... < tn = t and for each j = 0, ..., n a point

xj ∈ Rd. The path γ in expression (1.6) is then approximated by a broken

line path, passing, for each j = 0, ..., n, from the point xj at time tj . There

are two possible approaches to this “time slicing approximation”: one can

connect the point xj at time tj with the point xj+1 at time tj+1 by means

of a straight line path [283, 209, 134], i.e.

γ(τ) = xj +
xj+1 − xj
tj+1 − tj

(τ − tj), τ ∈ [tj , tj+1],

or by means of a classical path [129], i.e. the (unique, for suitable V and if

|tj+1 − tj | is sufficiently small) solution of the classical equation of motion




mγ̈(τ) = −∇V (τ, γ(τ))

γ(tj) = xj ,

γ(tj+1) = xj+1 .

In particular the term
(xj−xj−1)

( t
n )

is the (constant) velocity of the path con-

necting the points xj−1 and xj in the time interval t
n .

An heuristic expression like Eq. (6.13) is then realized as the limit of

the time slicing approximation for suitable functionals F on the path space.

Indeed by denoting with γn the broken line path (straight resp. piecewise

classical) associated to the partition t0 = 0 < t1 < ... < tj < ... < tn = t,

and by ∆j the amplitude of each time subinterval, i.e. ∆j = |tj+1 − tj |,
one defines
∫
e

i
~
St(γ)F (γ)dγ := lim

|∆|→0

n∏

j=1

( 1

2πi~∆j

)d/2 ∫

Rnd

e
i
~
St(γn)F (γn)

n∏

j=1

dxj ,

(6.14)

(where |∆| := supj ∆j) whenever the limit exists. The integrals on the right

hand side do not converge absolutely and are meant as (finite dimensional)

oscillatory integrals.

D. Fujiwara in the case of approximation with piecewise classical paths

and D. Fujiwara and N. Kumano-go in the case of broken line paths prove

the existence of the limit (6.14) for a suitable class of functionals F . They

assume that the potential V (t, x) is a real valued function of (t, x) ∈ R×Rd

and for any multi-index α, ∂αxV (t, x) is continuous in R × Rd. Moreover

they assume that for any integer k ≥ 2 there exists a positive constant Ak
such that

|∂αxV (t, x)| ≤ Ak, |α| = k,
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(this excludes polynomial behaviour at infinity, except for at most quadratic

degree).

The so defined functional has some important properties. Integration

by parts and Taylor expansion formula with respect to functional differen-

tiation hold. The functional is invariant under orthogonal transformations

and transforms naturally under translations. The fundamental theorem of

calculus holds and it is possible to interchange the order of integration with

Riemann-Stieltjes integrals as well as to interchange the order with a limit

[134].

The semiclassical approximation as ~ → 0 of the integral has been

detailed studied, providing not only the leading term, but also the other

ones. We refer in particular to the review paper [136] for a complete treat-

ment of the topic which provides also an intuitive explanation of the main

ideas.

We point to the reader that a phase space Feynman path integral version

of this approach has recently been implemented [137] by approximating

a generic path (q, p) : [0, t] → R2d in the phase space of the system by

means of piecewise bicharacteristic paths, i.e the solutions of the Hamilton

equation of motion with particular boundary condition (i.e. the initial

velocity and the final position are fixed).

Finally we recall that the time slicing approximation, in particular

with piecewise polygonal paths, is extensively used in the physical liter-

ature not only as a tool for the definition of the Feynman integral, but

also as a practical method of computation for particular solvable models

[145–147, 153, 205, 255, 257, 139, 290].

6.3 White noise calculus

Another idea which has been largely implemented is the definition of the

Feynman integral as an “infinite dimensional distribution”. In other words,

the heuristic expression
∫
e

i
~
S(γ)f(γ)dγ, which cannot be defined in terms

of a Lebesgue integral, is realized as the distributional pairing between e
i
~
S

and a suitable function f .

The first proposal of the definition of the infinite dimensional oscilla-

tory integrals in terms of a duality relation can be found in two papers by

Ito [172, 173] and further developed in Albeverio and Høegh-Krohn’ work

[17, 16], where an infinite dimensional Fresnel integral on a real separable



March 27, 2009 10:32 World Scientific Book - 9in x 6in MathematicalFeynman

Alternative Approaches to Feynman Path Integration 185

Hilbert space H
∫̃

H
e

i
2~

〈γ,γ〉f(γ)dγ

is defined for f ∈ F(H) in term of the Parseval type equality:
∫̃

H
e

i
2~

〈γ,γ〉f(γ)dγ =

∫

H
e−

i~

2 〈γ,γ〉dµf (γ), f = µ̂f . (6.15)

The main difference with the infinite dimensional oscillatory integral ap-

proach described in chapter 2 is the fact that here Parseval equality (6.15)

plays the role of the definition of the Fresnel integral, while the same equal-

ity in chapter 2 is a theorem.

The definition of the Feynman integrand e
i
~
S as a special kind of infi-

nite dimensional distribution was also realized in C. DeWitt-Morette’s work

[100, 101, 103, 102, 74, 73, 72, 75, 104]. This idea has been recently im-

plemented in a mathematical rigorous setting by means of white noise cal-

culus [162, 163, 118, 117, 150, 210, 214, 261, 270]. In white noise - Hida

calculus the integral
∫
e

i
2~

〈γ,γ〉f(γ)dγ is realized as a distributional pairing

on a well defined measure space. The idea can be simply explained in a

finite dimensional setting. Indeed for H = Rd and ~ = 1, one has

(2πi)−d/2
∫

Rd

e
i
2 (x,x)f(x)dx

= (2πi)−d/2
∫

Rd

e
i
2 (x,x)+ 1

2 (x,x)f(x)e−
1
2 (x,x)dx

=
1

id/2

∫

Rd

e
i
2 (x,x)+ 1

2 (x,x)f(x)dµG(x),

where the latter line can be interpreted as the distributional pairing of

i−d/2e
i
2 (x,x)+ 1

2 (x,x) and f not with respect to Lebesgue measure dx on Rd,

but rather with respect to the centered Gaussian measure µG on Rd with

covariance the identity.

This idea can be generalized to the infinite dimensional case by ex-

ploiting the fact that, even if Lebesgue measure does not exist, Gaussian

measures are still well defined in this setting.

The first step is the construction of the underlying measure space, the

infinite dimensional analogous of (Rd, µG).

Let E be a real separable Hilbert space, with inner product 〈 , 〉, and

let E1 ⊃ E2 ⊃ . . . be vector subspaces of E, each Ep being a Hilbert space

with inner product 〈 , 〉p such that:

(1) E := ∩pEp is dense in E and in each Ep,
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(2) |u|p ≤ |u|q for every q ≥ p and u ∈ Eq ,
(3) for every p, the Hilbert-Schmidt norm ‖iqp‖HS of the inclusion iqp :

Eq → Ep is finite for some q ≥ p and limq→∞ ‖iqp‖HS = 0.

By identifying E := E0 with its dual E∗
0 , it is possible to construct the chain

of spaces

E := ∩pEp ⊂ · · · ⊂ E2 ⊂ E1 ⊂ E0 = E ' E∗
0 ⊂ E−1 ⊂ E−2 · · · ⊂ E∗ := ∪pE−p,

where E−p = E∗
p , p ∈ Z. In a typical example one has an Hilbert-Schmidt

operator K, with Hilbert-Schmidt norm ‖K‖HS < 1, Ep is taken as the

range Im(Kp) and

〈u, v〉p = 〈K−pu,K−pv〉. (6.16)

According to Milnos’ theorem there is a unique probability measure µ on

the Borel σ−algebra (of the weak topology) on E∗ such that for every x ∈ E
the function on E∗ given by

φ 7→ (φ, x) := φ(x), φ ∈ E∗

is a mean zero Gaussian variable of variance |x|20. By unitary extension,

for every x ∈ E there is a µ-almost-everywhere defined Gaussian random

variable ( · , x) on E∗ with mean 0 and variance |x|20. This extends by

complex linearity to complex Gaussian random variables corresponding to

elements z of the complexification EC of E.

The space (E∗, µ) is then taken as the underlying measure space for the

realization of the (at this level still heuristic) expression
∫

E∗
e

i
2 (x,x)+1

2 (x,x)f(x)dµ(x), (6.17)

i.e. (E∗, µ) plays the role of the infinite dimensional analogue of (Rd, µG).

Let us consider the symmetric Fock space Fs(EC) on EC, i.e. the Hilbert

space obtained by completing the symmetric tensor algebra over EC with

respect to the inner product given by

〈〈
∑

n

un,
∑

m

vm〉〉0 =
∑

n

n!〈un, vn〉0,

where un and vn are n-tensors and 〈·, ·〉0 denotes the inner product on n-

tensors induced by the inner product on EC. Analogously the inner prod-

ucts 〈·, ·〉p produce inner products 〈〈·, ·〉〉p on Fs(EC).

Fs(EC) is unitary equivalent to L2(E∗, µ) by the Hermite-Ito-Segal iso-

morphism I : L2(E∗, µ) → Fs(EC), which is defined by

I(e(·,z)−(z,z)0/2) = Exp(z)
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for every z ∈ EC, where

(·, z) : E∗ → C : φ 7→ φ(z)

and

Exp(z) = 1 + z +
z⊗2

2!
+
z⊗3

3!
+ · · · ∈ Fs(EC).

It allows to transfer the inner products 〈〈·, ·〉〉p from Fs(EC) to L2(E∗, µ),

denoted again with 〈〈·, ·〉〉p.
Let us call white noise distribution over E∗ any element of the completion

[E−p] of L2(E∗, µ) with respect to the dual norm 〈〈·, ·〉〉−p, for some integers

p ≥ 0.

It is possible to construct the following chain of Hilbert spaces

[E ] := ∩p[Ep] ⊂ · · · ⊂ [E2] ⊂ [E1] ⊂ [E0]

= L2(E∗, µ) ' [E∗
0 ] ⊂ [E−1] ⊂ [E−2] · · · ⊂ [E∗] := ∪p[E−p].

The elements of [E ] are taken to be test functions over [E∗], which is the

corresponding space of distributions.

The aim of the white noise approach is the proof that the expression

e
i
2 (x,x)+ 1

2 (x,x) can be rigorously defined in terms of a white noise distribu-

tion. In particular in this framework it is possible to realize the Feynman

path integral representation for the fundamental solution G(t, x; 0, y) of the

Schrödinger equation over Rd

G(t, x; 0, y) =

∫
γ(t)=x
γ(0)=y

e
i
~

∫ t
0
(γ̇2(s)/2)−V (γ(s)))dsdγ, t > 0, x, y ∈ Rd,

in terms of a white noise distributional pairing on a suitable “path space”

E∗ [163, 118, 210, 214]. We present here some results given in [210].

Let us consider the Hilbert space E = Ld := L2(R) ⊗ Rd, the nuclear

space E = Sd := S(R) ⊗ Rd, i.e. the space of d−dimensional Schwartz test

functions, and the corresponding dual space E∗ = S′
d := S′(R) ⊗ Rd. Let

µ be the Gaussian measure on the Borel σ-algebra of S ′
d identified by its

characteristic function∫

S′
d

ei
∫
X(s)f(s)dsdµ(X) = e−

1
2

∫
f2(s)ds, f ∈ Sd.

Heuristically the “paths” X ∈ S ′
d can be interpreted as the velocities of

Brownian paths, as the d-dimensional Brownian motion is given by

B(t) = (

∫ t

0

X1(s)ds, . . . ,

∫ t

0

Xd(s)ds),
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Xi being the ith component of the path X . One then considers the triple

[Sd] ⊂ L2(S′
d) ⊂ [S∗

d ]

and realizes the Feynman integrand as an element of [S∗
d ]. More precisely

the paths are modeled by

γ(s) = x−
√

~
∫ t

s

X(σ)dσ := x−
√

~(X, 1(s,t]),

and the Feynman integrand for the free particle is realized as the distribu-

tion

I0(x, t;x0, t0) = Ne
i+1
2

∫
t
0
X(s)2dsδ(γ(0) − y),

(where N stands for normalization and δ(γ(0)− y) fixes the initial point of

the path). The same technique allows one to handle more general potentials,

such as those which are Laplace transform of bounded measures (see [210]

for a detailed exposition).

Particularly interesting is the application of this formalism [39, 15, 215,

154–156, 158, 157, 159, 37, 35] to the study of the Chern-Simons topological

field theory [46, 258, 259, 292] (for similar results by means of different

methods see also [38, 61, 128, 151, 200, 197–199, 219]).

6.4 Poisson processes

An alternative mathematical definition of Feynman integrals has been pro-

posed by V.P. Maslov and A.M. Chebotarev [222, 208] and further de-

veloped by Ph. Combe, R. Høegh-Krohn, R. Rodriguez, M. Sirugue, M.

Sirugue-Collin, Ph. Blanchard [60, 86, 85, 84]. Some recent results and

new applications have been proposed by V.N. Kolokoltsov [207, 206].

The main idea is the definition of the Feynman path integral for the

solution of the Schrödinger equation in momentum representation:
{

∂
∂t ψ̃(p) = − i

2p
2ψ̃(p) − iV (−i∇p)ψ̃(p)

ψ̃(0, p) = φ̃(p)
(6.18)

in terms of the expectation with respect to a Poisson process.

The potentials V which can be handled by this method are those be-

longing to the Fresnel class F(Rd):

V (x) =

∫

Rd

eikxdµv(k), x ∈ Rd.
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In fact for any µv ∈ M(Rd), there exist a positive finite measure ν and a

complex-valued measurable function f such that

µv(dk) = f(k)ν(dk).

One can assume that ν({0}) = 0 without loss of generality, because other-

wise the condition can be fullfilled by a translation of the potential. In this

case ν is a finite Lévy measure and one can consider the Poisson process

having Lévy measure ν (see, e.g. [243], for these concepts). This process

has almost surely piecewise constant paths. More precisely, a typical path

P on the time interval [0, t] is defined by a finite number of independent

random jumps δ1, ..., δn, distributed according to the probability measure

ν/λν , with λν = ν(Rd), occurring at random times τ1, ...τn, distributed

according to a Poisson measure with intensity λν .

Under the assumption that φ̃(p) is a bounded continuous function, it

is possible to prove that the solution of the Cauchy problem (6.18) can be

represented by the following path integral:

ψ̃(t, p) = etλν E[0,t]
p [e−

i
2

∑n
j=0(Pj ,Pj)(τj+1−τj)

∏n
j=1(−if(δj))φ̃(P (t))],

where the expectation is taken with respect to the measure associated to

the Poisson process and the sample path P (·) is given by

P (τ) =





P0 = p, 0 ≤ τ < τ1
P1 = p+ δ1, τ1 ≤ τ < τ2
...

Pn = p+ δ1 + δ2 + ...+ δn, τn ≤ τ ≤ t.

(6.19)

The present approach has also been successfully applied to the study

of relativistic quantum theory [1], to Klein-Gordon equation [86, 84], to

Fermi systems [85] and to the solution of Dirac equation [208]. We re-

fer to Kolokoltsov’s book [207] for a detailed exposition of more general

applications of this technique.

6.5 Further approaches and results

In recent years alternative mathematical definitions of Feynman path inte-

grals have been proposed.

As an example we recall the work of Belokurov, Smolianov, Solov’ev

and Shavgulidze [260, 266, 52–55], who introduce a regularized path integral

which can be expressed in terms of a convergent power series in the coupling
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constant. This procedure allows a perturbative treatment of polynomial

potentials.

In [18] an analytic operator-valued Feynman integral is defined for po-

tentials given by a class of generalized signed measures described in terms

of additive functions associated with Dirichlet forms.

Another interesting approach which has not been systematically devel-

oped yet makes use of nonstandard analysis [12]. The main idea is the

extension of the expression

(
2πi

~
m

t

n

)−dn
2
∫

Rdn

e
i
~
St(x0,...,xn)φ(x0)dx0 . . . dxn−1,

representing the finite n-dimensional approximation of the heuristic Feyn-

man integral, from n ∈ N to a nonstandard hyperfinite infinite n ∈ ∗N.

The result is just an internal quantity. For a suitable class of potentials,

its standard part can be shown to exist and to solve the Schrödinger equa-

tion. Analogously the semiclassical approximation of the solution of the

Schrödinger equation can be obtained by taking the parameter ~ as an

infinitesimal quantity. Some interesting results can be found in [231, 232].

Besides Feynman integration theory, it is worthwhile to mention also

Feynman operational calculus, that is an heuristic procedure which allows

to define product and functions of noncommuting operators. It was de-

veloped by Feynman in 1951 [126] and applied to quantum electrodynam-

ics. The study of this technique from a rigorous mathematical point of

view is extensively described in Johnson and Lapidus’ book [180] (see also

[98, 99, 178, 179, 212, 213, 141–143]).

The number of applications of (heuristic) Feynman path integrals to

quantum theory is really huge and it is impossible to give a complete de-

scription. Let us only mention some rigorous results concerning the solution

of Dirac equation [20, 21, 168, 171, 232, 233, 295, 297, 296], the application

to hyperbolic systems [273, 146], the mathematical approaches to super-

symmetric Feynman path integrals [253].

Finally we should not forget the enormous predictive power of Feynman

description of quantum dynamics when this is applied to quantum field

theory [76, 174, 203, 238, 244, 288, 289, 298]. In this case however the gap

between what can be heuristically calculated and what can be rigorously

mathematically defined is particularly deep. Much work has still to be

done...
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Abstract Wiener Spaces

A.1 General theory

In the present section we give some elements of the theory of abstract

Wiener spaces. For a more detailed treatment see for instance [149, 211].

In the following we shall denote by (H, 〈 , 〉, ‖ ‖) a real separable Hilbert

space and by (B, | |) a real Banach space. Let us introduce some definitions.

Definition A.1. A Gaussian measure on a Banach space (B, | |) is a prob-

ability measure on the Borel σ-algebra on B such that for each x ∈ B∗, the

random variable x : B → R has a Gaussian distribution on R.

Definition A.2. A cylinder set Z ⊂ H of a real separable Hilbert space H
is a set of the form

Z = {x ∈ H, |Px ∈ F}

with P : H → H is a projection operator on H with finite dimensional

range, i.e. PH ≡ Rn for some n ∈ N, and F ∈ B(PH) is a Borel set in PH.

In the following we shall denote by σ(Z) the σ−algebra generated by all

cylinder sets.

Definition A.3. A cylinder measure on H is a positive and finitely additive

set function ν defined on the σ−algebra σ(Z) of cylinder sets.

Let us consider the cylinder measure ν on H, defined by its characteristic

functional ν̂(x) = e−
1
2‖x‖

2

. Equivalently, ν is given on the cylindrical sets

of H by the following formula

ν
(
{x ∈ H, |Px ∈ F}

)
= (2π)−n/2

∫

F

e−
1
2‖Px‖

2

d(Px), F ∈ B(PH).

191
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ν is called standard Gaussian measure associated with H.

By Prokhorov’s theorem [211] the following holds:

Theorem A.1. Let H be infinite dimensional. Then the standard Gaussian

measure associated with H is not σ−additive on σ(Z).

Definition A.4. A norm | | (or a semi-norm) on H is called measurable

if for every ε > 0 there exist a finite-dimensional projection Pε : H → H,

such that for all P ⊥ Pε one has:

ν({x ∈ H| |P (x)| > ε}) < ε,

where P and Pε are called orthogonal (P ⊥ Pε) if their ranges are orthogonal

in (H, 〈 , 〉).

One can easily verify that | | is weaker than ‖ ‖. Indeed there exists a

c ∈ R+ such that

|x| ≤ c‖x‖, ∀x ∈ H. (A.1)

In the following we shall denote with B the Banach space constructed as

the completion of H in the | |-norm and by i the inclusion of H in B, which

is continuous by Eq. (A.1). Analogously, the dual map i∗ : B∗ → H∗, which

is given by restriction, i.e. i∗(x) = x|H, is continuous. Identifying H ≡ H∗

we have the following chain of densely embedded subspaces

B∗ ⊂ H ⊂ B.
The triple (i,H,B) is called an abstract Wiener space.

The following holds [149]:

Theorem A.2. There exist a unique probability measure µ on the Borel

σ− algebra of B, such that for any y ∈ B∗:
∫

B
eiy(x)dµ(x) = e−

1
2‖y‖

2

. (A.2)

Let us consider a particular kind of cylinder sets in H. Given y1, . . . yn ∈ B∗,
and F ∈ B(Rn), let ZF (y1, . . . yn) be the subset of H

ZF (y1, . . . yn) := {x ∈ H |
(
i∗y1(x), . . . , i

∗yn(x)
)
∈ F}.

Analogously the subset of B defined as

{x ∈ B |
(
y1(x), . . . , yn(x)

)
∈ F}, (A.3)

is called a cylinder set of B. The following holds:
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Theorem A.3. The σ−algebra on B generated by the cylinder sets of the

form (A.3) coincides with the Borel σ−algebra on B. Moreover the Gaus-

sian measure µ on B is an extension of the standard Gaussian measure ν

on H in the sense that

µ
(
{x ∈ B |

(
y1(x), . . . , yn(x)

)
∈ F}

)
= ν

(
{x ∈ H |

(
i∗y1(x), . . . , i

∗yn(x)
)
∈ F}

)
.

By theorem A.2, each element y ∈ B∗ can be regarded as a random

variable n(y) on (B, µ), which is normally distributed, with covariance ‖y‖2.

More generally, given y1, y2 ∈ B∗, one has∫

B
n(y1)n(y2)dµ = 〈y1, y2〉. (A.4)

Equation (A.4) and the density of B∗ in H allow the extension of the map

n : B∗ → L2(B, µ) to a map n : H → L2(B, µ) (with an abuse of notation we

denote the map n on B∗ and its extension to H with the same symbol)[149].

Moreover, given a complete orthonormal system {ei} in H, for any h ∈ H
the sequence of random variables

n∑

i=1

hin(ei), hi = 〈ei, h〉,

converges in L2(B, µ), and by subsequences µ a.e., to the random variable

n(h).

Given an orthogonal projection P in H, with

P (x) =
n∑

i=1

〈ei, x〉ei

for some orthonormal e1, . . . , en ∈ H, let us define the stochastic extension

P̃ of P on B as the random variable

P̃ ( · ) =

n∑

i=1

n(ei)( · )ei.

More generally:

Definition A.5. Given a function f : H → B1, where (B1, ‖ ‖B1) is another

real separable Banach space, we say that the stochastic extension f̃ of f to

B exists if the functions f ◦ P̃ : B → B1 converge to f̃ in probability with

respect to µ as P converges strongly to the identity in H.

The following holds [149]:

Theorem A.4. If g : B → B1 is continuous and f := g|H, then the stochas-

tic extension of f is well defined and it is equal to g µ−a.e.



March 27, 2009 10:32 World Scientific Book - 9in x 6in MathematicalFeynman

194 Mathematical Feynman Path Integrals and Applications

Analogously it is also possible to prove that given a self-adjoint trace class

operator B : H → H, the quadratic form on H×H:

x ∈ H 7→ 〈x,Bx〉
can be extended to a random variable on B, denoted again by 〈 · , B · 〉.
Indeed for each increasing sequence of finite dimensional projectors Pn con-

verging strongly to the identity, Pn(x) =
∑n

i=1 ei〈ei, x〉 ({ei} being a com-

plete orthonormal system in H), the sequence of random variables

x ∈ B 7→
n∑

i,j=1

〈ei, Bej〉n(ei)(x)n(ej)(x)

is a Cauchy sequence in L1(B, µ). By passing if necessary to a subsequence,

it converges to 〈 · , B · 〉 µ−a.e. Moreover the following holds:

Theorem A.5. Let B : H → H be symmetric and trace class. Let us

assume that the largest eigenvalue of B is strictly less than 1 (or, in other

words, that (I −B) is strictly positive). Let y ∈ H.

Then the random variable on (B, µ)

f( · ) = en(y)( · )e
1
2 〈 · ,B · 〉

is well defined, it is µ-summable and∫

B
fdµ = (det(I −B))−1/2e

1
2 〈y,(I−B)−1y〉,

where det(I −B) denotes the Fredholm determinant of the operator I −B.

Proof. By considering a complete orthonormal system {ei} made of

eigenvectors of the operator B, bi being the corresponding eigenvalues, the

sequence of random variables

gn : B → C, x 7→ gn(x) = e
1
2

∑n
i=1 bi[n(ei)(x)]

2

,

converges to g(x) µ-a.e..

On the other hand one has
∫

B
gn(x)dµ(x) =

n∏

i=1

∫
e−

1
2 (1−bi)x

2
i

√
2π

dxi = (

n∏

i=1

(1 − bi))
−1/2

so that
∫
B gndµ converges, as n→ ∞, to (det(I−B))−1/2, where det(I−B)

denotes the Fredholm determinant of (I −B), which is well defined as B is

trace class.

Moreover 0 ≤ gn ≤ gn+1 for each n . It follows that, as n→ ∞,
∫

B
gndµ →

∫

B
gdµ = (det(I −B))−1/2.
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By an analogous reasoning, for any y ∈ H, the sequence of random

variables fn:

x 7→ fn(x) = e
∑n

i=1 yin(ei)(x)e
1
2

∑n
i=1 bi[n(ei)(x)]

2

where yi = 〈y, ei〉, converges µ−a.e. as n goes to ∞ to the random variable

f( · ) = en(y)( · )e
1
2 〈 · ,B · 〉

and ∫

B
fndµ →

∫

B
fdµ = (det(I −B))−1/2e

1
2 〈y,(I−B)−1y〉. (A.5)

(see [211, 191]). �

The last result of this section is a quasi-invariance property of the measure

µ on H.

Theorem A.6. [149, 211] Let (i,H,B) be an abstract Wiener space. Let

y ∈ H. then for any f ∈ L1(B, µ), the following holds
∫

B
f(x)dµ(x) =

∫

B
f(x+ y)ρ(y, x)dµ(x),

where ρ is given by

ρ(y, x) = e−
1
2 ‖y‖

2−n(y)(x).

A.2 The classical Wiener space

Let us consider the Sobolev space H1,2([0, t],Rd), i.e. the space of absolutely

continuous functions γ : [0, t] → Rd such that γ(0) = 0 and γ̇ ∈ L2([0, t]),

where γ̇ denotes the distributional derivative of the function γ, endowed

with the inner product

〈γ1, γ2〉 =

∫ t

0

γ̇1(s)γ̇2(s)ds.

Let (C0([0, t],Rd), | · |) be the Banach space of continuous functions ω :

[0, t] → Rd such that ω(0) = 0, endowed with the supremum norm:

|ω| := sup
s∈[0,t]

|ω(s)|.

The following holds:

Proposition A.1. H1,2([0, t],Rd) is dense in C0([0, t],Rd) with respect to

the supremum norm | · |.
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The following result makes (i,H1,2([0, t],Rd), C0([0, t],Rd)) an abstract

Wiener space [211]

Theorem A.7. [148] Let us consider the standard Gaussian measure ν

associated with H1,2([0, t],Rd). Then the supremum norm | · | is a ν-

measurable norm on H1,2([0, t],Rd).

The space
(
C0([0, t],Rd),B(C0([0, t],Rd)), µ

)
is called classical Wiener

space and µ Wiener measure.

It is possible to prove (see for instance [211]) that the norm ‖i‖ of the

continuous embedding

i : H1,2([0, t],Rd) → C0([0, t],Rd)

is equal to ‖i‖ =
√
t.

In the theory of stochastic processes, Wiener measure is introduced by

means of a different technique (see for instance [195]).

Let (Ω,F) be a measurable space, where Ω is a generic set and F a

σ-algebra of subsets of Ω. A real valued stochastic process X is defined as

a collection of random variables X = {Xt : 0 ≤ t < ∞} on (Ω,F) with

values in R.

The sample space (Ω,F) is equipped with a filtration, i.e. a non decreas-

ing family {Ft; t ≥ 0} of sub σ-algebras of F such that Fs ⊆ Ft ⊆ F for

0 ≤ s < t <∞. The stochastic process X is called adapted to the filtration

{Ft} if, for each t ≥ 0, the random variable Xt is Ft measurable.

Definition A.6. A standard Brownian motion B is a continuous, adapted

process B = {Bs,Fs; 0 ≤ s ≤ t}, defined on a probability space (Ω,F ,P),

with the properties that B0 = 0 almost surely and for 0 ≤ r < s, the

increment Bs − Br is independent of Fr and is normally distributed with

variance t− s.

From the construction of the classical Wiener space
(
C0([0, t],Rd),B(C0([0, t],Rd)), µ

)
,

it is possible to recognize in it a concrete realization of the Wiener process,

i.e. Ω = C0([0, t],Rd), F = B(C0([0, t],Rd)), P = µ and Bs(ω) = ω(s).
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tiques (Dunod. Paris), pp. 341–361.

[43] Arnold, V. (1981). Remarks on the stationary phase method and Cox-
eter numbers, in Singularity Theory Selected Papers (Cambridge Univerity
Press. Cambridge), pp. 61–90.

[44] Arnold, V., Goryunov, V. V., Lyashko, O. V. and Vassiliev, V. A. (1993).
Singularity theory. I., Vol. 6 (Springer, Berlin).

[45] Arnold, V., Gusein-Zade, S. M. and Varchenko, A. (eds.) (1988). Singular-
ities of differentiable maps Vol II (Birhäuser, Basel).
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de la chaleur sur la diagonale. II. (French) [Exponential decay of the heat
kernel on the diagonal. II], Probab. Theory Related Fields 90, 3, pp. 377–
402.

[59] Benatti, F., Ghirardi, G., Rimini, A. and Weber, T. (1987). Quantum
mechanics with spontaneous localization and the quantum theory of mea-
surement, Nuovo Cimento B 11, 100, pp. 27–41.

[60] Blanchard, P., Combe, P., Sirugue, M. and Sirugue-Collin, M. (1987). Jump
processes: an introduction and some applications in quantum theories,
Rend. Circ. Mat. Palermo. II, 17, pp. 47–104.

[61] Broda, B. (1994). A path-integral approach to polynomial invariants of
links. Topology and physics, J. Math. Phys. 35, 10, pp. 5314–5320.

[62] Busch, P., Lahti, P. and Mittelstaedt, P. (1996). The quantum theory of
measurement, 2nd edn. (Springer-Verlag, Berlin).

[63] Caldeira, A. and Leggett, A. (1983). Path integral approach to quantum
Brownian motion, Physica 121 A, pp. 587–616.

[64] Cameron, R. (1960). A family of integrals serving to connect the Wiener
and Feynman integrals, J. Math. and Phys. 39, pp. 126–141.

[65] Cameron, R. (1968). Approximation to certain Feynman integrals, Journal
d’Analyse Math. 21, pp. 337–371.

[66] Cameron, R. and Storvick, D. (1966). A translation theorem for analytic
Feynman integrals, Trans. Am. Math. Soc. 125, pp. 1–6.

[67] Cameron, R. and Storvick, D. (1968a). A Lindeløf theorem and analytic
continuation for functions of several variables, with an application to the
Feynman integral, in Proc. Symposia Pure Mathem., XI (Am. Math. Soc.,
Providence), pp. 149–156.

[68] Cameron, R. and Storvick, D. (1968b). An operator valued function space
integral and a related integral equation, J. Math. and Mech. 18, pp. 517–
552.

[69] Cameron, R. and Storvick, D. (1970). An integral equation related to
Schrödinger equation with an application to integration in function space,
in C. Gunning (ed.), Problems in Analysis, A Sympos. In Honor of S.
Bochner (Princeton Univ. Press, Princeton), pp. 175–193.

[70] Cameron, R. and Storvick, D. (1980). Some Banach algebras of analytic
Feynman integrable functionals, in Analytic functions, Kozubnik, 1979
(Lecture Notes in Mathematics, n 798, Springer-Verlag, Berlin), pp. 18–
67.

[71] Cameron, R. and Storvick, D. (1983). A simple definition of the Feynman
integral with applications, Memoirs of the American Mathematical Society
228, pp. 1–46.



March 27, 2009 10:32 World Scientific Book - 9in x 6in MathematicalFeynman

202 Mathematical Feynman Path Integrals and Applications

[72] Cartier, P. and DeWitt-Morette, C. (1995). A new perspective on functional
integration, J. Math. Phys. 36, 5, pp. 2237–2312.

[73] Cartier, P. and DeWitt-Morette, C. (1997). A rigorous mathematical foun-
dation of functional integration, in Functional integration (Cargése, 1996).
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